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PREFACE. 


IN preparing a new edition of the late Dr. Todhunter’s 
Euclid, the following are the principal alterations and addi- 
tions that I have made: 

(1) The text of the Propositions has been simplified and ~ 
shortened. A sparing use has been made of symbols in the 
place of constantly recurring words. Some of the proofs 
(c.g. IL 13) have been altered in accordance with modern 
usage, but this has always been done subject to the regula- 
tions at present in force in the Universities of Oxford and 
Cambridge. 

(2) Considerable trouble has been taken to arrange the 
book so that, with very few exceptions, each Proposition is 
commenced on a fresh page, and may be read by tne student 
without his turning over a leaf. 

(3) The proofs of Book V. have been much shortened. 
To them, and also to the proofs of Book IL, the corre- 
sponding algebraic formulae have been added. 

(4) The more important of Dr. Todhunter’s Notes have 
been appended to the Propositions to which they refer. 

(5) The total number of Exercises has been doubled. 

(6) The easier of the Exercises in the previous edition, 
and a large number of additional ones, have been classified 
and follow, in the Text, the Propositions on which they 
depend. The more important of these have asterisks pre- 
fixed to them, and, as far as possible, their results should 
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be remembered by the student as part of his geometrical 
knowledge. 

(7) All through the book, with the exception of the 
Exercises at the end, which are left to the student, hints 
have been annexed to the more difficult and more important 
Exercises. 

(8) The Appendix has been more than doubled in quantity, 
and the theorems in it have been classified according to the 
Book to which they refer and on which they depend; a large 
number of Exercises has been incorporated in it. 

(9) Sections have been added dealing with Poles and 
Polars, Orthogonal Circles, Pedal Triangles, The Pedal Line, 
The Nine-Point Circle, Co-axal Circles, Harmonic Ranges, 
Inversion, and the Properties of a Complete Quadrilateral. 

Out of the large number of Propositions on these subjects 
it is clear that only a selection could be made, but I have 
endeavoured within the range chosen to omit no important 
Proposition. Without unduly increasing the size of the 
book i6 was impossible to prove all such important Proposi- 
tions in the text. It is hoped, however, that the hints 
attached to those given as Exercises will be sufficient for 
any fairly intelligent student. 

For any corrections of misprints or errors, or any sugges- 
tions for improvement, I shall be very grateful. 


8. L. LONEY, 


Roya Hortoway Connecr, Henam, 
Surrey, April 21st, 1899. 
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EKUCLID'S ELEMENTS. 


BOOK L 


DEFINITIONS. 


1, A point is that which has position but no magnitude. 
2. A line is that which has length without breadth. 


3. The extremities of a line are points, and the intersection 
of two lines is a point. 


4, A straight line is one which lies evenly between its 
extreme points. 


5, A superficies, or surface, is that which has only length 


~ and breadth. 


6. The boundaries of a surface are lines. 


7. A plane surface, or a plane, is that in which any two 
points being taken, the straight line between them lies wholly 
in that surface, 

[Thus if we take a piece of wood, one of whose edges is straight, and 
apply it to the surface, and find that the edge fits closely to the surface 
everywhere, we know that the surface is a plane. ] 

8. A plane angle is the inclination of two lines to one 
another in a plane, which meet together, but are not in the 
same direction. 


9. A plane rectilineal angle is the inclination of two straight 
lines to one another, which meet together, but are not in the 
same straight line. 

The point where the two straight lines meet is called the 
vertex of the angle, and the straight lines themselves are 


sometimes called the arms. 
T.L.E. A 
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Note. When several angles are at one point B, any one of them is 
expressed by three letters, of which the letter which is at the vertex 
of the angle is put between the other two letters, and one of these 
two letters is somewhere on one of those straight lines, and the other 
letter on the other straight line. Thus, the angle which is contained 


A 
D 


B C A. 


by the straight lines AB, CB is named the angle ABC, or CBA; the 
angle which is contained by the straight lines AB, DB is named the 
angle ABD, or DBA ; and the angle which is contained by the straight 
lines DB, CB is named the angle DBC, or CBD; but if there be only 
one angle at a point, it may be expressed by a letter placed at that 
point, as the angle E. sia 

Two such angles as ABD, DBC, which are on opposite sides of one 
common bounding line BD, are called adjacent angles. 

The beginner must carefully observe that no change is made in an - 
angle by prolonging the lines that form it, that is, by altering the 
length of its arms. 


10. When a straight line standing on D 
another straight line makes the adjacent 
angles equal to one another, each of the 
angles is-called a right angle ; and the straight 
line which stands on the other is called a 
perpendicular to it. A C 


11, An obtuse angle is an angle which is 
greater than a right angle. 


0) 


12, An acute angle is an angle which is 
less than a right angle. 


13, A plane figure is one which is enclosed by one or more 
bounding lines, straight or curved; and the sum of these 
bounding lines is called a perimeter. 
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14. If the boundaries consist of straight lines only, it is 
called a plane rectilineal figure, and these straight lines are 
called its sides. 

15, A circle is a plane figure contained 
by one line, which is called the circum- 


D 
ference, and is such, that all straight lines 
drawn from a certain point within the 
figure to the circumference are equal to p C 
one another : WA 

Also this point is called the centre of 
the circle. 

- 16, A radius of a circle is a straight line drawn from the 
centre to the circumference. 

17, A diameter of a circle is a straight line drawn through 
the centre, and terminated both ways by the circumference. 

18, A semicircle is the figure contained by a diameter and 
the part of the circumference cut off by the diameter, 

[Thus, in the above figure, A is the centre; AB, AD, AC 
are radii; BC is a diameter ; and the figure bounded by the 
straight line BC and the curved line BDC is a semicircle. | 

19, A segment of a circle is the figure contained by a straight 
line and the part of the circumference which it cuts off. 

20, A triangle is a plane figure contained by three straight 
lines. [Any angular point may be called a vertex and the 
opposite side the base. | 
21. A quadrilateral is a plane figure con- 
tained by four straight lines. 

_ [The straight line joining two opposite 
corners of a quadrilateral is called a diagonal. | 

22. A polygon is a plane figure contained by more than four 
straight lines. 


23. An equilateral triangle is one which 
has three equal sides. 
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24, An isosceles triangle is one which has 
two sides equal. 


25. A scalene triangle is one which has 
three unequal sides. 


96. A right-angled triangle is one which 
has a right angle. 

(The side opposite to the right angle in a 
right-angled triangle is frequently called the 
hypotenuse. | 


27. An obtuse-angled triangle is one 
which has an obtuse angle. 


98, An acute-angled triangle is one which 
has three acute angles. 


[It will be seen later that every triangle has at least two acute angles. ] 


99. Parallel straight lines are such as are 
in the same plane, and which being produced 
ever so far both ways do not meet. 


30. A parallelogram is a four-sided figure 
which has its opposite sides parallel. 


31. A square is a four-sided figure which 
has all its sides equal, and one of its angles a 
right angle. 


32. A rectangle is a parallelogram which 
has one of its angles a right angle. 

[It will be shewn (see Note, Prop. 46) 
that all the angles of a rectangle or a square 
are right angles. ] 
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33. A rhombus is a four-sided figure which 
has all its sides equal, but its angles are 
not right angles. 


34, A rhomboid is a four-sided figure which has its opposite 
sides equal to one another, but all its sides are not equal, 
nor its angles right angles. 


35, A trapezium is a four-sided figure which has two of 
its sides parallel. 


POSTULATES. 


Let it be granted, 


1, That a straight line may be drawn from SI one point 
to any other point: 


2. That a terminated straight line may be produced to any 
length in a straight line: and 


3. That a circle may be described with any centre, at any 
distance from that centre, that is, with any given line drawn 
from the centre as radius. 


Note. The postulates state what processes we assume that we can 
effect. It is sometimes stated that the postulates amount to requiring 
the use of a ruler and compasses. It must, however, be observed that 
the ruler is not supposed to be a graduated ruler, so that we cannot use 
it to measure off assigned lengths. Also, we are not supposed to use 
the compasses for the purpose of transferring any distance from one 
part of a figure to another; in other words, the compasses may be 
supposed to close of themselves, as soon as one of their points is 
removed from the paper. [After Prop. 3 it will be found that this 
restriction is no longer necessary. ] 
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AXIOMS. 


1. Things which are equal to the same thing are equal to 
one another. 


2. If equals be added to equals the wholes are equal. 


3. If equals be taken from equals the remainders are 
equal. 


4, If equals be added to unequals the wholes are unequal. 


5, If equals be taken from unequals the remainders are 
unequal. 


6. Things which are double of the same thing are equal to 
one another. 


7. Things which are halves of the same thing are equal to 
one another. 


8. The whole is greater than its part. 


9, Magnitudes which can be made to coincide with one 
another are equal to one another. 
[This method of placing one geometrical magnitude upon a 
second is called the method of superposition, and the first 
magnitude is said to be applied to the other. | 


10. Two straight lines cannot enclose a space. 


This axiom should be extended thus: 

If two straight lines coincide in two points, they must coincide both 
beyond and between these points. 

11, All right angles are equal to one another. 

[This axiom admits of proof; see Note to I. 14.] 


12, Ifa straight line meet two straight lines, so as to make 
the two interior angles on the same side of it together less 
than two right angles, these straight lines, being continually 
produced, shall at length meet on that side on which are 
the angles which are less than two right angles. 
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Note. An axiom is a truth which can be taken for granted, and 
requires no proof. The axioms are called in the original Common’ 
Notions. 

The first eight are true of magnitudes of all kinds, and are sometimes 
called General Axioms ; the remainder refer exclusively to geometrical 
magnitudes, and are sometimes called Geometrical Axioms. 

The fourth axiom is sometimes referred to in editions of Euclid when ° 
in reality more is required than this axiom expresses. Euclid says 
that if A and B be unequal, and C and D equal, the sum of A and C is 
unequal to the sum of Band D. What Euclid often requires is some- 
thing more, namely, that if A be greater than B, and C and D be 
equal, the sum of A and C is greater than the sum of B and D. Such 
an axiom as this is required, for example, in I. 17. A similar remark 
applies to the fifth axiom. 

The eleventh axiom is not, strictly speaking, an axiom, for it can be 
proved ; it is not required before I. 14, and the twelfth axiom is not 
required before I. 29; we shall not consider these axioms until we arrive 
at the propositions in which they are respectively required for the first 
time. 


Note on EUCULID’s PROPOSITIONS. 


Euclid divides his different books into separate propositions, each 
proposition being derived from previous propositions. Propositions are 
of two kinds, Problems and Theorems. 

In a problem Euclid states some definite construction which is to be 
made, such as to draw some particular figure. When this construction 
has been made the problem is solved. 

In a theorem Euclid states some definite geometrical fact which he 
proceeds to prove. He names first the Hypothesis, or the conditions 
which he assumes, and then the Conclusion which he asserts will follow. 

In a proposition we usually have: 

(1) The General Enunciation, which is a preliminary statement. 

(2) The Particular Hnunciation, which applies the general enunciation 
to a particular diagram. 

(3) The Construction, which shows what drawing of lines, etc., he 
wants. 

(4) The Demonstration, or Proof, which shows that the problem has 
been solved, or that the theorem is true. 

The letters Q.u.F. at the end of a problem stand for Quod erat 
Faciendum, that is, which was to be done. 
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The letters Q. B.D. at the end of a theorem stand for Quod erat Demon- 
strandum, that is, which was to be proved. 

A Corollary is a statement which follows immediately from ie 
proposition to which it is appended, and which thus requires no further 
proof, 

Many of the corollaries are not in the original text but have been 
introduced by various editors. 


SYMBOLS AND ABBREVIATIONS. 


The following symbols are often used for words and expressions that 
continually occur in Euclid’s Proofs. They may be used by the student 
in writing out propositions, and some of the more common will be 
gradually introduced in this Edition. 

.. for Therefore. 

= for Equals or Is equal to or Are equal to. 

> for Is greater than. < for Is less than. 

Zand 2 for Angle and Angles. 

A and A* for Triangle and Triangles. 

iA for Perpendicular to. 

I} for Parallel. |[™ and Par™ for Parallelogram. 

Rt. 4 for Right Angle. ©) /or Circle or Circumference. 

The symbol -: is sometimes used for Because. It is, however, liable 
to be confounded with the symbol for Therefore, and will not be used 
in this Edition. 

In addition any well understood abbreviations for words may be 
used ; €.9.: 

Def. for Definition; Ax. for Axiom; Post. for Postulate ; Constr. 
for Construction; Hyp. for Hypothesis; Pt. for Point; Str. jor 
Straight; Perp. jor Perpendicular; Alt. for Altitude; Sq. jor 
Square; Rect. for Rectangle; Quad! for Quadrilateral; Adj. for 
Adjacent. 
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PROPOSITION 1. PROBLEM. 


To describe an equilateral triangle on a given finite straight line. 
Let AB be the given straight line: 
it is required to describe an equilateral triangle on AB. 


C 


AX 
\ 


Construction. With centre A and radius AB, describe the 
circle BCD. [ Postulate 3. 
With centre B and radius BA, describe the circle ACE. 

{ Postulate 3. 
From the point C, at which the circles cut one another, draw 
the straight lines CA and CB. [Postulate 1. 
ABC shall be an equilateral triangle. 


Proof. Because A is the centre of the circle BCD, 


AC is equal to AB. [Definition 15. 
Also because B is the centre of the circle ACE, 
BC is equal to BA. [ Definition 15. 


But it has been shewn that CA is equal to AB; 
therefore CA and CB are each of them equal to AB. 

But things which are equal to the same thing are equal to one 
another ; [Axiom 1. 
therefore CA is equal to CB. 

Therefore CA, AB, BC are equal to one another. 
Wherefore the triangle ABC is equilateral, [Definition 23. 
and it 1s described on the given straight line AB. [Q. EF, 


10 EUCLID’S ELEMENTS. 


PROPOSITION 2. PROBLEM. 


From a given point to draw a straight line equal to a gwen 
straight line. 

Let A be the given point, and BC the given straight line: 
it is required to draw from the point A a straight line equal to BC. 


Construction. Join AB, [Post.1. 
and on it describe the equilateral 
triangle DAB, ie 
and produce the straight lines DA, 
DB to E and F. [Postulate 2. 
With centre B and radius BOC, 
describe the circle CGH, 

meeting DF at G. [Postulate 3. 
With centre D and radius DG, 
describe the circle GLK, 

meeting DE at L. [Postulate 3. 
AL shall be equal to BC. 


Proof. Because the point B is the centre of. the circle CGH, 


BC is equal to BG. [Definition 15. 

Also because D is the centre of the circle GLK, 
. DL is equal to DG; [Deyinition 15. 
and DA, DB parts of them are equal ; [Definition 23. 
therefore the remainders AL, BG are equal. [Axiom 3. 


But it has been shewn that BC is equal to BG; 
therefore AL and BC are each of them equal to BG. 

But things which are equal to the same thing are equal to one 
another. [Axiom 1, 
Therefore AL is equal to BC. 

Wherefore from the given point A a straight line AL has been 
drawn equal to the given straight line BC. [Q.E.F. 
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PROPOSITION 3. PROBLEM. 


From the greater of two given straight lines to cut off a part equal 
to the less. 

Let AB and C be the two given straight lines, of which 
AB is the greater : 

It is required to cut off from AB, the greater, a part equal to C, 
the less. 


Construction. From the point A draw the straight line 


AD equal to C; Mi, 4 
and with centre A and radius AD, describe the circle DEF, 
meeting AB at E, [ Postulate 3. 


Then AE shall be equal to C. 
Proof. Because A is the centre of the circle DEF, 


therefore AE is equal to AD. [Def. 15. 
But C is equal to AD. [ Construction. 

Therefore AK and C are each of them equal to AD. 
Therefore AE is equal to C. (Axiom 1. 


Wherefore from AB, the greater of two given straight lines, a 
part AK has been cut off equal to C, the less, 


EXERCISES. 
1. In the figure of I. 1, if the two circles meet again in F, prove that 
ACBF is a rhombus. 
2. Ona given straight line describe an isosceles triangle, having each 
| of the sides equal to a given straight line. _ 


| 8. On a given straight line describe an isosceles triangle, having each 
of the sides double the base. 
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PROPOSITION 4. 'THEOREM, 


Lf two triangles have two sides of the one equal to two sides of 
the other, each to each, and have also the angles contained by those 
sides equal to one another ; 
they shall also have their bases or third sides equal ; 
the two triangles shall be equal in area , 
and their other angles shall be equal, each to each, namely, those to 
whach the equal sides are opposite ; 
that is, the triangles shall be equal in all respects.. 


D 


B C CE F 


Let ABC, DEF be two triangles which have 
the side AB equal to the side DE, 
the side AC equal to the side DF, 
and the angle BAC equal to the angle EDF ; 
then shall the base BC be equal to the base EF, 
the triangle ABC shall be equal in area to the triangle DEF, 
and the other angles shall be equal, each to each, to which the equal 
sides are opposite, namely, the angle ABC to the angle DEF, and 
the angle ACB to the angle DFE. 


Proof. For if the triangle ABC be applied to the triangle 
DEF, so that the point A may be on the point D, and the 
straight line AB on the straight line DH, 

the point B will coincide with the point E, 
because AB is equal to DE. [ Hypothesis. 
And because AB coincides with DE, 
and the angle BAC is equal to the angle EDF,  [Hypothesis. 
therefore AC will fall on DF. 


BOOK f. 4. 13 


Therefore also the point C will coincide with the point F, 
because AC is equal to DF. [ Hypothesis. 
But the point B was shewn to coincide with the point E, 
therefore the base BC will coincide with the base EF ; 
for if not, two straight lines will enclose a space, which is 
impossible. [Aatom 10. 
Therefore the base BC coincides with the base EF, and is 
equal to it. [Axiom 9. 
Therefore the whole triangle ABC coincides with the whole 
triangle DEF, and is equal to it. [Axiom 9. 
And the other angles of the one coincide with the other 
angles of the other, and are equal to them, namely, 
the angle ABC to the angle DEF, 
and the angle ACB to the angle DFE. 
Wherefore, if two triangles, etc. -  [Q.E.D. 


Note. Triangles, such as ABC and DEF, which are equal in all 
respects, are said to be Congruent. 


EXERCISES. 

1. If two straight lines, AB and CD, bisect one another at right 
angles in O, any point P in either of them, AB, is equidistant from the 
ends, C and D, of the other. 

**2, If the straight line drawn from the vertex of a triangle to the 
middle point of the base cuts the base at right angles, the triangle is 
isosceles. 

3. D and E are the middle points of the equal sides AB, AC of an 
isosceles triangle ABC; prove that CD and BE are equal. 

4, ABCD isa quadrilateral, and its diagonals bisect one another at 
right angles; prove that ABCD is a rhombus. 

5. The sides AB, AD of a quadrilateral ABCD are equal, and the 
diagonal AC bisects the angle BAD; prove that the sides CB, CD are 
equal, and that the diagonal AC bisects the angle BCD. 

6. ABCD and EFGH are quadrilaterals, such that the sides AB, 
BC, CD are equal respectively to the sides EF, FG, GH, and the 
angles ABC, BCD are equal respectively to the angles EFG, FGH, 
Prove that the quadrilaterals are equal in all respects. : 

**47. The straight line which bisects the vertical angle of an isosceles 
triangle bisects the base, and is also perpendicular to it. 
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PROPOSITION 5. THEOREM. 


The angles at the base of an isosceles triangle are equal to one 
another ; and if the equal sides be produced, the angles on the other 
side of the base shall also be equal to one another. 

_ Let ABC be an isosceles triangle, having the side AB equal 
to the side AC, and let the straight lines AB, AC be igs. 
to D and E: 
then the angle ABC shall be equal to the angle ACB, 
and the angle CBD to the angle BCE. 


D 


* Construction. In BD take any point F, 
and from AH the greater cut off AG equal to AF the less, [I.3. 
Join FC and GB. 


Proof. (1) In the two triangles AFC, AGB, 


AF is equal to AG, [ Construction. 
because je AC is equal to AB, [ Hypothesis. 
and the contained angle FAG is common to both ; 


therefore the triangles are equal in all respects, so that 
the base FC is equal to the base GB, 
the angle ACF is equal to the angle ABG, 
and the angle AFC to the angle AGB. [I. 4. 
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(2) Because the whole AF is equal to the whole AG, of 


which the parts AB, AC are equal, [ Hypothesis. 

the remainder BI’ is equal to the remainder CG. [Axiom 3. 
(3) Then in the triangles BFC, CGB, 

BF is equal to CG, [Proved in (2). 

ee ce and FC is equal to GB, [Proved in (1). 


and the angle BFC is equal to the angle CGB; 
[Proved in (1). 

therefore the triangles are equal in all respects, [I. 4. 

so that the angle FBC is equal to the angle GCB, 

and the angle BCF to the angle CBG. 


(4) Since the whole angle ABG is equal to the whole 
angle ACF, [ Proved in (1). 
and that the parts of these, the angles CBG, BCF are also 
equal ; [Proved in (3). 
therefore the remaining angle ABC is equal to the remaining 
angle ACB, —_ [Axiom 3. 
and these are the angles at the base of the triangle ABC. 

Also it has been shewn that the angle FBC is equal to the 
angle GCB, and these are the angles on the other side of the 
base. 

Wherefore, the angles, etc. [¢.u.D. 

Corollary. Every equilateral triangle is also equiangular. 


Note. This proposition is often found hard by beginners. This 
probably arises from the fact that the triangles ACF, ABG overlap 
one another; as also do the triangles BCF and CBG. For the part 
(1) of the proof the student is recommended to draw separately the 
two triangles ACF and ABG, and consider the figures thus obtained ; 
for the part (3) of the proof he should similarly draw separately the 
two triangles BCF and CBG. 
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PROPOSITION 6. THEOREM. 


Lf two angles of a triangle be equal to one another, the sides also 
which subtend, or are opposite to, the equal angles, shall be equal to 
one another. 

Let ABC be a triangle, having the angle ABC equal to the 
angle ACB: 
then the side AC shall be equal to the side AB. 


A 


B C 


Construction. For if AC be not equal to AB, one of them 
must be greater than the other. 
Let AB be the greater, and from it cut off DB equal to 


AC the less, (I. 3. 
and join DC. 


Proof. In the triangles DBC, ACB, 
DB is equal to AC, (Construction. 
because {an BC is common to both triangles, 
and the angle DBC is equal to the angle ACB. 


[ Hypothesis. 

therefore the triangles are equal in all respects, [I. 4. 
the less to the greater; which is absurd. [Axiom 8. 
Therefore AB is not unequal to AC, that is, it is equal to it. 
Wherefore, if two angles, ete. [9.£.D, 


Corollary. Every triangle, which has three equal angles, is 
also equilateral. 
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NOTE TO PROPOSITION 6. 


Converse Theorem. One proposition is said to be the converse of 
another when the conclusion of each is the hypothesis of the other. 
I. 6 is the converse of part of I. 5. Thus in I. 5 the hypothesis is the 
equality of the sides, and one conclusion is the equality of the angles ; 
in I. 6 the hypothesis is the equality of the angles and the conclusion 
is the equality of the sides. 

The converse of a true proposition is not necessarily true; the student 
however will see, as he proceeds, that Euclid shews that the converses 
of many geometrical propositions are true. 

I. 6 is an example of the indirect mode of demonstration, in which 
a result is established by shewing that some absurdity follows from 
supposing the required result to be untrue. Hence this mode of 
demonstration is called the reductio ad absurdum. Indirect demon- 
strations are often less esteemed than direct demonstrations; they are 
said to shew that a theorem ¢s true rather than to shew why it is true. 
Euclid uses the reductio ad absurdum chiefly when he is demonstrating 
the converse of some former theorem ; see I. 14, 19, 25, 40. 


EXERCISES. 


1. If the angles ABC, ACB at the base of an isosceles triangle ABC 
are bisected by the straight lines BD and CD, which meet at D, prove 
that BDC will be an isosceles triangle. 

2. BAC isa triangle having the angle B double of the angle A. If 
BD bisects the angle B and meets AC at D, prove that BD and AD 
are equal, 

In the figure of I. 5, if FC and BG meet at H, prove that 

8. BH and CH are equal. 

4, AH bisects each of the angles BAC. BHC. : 

5. AH bisects BC at right angles. 

6. If on the sides AB, BC, CA of an equilateral triangle ABC equal 
lengths AP, BQ, CR be measured, prove that PQR is also an equi- 
lateral triangle, 


T.L EB, B 
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PROPOSITION 7. ‘THEOREM. 


On the same base, and on the same side of it, there cannot be two 
triangles having their sides which are terminated at one extremity 
of the base equal to one another, and likewise those which are 
terminated at the other extremity equal to one another, 

If it be possible, on the same base AB, and on the same 
side of it, let there be two triangles ACB, ADB, having their 
sides CA, DA, which are terminated at the extremity A of 
the base, equal to one another, 
and also their sides CB, DB, which are terminated at B, equal 
to one another. 


Construction. Join CD. 


Proof. Case I. Let the vertex of each triangle be without 
the other triangle. : 
Because AC is equal to AD, [ Hypothesis. 
the angle ACD is equal to the angle ADC. (I. 5. 
But the angle ACD is greater than the angle BCD, [4z. 8. 
therefore the angle ADC is also greater than the angle BCD ; 
much more then is the angle BDC greater than the angle BCD. 
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Again, because BC is equal to BD, | Hypothesis. 
the angle BDC is equal to the angle BCD. te Be 
But it has been shewn to be greater, which is impossible. 


CaAsE II. Let one of the vertices as D be within the other 
triangle ACB, and produce AC, AD to H, F. 
| 


A B 


Then because AC is equal to AD, in the triangle ACD, (Hyp. 
the angles ECD, FDC, on the other side of the base CD, are 
equal to one another. ee 


But the angle ECD is greater than the angle BCD, [Axiom 8. 
therefore the angle FDC is also greater than the angle BCD ; 
much more then is the angle BDC greater than the angle BCD. 
Again, because BC is equal to BD, (Hypothesis, 
the angle BDC is equal to the angle BCD. (I. 5. 
But it has been shewn to be greater, which is impossible. 


Cass III. The case in which the vertex D of one triangle 
is on a side, BC, of the other needs no demonstration. 
Wherefore, on the same base, etc. [Q..D. 
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PROPOSITION 8. THEOREM. 


If two triangles have two sides of the one equal to two sides of the 
other, each to each, and have likewise their bases equal, the angle 
which is contained by the two sides of the one shall be equal tv the 
angle which is contained by the two sides, equal to them, of the other. 

Let ABC, DEF be two triangles, having the two sides AB, 
AC equal to the two sides DE, DF, each to each, namely, 
AB to DE, and AC to DF, and also the base BC equal to the 
base EF: 
then shall the angle BAC be equal to the angle EDF. 


A 


B C HCE 


Proof. For if the triangle ABC be applied to the triangle 
DEF, so that the point B may be on the point E, 
and the straight line BC on the straight line EF, 
the point C will also coincide with the point F, 

because BC is equal to EF. [ Hypothesis. 
Therefore, BC coinciding with EF, BA and AC will coincide 
with ED and DF. 

For if not, they must have a different situation as EG, GF ; 
then on the same base and on the same side of it there would 
be two triangles having their sides DE, GE equal, and also 
their sides DF, GF equal. 

But this is impossible. [I 7. 
Therefore the sides BA, AC must coincide with the sides 
ED, DF. 
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‘Therefore also the angle BAC coincides with the angle EDF, 
and is equal to it. [Axiom 9. 
Wherefore, if two triangles, ete. [9.E.D. 
Cor. Since the triangle ABC would coincide with the 
\triangle DEF, these two triangles are equal in all respects. 


ALTERNATIVE PROOF OF PROPOSITION 8. 


| The following proof is independent of I. 7. It has been recommended 
‘by many writers, and is often known as Philo’s proof. 

, Let ABC, DEF be two triangles, having the sides AB, AC equal to 
the sides DE, DF, each to each, and the base BC equal to the base 
| EF: 

| 

‘the angle BAC shall be equal to the angle EDF. 


{ 


| 


G 


For, let the triangle DEF be applied to the triangle ABC, so that 
the bases may coincide, the equal sides be conterminous, and the 
vertices fall on opposite sides of the base. 

Let GBC represent the triangle DEF thus applied, so that G 
corresponds to D. Join AG. 

Since, by hypothesis, BA is equal to BG, the angle BAG is equal to 
the angle BGA. [I. 5. 

In the same manner the angle CAG is equal to the angle CGA. 

Therefore the whole angle BAC is equal to the whole angle BGC, 
that is, to the angle EDF. 

There are two other cases; for the straight line AG may pass through 
B or C, or it may fall outside BC: these cases may be treated in the 
same manner as that which we have considered. 
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EXERCISES. 


*%*1. If D be the middle point of the base BC of an isosceles triangle 
ABC, prove that AD is perpendicular to BC. 

*%*2. The opposite angles of a rhombus are equal. 

**8. A diagonal of a rhombus bisects each of the angles through 
which it passes. 

**4, The diagonals of a rhombus bisect one another at right angles. 

5. ACB and ADB are two triangles on the same side of AB, such 
that AC is equal to BD, and AD is equal to BC; if AD and BC 
meet in O, prove that the triangle AOB is isosceles. 

ABC is an isosceles triangle and D, E are points in the equal sides 
AB, AC, such that AD and AE are equal; if BE and CD meet in F, 
prove that 

6. BCF is an isosceles triangle. 

7. AF bisects the angle BAC. 

6. AF produced bisects the base BC. 
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PROPOSITION 9. PROBLEM. 


To bisect a given rectilineal angle, that is, to divide it into two 
equal angles. 

Let BAC be the given rectilineal angle: 
it is required to bisect it. 


A 
D E 
B F 
Construction. Take any point D in AB, and from AC 
cut off AE equal to AD; UB 
join DE, and on DE, on the side remote from A, describe 
the equilateral triangle DEF. : (ite 


Join AF, 
AF shall bisect the angle BAC. 
Proof. In the triangles DAF, HAF, 
a AD is equal to AE, [ Construction. 
because | and AF is common to both, 
and the base DF is equal to the base EF’, [Def 23. 


therefore the angle DAF is equal to the angle EAF. [I. 8 
Wherefore the given rectilineal angle BAC is bisected by the 
straight line AF. [Q.E.F. 


Note. The equilateral triangle DEF is to be described on the side 
remote from A, because if it were described on the same side, its vertex 
F might coincide with A and then the construction would fail. 


EXERCISES. 


In the figure of I. 9 prove that 

1. the lines AF and DE are at right angles. 

2. any point P in AF is equally distant from the points D and E. 
8. Divide any angle into four equal parts. 
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PROPOSITION 10, PROBLEM. 


To bisect a given finite straight line, that is, to divide it mto two 
equal parts. 

Let AB be the given straight line: 
at 1s required to divide it into two equal paris. 


Cc 


A D B 


Construction. On AB describe an equilateral triangle 
ABC, get. 
and bisect the angle ACB by the straight line CD, 

which meets AB at D. fT. 9. 
AB shall be cut into two equal parts at the point D. 

Proof. In the triangles ACD, BCD, 

AC is equal to CB, [Definition 23. 
because fan CD is common to both, 
and the angle ACD is equal to the angle BCD, 


[Construction. 

therefore the base AD is equal to the base DB. [its eh, 
Wherefore the given straight line AB ts divided into two equal 
parts at the point D. [EF 


EXERCISE. 


In the above figure prove that every point in the line CD, or CD 
produced, is equally distant from A and B. 
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PROPOSITION 11. PROBLEM. 


To draw a straight line at right angles to a given straight line, 
From a giwen point in the same. 

Let AB be the given straight line, and C the given point 
in it: 
it is required to draw from the point C a straight line at right 
angles to AB. 


F 
A D C E B 
Construction. Take any point D in AC, and make CE 
equal to CD. [I. 3. 
On DE describe the equilateral triangle DFE, [I. 1. 


and join CF. 
The straight line CF shall be the line required 


Proof. In the triangles DCF, ECF, 
DC is equal to CE, [Construction. 
because ja CF is common to both, 
and the base DF is equal to the base EF, [Def 23. 
therefore the angle DCF is equal to the angle ECF, [I. 8. 
and they are adjacent angles. 
But when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, each of the 
angles is called a right angle ; [Definition 10. 
therefore each of the angles DCF, ECF is a right angle. 
Wherefore, from the given point C in the given straight line 
AB, CF has been drawn at right angles to AB, [Q.B.F. 
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PROPOSITION 12. PROBLEM. 


To draw a straight line perpendicular to a given straight line of 
an unlimited length from a given point without it, 

Let AB be the given straight line, which may be produced 
to any length both ways, and let C be the given point with- 
out it: 
it is required to draw from the point © a mi line perpendicular 
to AB. 


C % 


Construction. Take any point D on the side of AB, re 
mote from C, and with centre C and radius CD describe the 
circle EGF, meeting AB at F and G. ‘ ( Postulate 3 

- Bisect. FG at H, [I. 10. 
and join CH. 

Then CH shall be the straight line required. 

Join CF, CG. 
Proof. In the triangles FHC, GHC, 
FH is equal to HG, (Construction. 
because {an HC is common to both, 
and the base CF is equal to the base CG, [Definition 15, 
therefore the angle CHF is equal to the angle CHG, = [I. 8. 
and they are adjacent angles. 

But when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, each of the 
angles is called a right angle, and the straight line which 
stands on the other is called a perpendicular to it. (Def. 10. 

Wherefore a perpendicular CH has been drawn to the given 
straight line AB from the given point C without it. (Q.E.F. 
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PROPOSITION 13. THEOREM. 


The angles which one straight line makes with another straight 
line on one side of it, are either two right angles, or are together 
equal to two right angles. 

Let the straight line AB make with the straight line CD, 
on one side of it, the angles CBA, ABD: 
these shall be either two right angles, or be together equal to two 
right angles. 


A 

Cc D B Cc 

CasEI. Ifthe angle CBA is equal to the angle ABD, each 
of them is a right angle. [Definition 10. 
CasE II. If not, from the point B draw BE at right angles 
to CD. (I. 11. 
Proof. Since the angles DBE, EBC are equal to two right 
angles, [Constr. and Def. 10. 


and the angle EBC is equal to the angles EBA, ABC, 
therefore the angles DBE, EBA, ABC are equal to two right 
angles, [Axiom 2. 
But the angles DBE, EBA are equal to the angle DBA; 
therefore the angles DBA, ABC are equal to two right 
angles. [Axiom 2. 

Wherefore, the angles, ete. [@.D. 

Note. Two angles, such as ABC and ABE, which together make 
up a right angle, EBC, are said to be complementary, and each is said 
to be the complement of the other. 

Two angles, such as ABC and ABD, which together make up two 


right angles, are said to be supplementary, and each is said to be the 
supplement of the other. 
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PROPOSITION 14. THEOREM. 

Lf, at a point in a straight line, two other straight lines, on the 
opposite sides of it, makes the adjacent angles together equal to two 
right angles, these two straight lines shall be in one and the same 
straight line. 

At the point B in the straight line AB, let the two straight 
lines BC, BD, on the opposite sides of AB, make the adjacent 
angles ABC, ABD together equal to two right angles: 

BD shall be in the same straight line with CB. 
A 


Ee 


Cc B D 
Proof. For if BD be not in the same straight line with CB, 
let BE be in the same straight line with it. 
Then because the straight line AB meets the straight line 
CBE, the angles ABC, ABE are together equal to two right 


angles. [I. 13. 
But the angles ABC, ABD are also together equal to two 
right angles. [ Hypothesis. 
Therefore the angles ABC, ABE are equal to the angles 
ABC, ABD. [Axioms 1 and 11. 


From each of these equals take the common angle ABC, and 
the remaining angle ABE is equal to the remaining angle 
ABD, [Axiom 3. 
the less to the greater, which is impossible. 
Therefore BE is not in the same straight line with CB. 
And in the same manner it may be shewn that no other 
can be in the same straight line with it but BD; 
therefore BD is in the same straight line with CB. 
Wherefore, if at a point, ete. [Q.E.D. 
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Nore to I. 14. 


Axiom 11, which is first used in this proposition, may be proved as 
follows : 

Let AB be at right angles to DAC at the point A, and EF at right 
angles to HEG at the point E: 
then shall the angles BAC and FEG be equal. 


D A C 4 EG 


Take any length AC, and make AD, EH, EG all equal to AC. 
Now apply HEG to DAC, so that H may be on D, and HG on DC, 
and B and F on the same side of DC; then G will coincide with C, 
and E with A. 

Also ‘EF shall coincide with AB; for if not, suppose, if possible, 
that it takes a different position as AK. 

Then the angle DAK is equal to the angle HEF, and the gree CAK 
to the angle GEF ; 


but the angles HEF and GEF are equal ; [Hyp. and Def. 10. - 
therefore the angles DAK and CAK are equal. 
But the angles DAB and CAB are also equal, [Hyp. and Def. 10. 


and the angle CAB is greater than the angle CAK ; 

therefore the angle DAB. is greater than the angle CAK. 

Much more then is the angle DAK greater than the angle CAK. 

But the angle DAK was shewn to be equal to the angle CAK ; which 
is absurd. 

Therefore EF must coincide with AB; and therefore the angle FEG 
coincides with the angle BAC, and is equal to it. 
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PROPOSITION 15. THEOREM. 


Lf two straight lines cut one another, the vertical, or opposite, 
angles shall be equal. 
Let the two straight lines AB, CD cut one another at the 
point E: 
the angle AKC shall be equal to the angle DEB, 
and the angle CEB to the angle AED. 


Proof. Because the straight line AE meets the straight 
line CD, the angles CEA, AED are together equal to two 
right angles. al, we, 

Again, because DE meets AB, the angles AED, DEB are 
also together equal to two right angles. * aff. 13. 
Therefore the angles CEA, AED are equal to the angles 
AED, DEB. [Axioms 1 and 11. 
From each of these equals take the common angle AED, and 
the remaining angle CEA is equal to the remaining angle 
DEB. [Axiom 8. 

In the same manner it may be shewn that the angle CEB 
is equal to the angle AED. 

Wherefore, 2/ two straight lines, ete. [Q.E.D. 


Corollary 1. From this it is clear that, if two straight 
lines cut one another, the angles which they make at the point 
where they cut are together equal to four right angles. 

For the angles AEC, AED equal two right angles, and 
also the angles CEB, BED equal two right angles. 

Corollary 2. It follows that all the angles made by any 
number of straight lines meeting at one point are together 
equal to four right angles. 
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EXERCISES ON PROPOSITION 12. 


1. Prove that every point in CH, or CH produced, is equidistant 
from F and G. 

2. Find a point in a given straight line such that its distances from 
two given points may be equal. 

8. Find a point that shall be equidistant from three given points. 

4. Through two given points on opposite sides of a given straight 
line draw two straight lines which shall meet in that given straight 
line, and include an angle bisected by that given straight line. 

[Let A, B be the two points and KI the given straight line. Draw 
AM perpendicular to KL and produce to D, so that MD equals AM. 
Let DB meet KL in E; then AE, EB are the required lines. ] 

5. D is a given point in the base BC of a triangle ABC; find a 
straight line such that, if the triangle be folded along it, then the 
point A will coincide with D. 

[The required straight line bisects AD at right angles. } 


EXERCISES ON PROPOSITIONS 13-15. 


1. If a right-angled triangle have one of its acute angles double the 
other, the hypotenuse is double the shorter side. 

[If ABC be the right-angled triangle having the angle C double the 
angle B, produce CA to D, where CA=AD, and prove that CBD is 
equilateral, etc. | 

2. If two isosceles triangles are on the same base, the straight line 
joining their vertices, or that straight line produced, will bisect the 
base at right angles. 

3. A given angle BAC is bisected ; if CA is produced to G and the 
adjacent angle BAG bisected, the two bisecting lines are at right 
angles. [These two bisecting lines are called the interior and the 
exterior bisectors of the angles BAC.] 

**4, If four straight lines meet ata point so that the opposite angles 
are equal, these straight lines are two and two in the same straight 
line. 
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PROPOSITION 16. THEOREM. 


If one side of a triangle be produced, the exterior angle shail 
be greater than either of the interior opposite angles. 
Let ABC be a triangle, and let one side BC be produced 
to D: 
the exterior angle ACD shall be greater than either of the interior 
opposite angles CBA, BAC. 
A F 


Construction. Bisect AC at H, ; (I. 10. 
join BE and produce it to F, making EF equal to EB, [L. 3. 
and join FC. 

Proof. In the triangles AEB, CEF, 
: AE= EC, [ Construction. 
because | and EB=KEF, (Construction. 
and the angle AHB=the angle CEP, 
since they are opposite vertical angles ; [lentes 
therefore the angle BAEK =the angle ECF. fal. 43 


But the angle ECD is greater than the angle ECF. [Aziom 8. 
Therefore the angle ACD is greater than the angle BALE. 

In the same manner, if BC be bisected, and the side AC be 
produced to G, it may be shewn that the angle BCG, that is, 
the angle ACD, is greater than the angle ABC. (Ives 

Wherefore, 2f one side, ete. (9.5. D. 
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PROPOSITION 17. THEOREM. 


Any two angles of a triangle are together less than two right 
angles. 

Let ABC be a triangle : 
any two of its angles shall be together less than two right angles. 


A 


B C D 
Construction. Produce BC to D. 


Proof. Because ACD is the exterior angle of the triangle 
ABO, it is greater than the interior opposite angle ABC. [I. 16. 
To each of these add the angle ACB. 

Therefore the angles ACD, ACB are greater than the angles 
ABC, ACB. | 
But the angles ACD, ACB together =two right angles. [I. 13. 
Therefore the angles ABC, ACB are together less than two 
right angles. 

In the same manner it may be shewn that the angles BAC, 
ACB, as also the apgles CAB, ABC, are together less than 
two right angles. 

Wherefore, any two angles, etc. [Q. B.D. 


Note. Every triangle has at least two acute angles ; for if a triangle 
had two obtuse angles, their sum would not be less than two right 


angles, and this is impossible by the foregoing proposition. 
T.L.E. Cc 
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PROPOSITION 18. THEOREM. 


Tf one side of a triangle be greater than a second side, the angle 
opposite the first side shall be greater than the angle opposite the 


second, 
Let ABC be a triangle, of which the side AC is greater 


than the side AB: 
then shall the angle ABC be also greater than the angle ACB. 


A 


B Cc 


Construction. Because AC is greater than AB, 
cut off AD equal to AB, (I. 3. 
and join BD. 


Proof. Because ADB is the exterior angle of the triangle 
BDC, it is greater than the interior opposite angle DCB. [I. 16. 
But the angle ADB=the angle ABD, (1. 5. 

because the side AD =the side AB. [Construction. 
Therefore the angle ABD is also greater than the angle ACB. 


Much more then is the angle ABC greater the angle ACB. 
[Axiom 8. 


Wherefore, the greater side, etc. [Q.E.D. 


i EXERCISE. 


ABCD is a quadrilateral of which AD is the longest side and BC 
the shortest; shew that the angle ABC is greater than the angle 
ADC, and the angle BCD greater than the angle BAD. 
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PROPOSITION 19. THEOREM. 


If one angle of a triangle be greater than a second angle, the side 
opposite the first angle shall be greater than the side opposite the 
second. 

Let ABC be a triangle, of which the angle ABC is greater 
than the angle ACB: 
then shall the side AC be also greater than the side AB, 


A 


B Cc 
Proof. For if not, AC must be either equal to AB or less 
than AB. 
But AC is not equal to AB, 
for then the angle ABC would be equal to the angle ACB ; [1 5. 
but it is not ; [Zypothesis. 
therefore AC is not equal to AB. 
Neither is AC less than AB, 
for then the angle ABC would be less than the angle ACB; [1. 18. 
but it is not ; [ Typothesis. 
therefore AC is not less than AB. 
And it has been shewn that AC is not equal to AB. 
Therefore AC is greater than AB. 
Wherefore, the greater angle, ete. : [.¥.D. 


Vote 1. In order to assist the student in remembering which of the 
two foregoing propositions is proved directly and which indirectly, it 
may be observed that the order is similar to that of Propositions 5 
and 6, , 

Note 2. Simson’s enunciations of Propositions 18 and 19 were: 
the greater side of any triangle has the greater angle opposite it ; and 
the greater angle of any triangle is subtended by the greater side, that is, 
has the greater side opposite to tt. 
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PROPOSITION 20. THEOREM. 


Any two sides of a triangle are together greater than the third 
side. 
Let ABC be a triangle : 
any two sides of it are together greater than the third side, 
namely, BA, AC greater than BC ; 
AB, BC greater than AC; 
and BC, CA greater than AB. 


D 
A 
B Cc 
Construction. Produce BA to D, 
making AD equal to AC, Bie. 
and join DC. 
Proof. Because AD = AC, [Construction. 
the angle ADC =the angle ACD. [I. 5. 


But the angle BCD is greater than the angle ACD. [Az. 8. 
Therefore the angle BCD is greater than the angle BDC. 
And because the angle BCD of the triangle BCD is greater 
than its angle BDC, 
therefore the side BD is greater than the side BC. _[I. 19. 
But BD is equal to BA and AC. 
Therefore BA and AC are together greater than BC. 
In the same manner it may be shewn that 
AB, BC are together greater than AC, 
and BC, CA together greater than AB. 
Wherefore, any two sides, etc. [Q.E.D. 


[For Exercises on Propositions 19 and 20 see page 39.] 


! 
| 
l 
| 
| 
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PROPOSITION 21. THEOREM. 


If from the ends of the side of a triangle there be drawn two 
straight lines to a point within the triangle, these shall be less than 
the other two sides of the triangle, but shall contain a greater angle. 

Let ABC be a triangle, and from B and C, the ends of the 
side BOC, let the two straight lines BD, CD be drawn to any 
point D within the triangle: 

BD, DC shall be less than the other two sides BA, AC of the 
triangle, but shall contain an angle BDC greater than the angle BAC. 


A 


B Cc 

Construction. Produce BD to meet AC at E. 

Proof. In the triangle ABE the two sides BA, AE are 
together greater than the side BE; [I. 20. 
to each of these add EC; 

.. BA, AC are greater than BE, EC. 

Again, the two sides DE, EC of the triangle DEC are greater 
than the third side DC; il, ais 
to each of these add BD. 

.. BE, EC are greater than BD, DC. 

But it has been shewn that BA, AC are greater than BE, EC; 

much more then are BA, AC greater than BD, DC. 

Again, the exterior angle BDC of the triangle CDE is 
greater than the interior opposite angle CEB. - [I. 16. 
For the same reason, the exterior angle CEB of the triangle 
ABE is greater than the angle BAE; 
much more then is the angle BDC greater than the angle 
BAH, that is, BAC. 

Wherefore, if from the ends, etc. [Q.B.D. 
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PROPOSITION 22. PROBLEM. 


To make a triangle of which the sides shall be equal to three given 
straight lines, any two whatever of which are together greater than 
the third. 

Let A, B, C be the three given straight lines, of which any 
two whatever are greater than the third; namely, A and B 
together greater than C; A and C together greater than B; 
and B and C together greater than A: 
at is required to make a triangle of which the sides shall be equal to 
A, B, ©, each to each, 


Construction. Take a straight line DE terminated at the 
point D, but unlimited towards E, and make DF equal to 
A, FG equal to B, and GH egual to C. [iss 
With centre F, and radius FD, describe the circle DKL. 

[ Postulate 3. 
With centre G, and radius GH, describe the cirele HKL, and 
let it cut the former circle at K. 
Join KF, KG. 
The triangle KFG shall be drawn as required. 


Proof. Because the point F is the centre of the circle DKL, 
FD =FK. [Definition 15. 

But FD=A; [Construction. 

FK =A. , Axiom 1. 
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Again, because the point G is the centre of the circle HLK, 


GH=GK. [Definition 15. 
But GH=C; [ Construction. 
Ci. — [Axiom 1. 
Also FG=B. [Construction. 


Therefore the three straight lines KF, FG, GK are equal to 
the three A, B, C. 

Wherefore the triangle KFG has its three sides KF, FG, GK 
equal to the three given straight lines A, B, ©. - [EF 


EXERCISES ON PROPOSITION 19. 


1. ABC is a triangle and the angle A is bisected by a straight line 
which meets BC at D; shew that BA is greater than BD, and CA 
greater than CD. 


2. If a straight line be drawn through A one of the angular points 
of a square, cutting one of the opposite sides, and meeting the other 
produced at F, shew that AF is greater than the diagonal of the 
square. 


8. Every straight line drawn from the vertex of a triangle to the 
base is less than the greater of the two sides, or than either of them if 
they be equal. 


4. ABC is a triangle in which BA is greater than CA; the angle A 
is bisected by a straight line which meets BC at D; shew that BD is 
greater than CD. 


[Take a point E on AB such that AE=AC; then the angle AED 
equals the angle ACB, and ED is equal to CD; .. the angle BED 
equals the exterior angle at C, and is thus greater than the angle 
ABC; .. BD is greater than DE, that is, than CD.] 

**5, The perpendicular is the shortest straight line that can be drawn 
from a given point to a given straight line ; and, of others, that which 
is nearer to the perpendicular is less than the more remote ; and two, 
and two only, straight lines, each equal to a given straight line, can be 
drawn from the given point to the given straight line, one on each side 
of the perpendicular. 


EXERCISES ON PROPOSITION 20, 
**1. The difference between any two sides of a triangle is less than 
the third side. 


**Z. The sum of the distances of any point from the three angles of 
a triangle is greater than half the sum of the sides of the triangle. ‘ 
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**8. The two sides of a triangle are together greater than twice the 
straight line drawn from the vertex to the middle point of the base. 


[N.B.—The straight line drawn from any angular point to the middle 
point of the opposite side is called a Median. ] 


[Let D be the middle point of the base BC of the triangle ABC. 
Produce AD to E where DE=AD, and join BE, EC; prove 
EC=AB, etce.] 

4, The sum of the diagonals of a quadrilateral is less than the sum of 
the straight lines drawn to its angular points from any point except the 
intersection of its diagonals. 


5, The four sides of any quadrilateral are together greater than the 
two diagonals together, but are less than twice the sum cf the 
diagonals. 

6. If through the ends of the base of a triangle with unequal sides 
lines be drawn to any point in the bisector of the vertical angle their 
difference is less than the difference of the sides. 

{Let ABC be the A, AD the bisector of the angle A, and P any 
point on AD. Take a point E on AB such that AK=AC; then 
PC=PE. Now BP <BR, EP; 

. BP-EP< BH, 7.2. BP-CP<BA-AE, te. <BA~AC.] 

7. If lines be drawn to any point in the bisector of the exterior angle 
of a triangle from the ends of its base, their sum is greater than the sum 
of the sides. 

[Take a point E on BA produced such that AE equals AC, and 
proceed as in the last Example. ] 


EXERCISE ON PROPOSITION 21. 


ABC is a triangle, and P is any point within it: shew that the sum 
of PA, PB, PC is less than the sum of the sides of the triangle. 
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PROPOSITION 23. PROBLEM. 


At a gwen point in a given straight line, to make w rectilineal 
angle equal to a given rectilineal angle. 

Let AB be the given straight line, and A the given point 
in it, and DCE the given rectilineal angle: 
at is required to make at the given pot A, in the gwen straight 
line AB, an angle equal to the given rectilineal angle DCE. 

Construction. In CD, CE take any points D, E, and join 
DE. 
From AB cut off AF equal to CD, and construct the triangle 
AFG so that the sides AF, FG, GA may be respectively 
equal to the sides CD, DE, EC. [I. 22, 


B 
The angle FAG shall be equal to the angle DCH. 
Proof. In the triangles DCE, FAG, 


FA=DC 

because | and AG=CH, 
and the base FG=the base DE ; . Construction. 
‘*, the angle FAG=the angle DCE. [I. 8. 


Wherefore, at the given point A, in the given straight line AB, 
the angle FAG has been made equal to the given rectilineal angle 
DCE. [Q.E.F. 


[For Exercises see page 43. ] 
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PROPOSITION 24, ‘THEOREM. 


Lf two triangles have two sides of the one equal to two sides of the 
other, each to each, but the angle contained by the two sides of one 
of them greater than the angle contained by the two sides, equal to 
them, of the other, the base of that which has the greater angle shall 
be greater than the base of the other. 

Let ABC, DEF be two triangles, which have the side AB 
equal to the side DE, the side AC equal to the side DF, but 
the angle BAC greater than the angle EDF : 
the base BC shall be greater than the base EF. 

Of the two sides DE, DF, let DE be the side which is not 
greater than the other. 


Construction. At the point D in the straight line DE, 
make the angle EDG equal to the angle BAC, [I. 23. 
and make DG equal to AC or DF; [I. 3. 

join EG, GF. 

Let EG and DI, produced if necessary, meet in K. 


B @ fs G | 
F 


Proof. Since DE is not greater than DF, that is, DG, 
that is, since DE is equal to, or less than, DG, 
therefore the angle DGE is equal to, or less than, the angle 
DEG. [I. 5, 18. 
But the angle DKG is greater than the angle DEG, _[I. 16. 
therefore the angle DKG is greater than the angle DGE; | 
therefore the side DG is greater than DK, 
that is, DF is greater than DK. 


| 
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In the triangles ABC, DEG, 


AB=DE, [ Hypothesis. 
because and AC=DG, (Construction. 
and the angle BAC=the angle EDG, —[Construction. 

the base BC =the base EG. ab 24 
And because DG = DF, [Construction. 
the angle DGF =the angle DFG. il, & 


| But the angle DGF is greater than the angle EGF ; [Aziom 8. 


the angle DFG is greater than the angle EGF. 
Much more then is the angle EFG greater than the angle 
EGF. . [Axiom 8. 
And because the angle EFG of the triangle EFG is greater 
than its angle EGF, 
the side EG is greater than the side EF. {L 19. 
But EG was shown to be equal to Bo 
BC is greater than EF. 
Wherefore, if two triangles, ete. [Q.E.D. 


EXERCISES ON PROPOSITION 23. 


1. If one angle of a triangle is equal to the sum of the other two, the 


| triangle can be divided into two isosceles triangles. 


2. If the angle C ofa triangle is equal to the sum of the angles A 
and B, the side AB is equal to twice the straight line joining C to the 
middle point of AB. 


8. Construct a triangle, having given the base, one of the angles at 


| the base, and the sum of the sides. 


[If AB be the given base, make the angle BAD equal to the given z 


. and AD equal to the given sum of the sides; at B, on same side of 


BD as A, make 2DBK=2Z ADB; let BK meet AD in K. Then KAB 


| is the required A.] 


4. Construct a triangle having given the base, one of the base angles, 


: and the difference of the sides. 


[If AB be the given base, make the angle BAD equal to the given 2 
and AD equal to the given difference ; at B, on the other side of BD 


from A, make the 4DBK=exterior 4 of ADB; ; if BK meet AD pro- 


duced in K, then KAB is the required A.] 
5. A is a given point, and B is a given point in a given straight line: 


_ It is required to draw from A to the given straight line, a straight line 
_ AP, such that the sum of AP and PB may be equal to a given length. 


44 KUCLID’S ELEMENTS. 


PROPOSITION 25. ‘THEOREM. 


Tf two triangles have two sides of the one respectively equal to two 
sides of the other, but the base of the one greater than the base of the 
other, the angle contained by the sides of that which has the greater 
base shall be greater than the angle contained by the corresponding 
sides of the other. 

Let ABC, DEF be two triangles, which have the side AB 
equal to the side DE, the side AC equal to-the side DF, but 
the base BC greater than the base EF: 
the angle BAC shall be greater than the angle EDF. 


A D 


B C 


Proof. For if not, the angle BAC must be either equal to 
the angle EDF, or less than, the angle EDF. 
Now theangle BAC does not =the angle EDF, for then 
| the base BC would =the base EF; (ae 
but it does not ; [ Hypothesis, 
.. the angle BAC does not=the angle EDF. 
Neither is the angle BAC less than the angle EDF, 
for then the base BC would be less than the base HF’; [I. 24. 
but it is not; [Hypothesis. 
*, the angle BAC is not less than the angle EDF. 
‘, the angle BAC is not equal, or less than, the angle EDF. 
*, the angle BAC must be greater than the angle EDF. 
Wherefore, if two triangles, etc. [Q.x.D. 


BOOK I. 25. 45 


Note. Proposition 25, as well as Proposition 19, are proved by the 
_ method of ‘“‘ Exhaustion,” that is, by shewing that no other conclusion, 
except the given one, can follow. 


EXERCISES. 


i. ABCD is a quadrilateral having AB, CD equal, but the diagonal 
BD greater than the diagonal AC ; prove that the angle DCB is greater 
than the angle ABC. 

2. ABC isa triangle having AB less than AC, and G is any point 
in the straight line joining A to the middle point of BC; prove that 
G is nearer to B than to C. 
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PROPOSITION 26, THEOREM. 


If iwo triangles have two angles of the one respectively equal to 
two angles of the other, and one side equal to one side, namely, either 
the sides adjacent to the equal angles, or sides which are opposite to 
equal angles in each, then shall the triangles be equal in all respects, 
these sides being equal which are opposite to equal angles. 

Case I. When the equal sides are adjacent to the equal 
angles. 

Let ABC, DEF be two triangles. which have the angle 
ABC equal to DEF, and the angle BCA equal to EFD, and 
the side BC equal to the side EF, 
then shall the triangles be equal in all respects, so that AB=DE, 
AC=DF, and the angle ' 

BAC =the angle EDF. A D 

For: if AB be not 
equal to DE, one of & 
them must be greater 
than the other. Let 
AB be the greater, 
and make BG equal 


to ED, {1.3 pB 
and join GC. 
Then, in the triangles GBC, DEF, 
GB=DE, { Construction. 
because and BC=EF, 
and the angle GBC =the angle DEF, [ Hypothesis. 
‘, the triangles are equal in all respects, 
and the angle GCB=the angle DFE. (I. 4. 
But the angle DFE=the angle ACB. [ Hypothesis. 
*. the angle GCB =the angle ACB, [Aviom 1. 


the less to the greater, which is impossible. 
Therefore AB is not unequal to DE, that is, it is equal to it. 
Then, in the triangles ABC, DEF, 


AB=DE, [ Proved. 
because and BC=KEF, [ Hypothesis. 
and the angle ABC=the angle DEF; [Hypothesis 


.. the base AC=the base DF; 
and the third angle BAC =the third angle EDF. —[1. 4. 
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_ Case II. When the equal sides are opposite to equal angles 
in each triangle. 

Let ABC, DEF be two triangles having the two angles 
| ABC, ACB respectively equal to the angles DEF, DFE, and 
the side AB equal to DE, 

‘then the triangles shall be equal in all respects, so that BC = EF, 
AC=DF, and also the third angle BAC =the third angle EDF. 


For if BC be not a 

equal to EF, one of 

ithem must be greater 

than the other. 

| Let BC be the greater, 

and make BH equal 

to EF, [ie 3: 

and join AH. 2 H Cc E€ 5 


Then, in the triangles ABC, DEF, 


AB= DE, [Hypothesis. 
because and BH = EF, [Construction. 
and the angle ABH =the angle DEF; [A ypothesis. 


.. the triangle ABH =the triangle DEF in all respects, 

and therefore the angle BHA =the angle EFD. (I. 4. 

But the angle EFD=the angle BCA; [Hypotiesis. 
*. the angle BHA =the angle BCA, [Aaiom 1. 


ithat is, the exterior angle BHA of the triangle AHC is equal 
to its interior opposite angle BCA, which is impossible. [I. 16. 


Therefore BC is not unequal to EF, that is, it is equal to it. 
Hence in the triangles ABC, DEF, 


AB=DE, (Hypothesis. 
because and BC= EF, [ Proved. 
and the angle ABC =the angle DEF, 


:, the base AC=the base DF, 
and the third angle BAC =the third angle EDF. [I. 4. 
Wherefore, if two triangles, etc. [Q.E.D. 
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EXERCISES ON PROPOSITION 26. 


**1. The perpendiculars from the ends of the base of an isosceles 
triangle upon the opposite sides are equal. 

** 2, The perpendicular from the vertex on the base of an isosceles 
triangle bisects both the base and the vertical angle. 

**8. The perpendiculars let fall on two given straight lines AB, AC 
from any point in the straight line bisecting the angle between them 
are equal, 

4, Find a point whose distances from the sides of a given triangle 
are equal. 

§. Ina given straight line find a point such that the perpendiculars 
drawn from it to two given straight lines which intersect shall be equal. 

6. Through a given point draw a straight line such that the per- 
pendiculars on it from two given points may be on opposite sides of it 
and equal to each other. 

7. A straight line bisects the angle A ofa triangle ABC; from Ba 
perpendicular is drawn to this bisecting straight line, meeting it at D, 
and BD is produced to meet AC or AC produced at E: shew that 
BD is equal to DE. 

&. AB, AC are any two straight lines meeting at A: through any 
point P draw a straight line meeting them at E and F, such that AE 
may be equal to AF. 

9. If the diagonal AC of a quadrilateral ABCD bisect the angles at 
A and C, prove that it is at right angles to the other diagonal BD. 

10. If the sides AB, AC of a triangle ABC be produced to D and E 
and the bisectors of the angles BCE, CBD meet in O, prove that the 
perpendiculars from O upon AD, AE, and BC are equal. 


| 


| 
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Note tol. 26. The first twenty-six Propositions constitute a distinct 
section of the first Book of the Elements. The principal results are 
those contained in Propositions 4, 8, 26; in each of these Propositions 
it is shewn that two triangles which agree in three respects agree 
entirely. For another case in which two triangles are equal in all 
respects (in addition to the cases considered in I. 4, 8, 26) the 
student may refer to Page 322. 


The Propositions from I. 27 to I. 34 inclusive may be said to con- 
stitute the second section of the first Book. They relate to the theory 


_ of parallel straight lines. 


ON THE ANGLES MADE BY ONE STRAIGHT LINE WITH 
TWO OTHER STRAIGHT LINES. 


When two straight lines AB and CD are met by a third straight 
line EF in two points G, H, names for the sake of distinction are 
given to the angles at G and H. 


Thus EGB, AGE, CHF and FHD are called exterior angles ; 
BGH, AGH, CHG, GHD are called interior angles ; 
BGH and GHC are called alternate angles, 
and so are also AGH and GHD; 
also GHD is said to be the interior and opposite angle of the exterior 
angle EGB. 

The words interior, exterior, and alternate are often abbreviated into 
int., ext., and alt. 

T.L.E. D 
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PROPOSITION 27. THEOREM. 


If a straight line, meeting two other straight lines, make the 
alternate angles equal to one another, the two straight lines shall be 
parallel to one another. 

Let the straight line EF, which meets the two straight 
lines AB, CD, make the alternate angles AEF, EFD equal 


to one another : 


AB shall be parallel to CD. 


Proof. For if not, AB and CD, being produced, will meet 
either towards B, D or towards A, C. Let them be pro- 
duced and meet towards B, D at the point G. 

Therefore GEF is a triangle, and its exterior angle AEF is 

greater than the interior opposite angle EFG. (I. 16. 

But the angle AEF also=the angle EFG ; [ Hypothesis, 
which is impossible. | 

... AB and CD, being produced, do not meet towards B, D. 

In the same manner it may be shewn that they do not meet 
towards A, C. 5 

.. AB is parallel to CD. [Definition 29. 


Wherefore, if a straight line, ete. [Q.8.D. 
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PROPOSITION 28. THEOREM. 


If a straight line, meeting two other straight lines, make the 
exterior angle equal to the interior and opposite angle on the same 
side of the line, or if it make the interior angles on the same side 
together equal to two right angles, the two straight lines shall be 
parallel to one another. 

Let the straight line EF, 
which meets the two straight 
lines AB, CD, 

(1) make the exterior angle 
EGB equal to the interior and 
opposite angle GHD on the 
same side ; 

or (2) make the interior angles 
on the same side BGH, GHD 
together equal to two right 
angles : 

AB shall be parallel to CD. 


Proof. (1) Because the angle EGB=the angle GHD, [Hyp. 


and the angle EGB=the angle AGH, (I. 15. 

.. the angle AGH =the angle GHD, [Amiom 1. 

and they are alternate ; 

.. AB is parallel to CD. (ler272 
(2) Again, because the angles BGH, GHD are together 

equal to two right angles, [ Hypothesis. 


and the angles AGH, BGH together =two right angles, [I.13. 
.. the angles AGH, BGH=the angles BGH, GHD. [4zs.1,11. 
Take away the common angle BGH ; 


., the angle AGH =the angle GHD, [Axiom 3. 
and they are alternate ; 
.. AB is parallel to CD. {I. 27. 


Wherefore, if a straight line, ete. [Q.E.D. 
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PROPOSITION 29, 'THEOREM. 

Lf a straight line meet two parallel straight lines, it makes 
(1) the alternate angles equal to one another ; 
(2) the exterior angle equal to the interior and opposite angle on the 
same side ; 
and also (3) the two interior angles on the same side together equal 
to two right angles. 

Let the straight line EF meet the two parallel straight 
lines AB, CD: 
(1) then the alternate angles AGH, GHD shall be equal to one 
another ; 
(2) the exterior angle EGB shall be equal to the interior and opposite 
angle on the same side GHD; and 
(3) the two interior angles on the same side BGH, GHD shall be 
together equal to two right angles. 


Fi 

Proof. (1) If the angle AGH be not equal to the angle 
GHD, one of them must be greater than the other; let the 
angle AGH be the greater. 
Then the angle AGH is greater than the angle GHD; 
to each of them add the angle BGH ; 
. the angles AGH, BGH are greater than the angles BGH, 
GHD. 
But the angles AGH, BGH together = two right angles; [I.13. 
... the angles BGH, GHD are together less than two right 


angles ; 
.. AB, CD, if continually produced, will meet on the side of 
GH towards B and D. [Aaiom 12. 


But they never meet, since they are parallel by hypothesis. 
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.. the angle AGH is not unequal to the angle GHD, 
that is, it is equal to it. 
(2) Again, because the angle AGH =the angle EGB; [I. 15. 
therefore the angle EGB=the angle GHD. [Axiom 1. 
(3) Add to each of these the angle BGH. 
.. the angles EGB, BGH =the angles BGH, GHD. [Axiom 2. 
But the angles EGB, BGH together =two right angles. [I. 13. 
.. the angles BGH, GHD together = two right angles. [Az. 1. 
Wherefore, if a straight line, ete. [Q.E.D. 


[For Exercises see page 55. ] 


Notre on Evucuirp’s TWELFTH AXIOM. 


In I. 29 Euclid uses for the first time his twelfth axiom. The theory 
of parallel lines has always been considered the great difficulty of 
elementary geometry, and many attempts have been made to overcome 
this difficulty in a better way than Euclid has done. We shall not 
give an account of these attempts. 

Speaking generally, it may be said that the methods which differ 
substantially from Euclid’s involve, in the first place, an axiom as 
difficult as his, and then an intricate series of propositions; while in 
Euclid’s method, after the axiom is once admitted, the remaining process 
is simple and clear. 

One modification of Euclid’s axiom has been proposed, which appears 
to diminish the difficulty of the subject. This consists in assuming, 
instead of Euclid’s axiom, the following : 

Two intersecting straight lines cannot be both parallel to a third straight 
line. The propositions in the Hlements are then demonstrated as in 
Euclid up to I. 28, inclusive. Then, in I. 29, we proceed with Euclid 
up to the words, ‘‘ therefore the angles BGH, GHD are together less 
than two right angles.” We then infer that BGA and CHD must 
meet: because if a straight line be drawn through G so as to make the 
interior angles together equal to two right angles, this straight line will 
be parallel to CD, by I. 28; and, by our axiom, there cannot be two 
parallels to CD, both passing through G, 
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This form of making the necessary assumption has been recommended 
by various eminent mathematicians, among whom may be mentioned 
Playfair and De Morgan. It is hence known as Playfair’s Axiom. By 
postponing the consideration of the axiom until it is wanted, that is, 
until after I. 28, and then presenting it in the form here given, the 
theory of parallel straight lines appears to be treated in the easiest 
manner that has hitherto been proposed. 


PROPOSITION 30. THEOREM. 


Straight lines which are parallel to the same straight lines are 
parallel to each other. 

Let AB, CD be each of them parallel to EF: 
then shall AB be parallel to CD. 


Construction. Let the straight line GKH cut AB, EF, CD. 


Proof. Because GKH cuts the parallel lines AB, EF, the 
angle AGH =the alternate angle GHF. [I. 29. 
Again, because GK cuts the parallel les EF, CD, the ex- 
terior angle GKD =the interior opposite angle GHF. [I. 29. 


.. the angle AGK=theangle GKD, [Axiom 1. 
and they are alternate angles ; 
.. AB is parallel to CD. [le 27. 


Wherefore, straight lines, etc. [Q.B.D. 
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PROPOSITION 31. PROBLEM. 


To draw a straight line through a gwen point parallel to a gwen 
straight line. 

Let A be the given point, and BC the given straight line: 
at is required to draw a straight line through the point A parallel to 
the straight line BC. 


E A F 


B D Cc 


Construction. In BC take any point D, and join AD; 
at the point A in the straight line AD make the angle DAE 
equal to the alternate angle ADC, (leo: 
and produce EA to F. 
EF shall be parallel to BC. 


Proof. Because AD, whick meets the two straight lines BC, 
EF, makes the alternate angles EAD, ADC equal. [ Constr. 


‘. EF is parallel to BC. iat, 7h 
Wherefore the straight line HAF is drawn through the given 
pont A parallel to the given straight line BC. (Q.E.F. 


EXERCISES ON PROPOSITIONS 27-29. 


1. In the figure of I. 16 prove that AB and FC are parallel. 
**2, Straight lines which are perpendicular to the same straight 
line are parallel. 


5G EUCLID’S ELEMENTS. 


3. Any straight line parallel to the base of an isosceles triangle 
makes equal angles with the sides. 

4. If two straight lines A and B are respectively parallel to two 
others C and D, shew that the inclination of A to B is equal to that 
of C to D. 

6. A straight line is drawn terminated by two parallel straight lines; 
through its middle point any straight line is drawn and terminated by 
the parallel straight lines. Shew that the second straight line is bisected 
at the middle point of the first. 

**6, If through any point equidistant from two parallel straight 
lines, two straight lines be drawn cutting the parallel straight lines, 
they will intercept equal portions of these parallel straight lines. 

7. If the straight line bisecting the exterior angle of a triangle be 
parallel to the base, shew that the triangle is isosceles. 


EXERCISES ON PROPOSITION 31. 


1. Place between two parallel straight lines, and terminated by 
them, a straight line of given length. 
2. Find a point B in a given straight line CD, such that if AB be 
drawn to B from a given point A, the angle ABC will be equal to a_ 

given angle. 

[Draw AE parallel to CD and make the angle EAK equal to the 
given angle, AK being on the same side of AE as CD; AK meets CD 
in the required point B.] 

3. Find a point such that the perpendiculars from it upon two given 
straight lines may be given. How many such points are there? 

4. From a point D in the base BC of an isosceles triangle ABC a 
straight line DEF is drawn perpendicular to BC to meet the sides in 
EK and F; prove that AEF is an isosceles triangle. 

6. Through the middle point M of the base BOC of a triangle a 
straight line DME is drawn, so as to cut off equal parts from the sides 
AB, AC, produced if necessary ; show that BD is equal to CE. 

[Through C draw CF parallel to AB to meet DE in F; prove that 
CF=BD, and also that CF=CE. ] 

6. Construct a triangle, having given the base, the altitude, wal 
the length of the line joining the vertex to ‘the middle point of the base. 

7. Find points D, E in the sides AB, AC of a triangle ABC, such 
that DE is parallel to BC and equal to BD. 

[BE bisects the angle ABC.] 

8. Given the altitude and the base angles of a triangle, construct it. 
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PROPOSITION 32. THEOREM. 


Tf a side of any triangle be produced, 
(1) the exterior angle is equal to the two interior and opposite angles ; 
and (2) the three interior angles of the triangle are together equal 
to two right angles. 

Let ABC be a triangle, and let one of its sides BC be pro- 
duced to D: - 
then shall (1) the eatertor angle ACD be equal to the two interior 
and opposite angles CAB, ABC; 
and (2) the three interior angles ABC, BCA, CAB shall be together 
equal to two right angles. 


A 


m 


B C D 


Construction. Through the point C draw CE parallel to 
ABs [I. 3l. 
Proof. (1) Because AB is parallel to CH, and AC meets 
them, the alternate angles BAC, ACE are equal. [1. 29. 
Again, because AB is parallel to CE, and BD meets them, 
the exterior angle ECD is equal to the interior and opposite 


angle ABC. (I. 29, 
*. the whole exterior angle ACD=the two interior and 
opposite angles CAB, ABC. [Axiom-2. 


(2) To each of these equals add the angle ACB; 

*, the angles ACD, ACB=the three angles CBA, BAC, 
ACB. [Axiom 2. 
But the angles ACD, ACB together =two right angles; [I. 13. 

*. also the angles CBA, BAC, ACB together=two right 
angles. [Axiom 1. 

Wherefore, if a side of any triangle, ete. [Q.u.D. 
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Corollary 1. All the interior angles of any rectilineal figure, 
together with four right angles, are equal to twice as many right 
angles as the figure has sides. 


D 


A B 


Take any rectilineal figure, and join any point F within it 
to its angular points. 

We thus have as many triangles as there are sides to the 
figure. 

Also, by the preceding propositions, the three angles of each 
triangle make up two right angles. 

*, all the angles of these triangles=twice as many right 
angles as the figure has sides. 

But all the angles of the triangles =the interior angles of 
the figure, together with the angles at the point F, which 
are equal to four right angles. fa. iby (Come. 
*. all the interior angles of the figure, together with four 
right angles, =twice as many right angles as the figure has 
sides. 

Corollary 2. All the eaterior angles of any rectilineal figure are 
together equal to four right angles. 


D B Cc 


Because every interior angle ABC, with its adjacent exterior 
angle ABD, is equal to two right angles ; [I. 13. 
-, all the interior angles of the figure, together with all its 
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exterior angles, =twice as many right angles as the figure has 
sides. 
But all the interior angles of the figure, together with four 
right angles, =twice as many right angles as the figure has 
sides. [Corollary 1. 
all the interior angles of the figure, together with all its 
exterior angles, = all the interior angles of the figure, together 
with four right angles. 
all the exterior angles = four right angles. 


NoTE ON THE COROLLARIES TO I. 32. 


IT. 32. The corollaries to I. 32 were added by Simson. In the second 
corollary it ought to be stated what is meant by an exterior angle of a 
rectilineal figure. At each angular point let one of the sides meeting at 
that point be produced ; then the exterior angle at that point is the 
angle contained between this produced part and the side which is not 
produced. Sither of the sides may be produced, for the two angles 
which can thus be obtained are equal, by I. 15. 

The rectilineal figures to which Euclid confines himself are those in 
which the angles all face inwards; we may here however notice another 
class of figures. In the accompanying diagram the angle AFC faces 


D 


A 


outwards, and it is an angle less than two right angles; this angle 
however is not one of the interior angles of the figure AEDCF. We 
may consider the corresponding interior angle to be the excess of four 
right angles above the angle AFC. 

An angle such as AFC, greater than two right angles, is called a 
re-entrant angle. 

The first of the corollaries to I. 32 is true for a figure which has a 
re-entrant angle or re-entrant angles ; but the second is not. 
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EXERCISES. 


**1. If two triangles have two angles of the one equal to two angles 
of the other, the third angle of the one is equal to the third angle of 
the other. 

**2, Each angle of an equilateral triangle is equal to two-thirds of a 
right angle. Hence trisect a right angle. 

**3. The sum of the angles of any quadrilateral figure is equal to 
four right angles. 

**4. If one angle of a triangle be equal to the sum of the other two, 
the triangle is right-angled ; if it be less than the sum of the other two 
it is acute; if greater, then obtuse. 

5. In an obtuse-angled triangle the side opposite the obtuse angle 
is the greatest side. 

6. What is the magnitude a an angle of a regular (1) pentagon, 
(2) hexagon, and (3) octagon ? es 

7. The bisectors of the exterior angles of a quadrilateral form a 
quadrilateral, the sum of whose two opposite angles is two right angles. 

**8. The straight line joining the middle point of the hypotenuse of 
a right-angled triangle to the right angle is equal to half the hypotenuse. 

[A being the right 2 of the AABC, make .BAD=ZABG, and let 
AD meet BC in D; then 2DAC=ZDCA, etce.] 

9. From the extremities of the base of an isosceles triangle straight 
lines are drawn perpendicular to the sides ; shew that the angles made 
by them with the base are each equal to half the vertical angle. 

10. If the straight lines bisecting the angles at the base of an 
isosceles triangle be produced to meet, they will contain an angle equal 
to an exterior angle of the triangle. 

11. ABC is a triangle, and the exterior angles at Band C are bisected 
by the straight lines BD, CD respectively, meeting at D; shew that 
the angle BDC together with half the angle BAC make up a right 
angle. 

12. The angle between the internal bisector of one base angle and 
the external bisector of the other is equal to one-half the vertical angle. 

13. The angle included between the bisector of the angle A of a 
triangle and the perpendicular from A upon the opposite side is half 
the difference of the base angles of the triangle. 

14. The bisector of the exterior vertical angle of a triangle makes 
with the base an angle equal to half the difference of the base angles, 
and with either side an angle equal to half the sum of the base angles. 
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15. On the sides of any triangle ABC equilateral triangles BCD, 
CAE, ABF are described, all external; shew that the straight lines 
AD, BE, CF are all equal. 

16. Through two given points draw two straight lines forming with 
a straight line given in position an equilateral triangle. 

[Through the points draw straight lines making with the given line 
angles equal to two-thirds of a right angle. ] 

17, A is the vertex of an isosceles triangle ABC, and BA is produced 
to D, so that AD is equal to BA, and DC is drawn ; shew that BCD is 


a right angle. 


18. The median passing through the vertex of a triangle is equal 


' to, greater than, or less than half of the base according as the vertical 


angle is a right, an acute, or an obtuse angle. [Use Ex. 4.] 

19. If one angle of a triangle be triple another the triangle may be 
divided into two isosceles triangles. 

[Let ABC be the A where 2BCA=3zABC; at C make 2 BCD=ZABC, 


_and let CD meet AB in D. Then DBC, ADC can be proved to be 


isosceles triangles. ] 
20. If one angle of a triangle be double another, an isosceles triangle 


| may be added to it so as to form together with it a single isosceles 


triangle. 

[Let ABC be the A where .BCA=22ZABC; with centre A and 
radius AB describe a circle meeting BC produced in D; then ACD will 
be the A to be added. ] 

21. Given two angles of a triangle and the side opposite one of them, 
construct the triangle. 

22. Within a triangle ABC straight lines AD, BE, and CF are drawn, 
making with AB, BC, and CA respectively the angles DAB, EBC, FCA 
equal to each other. If AD, BE, and CF do not meet in one point 
they will form by their intersections a triangle whose angles are equal 
to those of the triangle ABC. 

23. Through the vertex A of a triangle ABC a straight line is drawn 
parallel to BC. If, on either side of A, lengths AD, AE be measured 
off from it, each equal to AC, and CD, CE be joined, prove that DCE 
is a right angle. 

**24, Hach of the angles of a polygon of » sides, whose angles are 


all equal, is equal to Heat right angles. 
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PROPOSITION 33. THEOREM. 


The straight lines which join the extremities of two equal and 
parallel straight lines towards the same parts are also themselves 
equal and parallel. 

Let AB and CD be equal and parallel straight lines, and 
let them be joined towards the same parts by the straight 
lines AC and BD:: 


then shall AC and BD be equal and parallel. 


A B 


c D 


Construction. Join BC. 


Proof. Because AB is parallel to CD, [ Hypothesis. 
and BC meets them, 
the alternate angles ABC, BCD are equal. [I. 29. 
Then, in the triangles ABC, BCD, 


AB=CD, [ Hypothesis, 
because jana BC is common, 
and the angle ABC=the angle BCD; —[ Prone. 


.*. the triangles are equal in all respects, so that 
the base AC =the base BD, 


and the angle ACB=the angle CBD. [I. 4, 
Also these are alternate angles ; 
.. AC is parallel to BD, oa 


and it was shewn to be equal to it. 


Wherefore, the straight lines, ete. [Q.B.D. 
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PROPOSITION 34. 'THEOREM. 


The opposite sides and angles of a parallelogram are equal to one 
another, and the diagonal bisects the parallelogram, that is, divides 
it into two equal paris, 

Let AGDB be a parallelogram, of which BC is a diagonal : 
then (1) the opposite sides and angles of the figure shall be equal to 
one another, and (2) the diagonal BC shalt bisect it. 


A B 


Cc D 

Proof. (1) Because AB is parallel to CD, and BC meets 
them, the alternate angles ABC, BCD are equal. [I. 29. 
And because AC is parallel to BD, and BC meets them, the 
alternate angles ACB, CBD are equal. [I. 29. 

Then, in the triangles ABC, DCB, 

the angle ABC=angle DCB, 

and the angle BCA =angle CBD, 
and the side BC adjacent to the equal angles in each 
is common to both ; 
*, the triangles are equal in all respects, so that 


because 


AB=CD, 
AC= BD, 
and the angle BAC =the angle CDB. [I. 26. 


And because the angle ABC =the angle BCD, 
» and the angle CBD=the angle ACB, 
.. the whole angle ABD =the whole angle ACD. [Az. 2. 
And the angle BAC has been proved equal to the angle CDB. 
.. the opposite sides and angles are equal. 
(2) Also it has been proved that the triangles ABC, DCB 
are equal in all respects ; 
.. the diagonal BC bisects the parallelogram ACDB. 
Wherefore, the opposite sides, etc. [Q.E.D, 
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EXERCISES. 


1. If a quadrilateral have two of its opposite sides parallel, and the 
two others equal but not parallel, any two of its opposite angles are 
together equal to two right angles. 

_**2. If the opposite angles of a quadrilateral are equal it is a paral- 
lelogram. [A+B=C+D=two rt. 2’, by I. 32, Cor. 2; .. etc.] 

**8. If the opposite sides of a quadrilateral are equal it is a paral- 
lelogram. 

**4, The diagonals of a parallelogram bisect each other. 

**5,. If the diagonals of 4 quadrilateral bisect each other it is a 
parallelogram. 

**6. If the straight line joining two opposite angles of a parallelo- 
gram bisect the angles the parallelogram is a rhombus. 

7. Draw a straight line through a given point such that the part of 
it intercepted between two given parallel straight lines may be of given 
length. [Use Ex. 1, page 56.] 

**8. Straight lines bisecting two adjacent angles of a parallelogram 
intersect at right angles. 

9. Straight lines bisecting two opposite angles of a parallelogram 
are either parallel or coincident. 

#**10. If the diagonals of a parallelogram are equal all its angles are 
equal, and it is a rectangle. 

11. Shew that any straight line passing through the middle point 
of the diagonal of a parallelogram and terminated by two opposite 
sides, bisects the parallelogram. 

12. Bisect a parallelogram by a straight line drawn through any 
given point.. [Use Ex. 11.] 

*%*138. The diagonals of a rhombus are at right angles. 

14, A, B, C are three points in a straight line, such that AB is 
equal to BC; shew that the sum of the perpendiculars from A and C 
on any straight line which does not pass between A and C is double 
the perpendicular from B on the same straight line. 

15. If straight lines be drawn from the angles of any parallelogram 
perpendicular to any straight line which is outside the parallelogram, 
the sum of those from one pair of opposite angles is equal to the sum 
of those from the other pair of opposite angles. [Use Ex. 14.] 

**16. The parallel to any side of a triangle through the middle 
point of another bisects the third side. [See Appendix, Art. 1.] 

17. On the sides of a parallelogram ABCD four points E, F, G and 
H are taken, and parallels to the sides are drawn through these points 
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to form a parallelogram PQRS. Prove that the sum of the areas 
ABCD and PQRS is equal to twice that of EFGH. - 

[Twice EFGH =twice PQRS +|/e™5 PB, QC, RD, SA=etce.] 

18. In the base BC of an isosceles triangle ABC any point D. is 
taken, and perpendiculars are drawn from D upon the two sides AB, 
AC.: Prove that. the sum of these two perpendiculars is equal to the 
perpendicular from B upon AC. 

[Let DE, DF be the Berpeodicuars and draw BK perp' to AC and 
DL Bo to BK; prove the two A* BED, DLB tea in all respects 
and .. BL=DE, ete. ] 

19. Froma given point O draw to a given straight line ABa straight 
line that shall be bisected by another given straight line AC. 

[Draw OP ||' to AB to meet AC in P, and PQ |} to OA to meet AB 
in Q; then OQ is the required straight line, by Ex. 4.] 

20. It is required to draw a straight line which shall be equal to 
one straight line and parallel to another, and be terminated by two 
given straight lines. - 

**21. AB, AC are two given straight lines; through a given point E 
between them it is required to draw a straight line GEH such that the 
intercepted portion GH shall be bisected at the point E. [See Appendix, 
Art. 18.” 


Note.—The Propositions from I. 35 to I. 48 may be said to constitute 
the third section of the first Book of the Elements. They relate to 
equality of area in figures which are not necessarily identical in form, 
T.L.H, EH 
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PROPOSITION 35. ‘THEOREM. 


Parallelograms on the same base, and between the same parallels, 
are equal to one another. 

Let the parallelograms ABCD, EBCF be on the same base 
BC, and between the same parallels AF, BC: 
Eh shall the parallelogram ABCD be equal to the parallelogram 

BCF. 


: A D F 
Proof. Cask I. If the sides AD, 

DF opposite to the base BC be ter- 

minated at the same point D, it is 

plain that each of the parallelograms 

is double of the triangle BDC; [I. 34. 5 j 


and they are therefore equal. [Az. 6. 


Case II. But if the sides AD, EF, opposite to the base 
BC be not terminated at the same point, then _ 


because ABCD is a parallelogram, AD =BC ; [I. 34. 
A DYE FA E D F 
B Cc B Cc 
for the same reason EF=BC; .°. AD=EF; [Axiom 1. 
‘. the whole, or the remainder, AE=the whole, or the re- 
mainder, DF. [Axioms 2, 3. 
Then, in the triangles EAB, FDC, 
AB=DC, 
> and AK = DF, 
ceause’) and the exterior angle FDC =the interior opposite 
angle HAB; [I. 29. 
-, the AEAB=the AFDC. [I. 4. 


Take the AFDC from the figure ABCF, and from the 
same, or a similar, figure take the A EAB, and the remainders 
are equal ; [Axiom 3. 


that is, the parallelogram ABCD =the parallelogram EBCF. 
Wherefore, parallelograms on the same base, etc. [Q.B.D. 
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PROPOSITION 36. THEOREM. 


Parallelograms on equal bases, and between the same parallels, 
are equal to one another, 

Let ABCD, EFGH be parallelograms on equal bases BC, 
FG, and between the same parallels AH, BG: 
then shall ABCD be equal to EFGH. 


D E 


BO C F G 
Construction. Join BE, CH. 

Proof. Because BC=FG, [ Hypothesis. 
and FG= EH, (I. 34. 
BC = EH, [Aziom 1. 
and they are parallels ; [ Hypothesis. 
-, BE and CH, which join their extremities toward the same 
ge are both equal and parallel. gS 
. EBCH is a parallelogram, [ Definition. 
Bnd it is equal to ABCD, because they are on the same base 
BC, and between the same parallels BC, AH. le 83 


Also the parallelogram EFGH is equal to the same EBCH, 
since they are on the same base EH, and between the same 


parallels EH, BG. (I. 35. 

*, the parallelogram ABCD = the parallelogram EFGH. [Az. 1. 

Wherefore, parallelograms, ete. [Q.B.D. 
EXERCISES. 


1. Construct a rectangle equal to a given parallelogram. 

2. Construct a rhombus equal to a given parallelogram. 

3. Divide a parallelogram into four equal parallelograms. 

4. If two adjacent sides of a parallelogram be given, its area is 
greatest when the sides are perpendicular. 
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PROPOSITION 37. THEOREM. 
Triangles on the same base, and between the same parallels, are 
equal, 
Let the triangles ABC, DBC be on the same base BC, and 
between the same parallels AD, BC: 
then shall the triangle ABC be equal to the triangle DBC. 


E _A Dd. iz 


B Cc 


Construction. Produce AD both ways to the points E, F; 
through B draw BE parallel to CA, and through C draw 
CF parallel to BD. [I. 31. 

Proof. The parallelograms EBCA and DBCF are equal, 
because they are on the same base BC, and between the same 


parallels BO, EF. {I. 35. 
Also the A ABC is half of the parallelogram EBCA, because 
the diagonal AB bisects it, [I. 34. 
and the A DBC is half of the parallelogram DBCF, because 
the diagonal DC bisects it ; [I. 34. 
-- the A ABC=the A DBC. [Axiom 7. 

Wherefore, triangles, etc. [Q.E.D. 

EXERCISES. 


1. PQR is a straight line parallel and equal to the base BC of a 
triangle ABC and meets the sides in Pand Q. Prove that the triangles 
BPQ, AQR are equal. 

[Draw QS parallel to AB to meet BC in S; then QR=S8C;: .”. RC is 
parallel to QS or AB; .«. A* AQR, RQC= A ARC=4BR=4BQ+4SR 
= A®BPQ, RQC, etc. 

2. Describe a triangle equal to a given quadrilateral ABCD. 

[Draw AE parallel to DB to meet BC produced in E; then DEC is 
the A required, ] 
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PROPOSITION 38. THEOREM. 


Triangles on equal bases, and between the same parallels, are 
equal to one another. 

Let the triangles ABC, DEF be on equal bases BC, EF, 
and between the same parallels BF, AD: 
then shall the triangle ABC be equal to the triangle DEF. 


Construction. Produce AD both ways to the points G, H; 
through B draw BG parallel to CA, and through F draw 


FH parallel to ED. oa [a 

Proof, Each of the figures GBCA, DEFH is a parallelo- 
gram, [ Definition. 
and they are equal because they are on equal bases BC, EF, 
and between the same parallels BF, GH. [I. 36. 
Also the A ABC is half of the parallelogram GBCA, because 
the diagonal AB bisects it ; [I. 34. 


and the A DEF is half of the parallelogram DEFH, because 
the diagonal DF bisects it ; 


-. the AABC=the ADEF., : Aion: 
Wherefore, triangles, etc. [Q.E.D. 
. EXERCISES. 


**1, A triangle is bisected by either of its medians, 


2. ABC is a triangle and E any point in the median AD ; prove that 
the triangles ABE, ACE are equal. 

**3. If two triangles have two sides of the one equal to two sides 
of the other, and the contained angles supplementary, the triangles are 
equal in area. 

[For they can be placed so that they have one equal side of each 
coincident, and the other two equal sides in the same straight line. 


Then apply Hea 


**4, Prove that the four triangles into which a parallelogram is 
divided by its diagonals are equal in area. [Use Ex. 4, page 64. ] 
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PROPOSITION 39. THEOREM. 


Equal triangles on the same base, and on the same side of it, are 
between the same parallels. 

Let the equal triangles ABC, DBC be on the same base 
BC, and on the same side of it: 
they shall be between the same parallels. 


A D 


B C 


Construction. Join AD. 
AD shall be parallel to BC. 
For if it is not, let AE be parallel to BC, and let it meet 


BD at E, [I. 31. 
and join EC. 


Proof. The AABC=the A EBC, because they are on the 
same base BC, and between the same parallels BC, AE. 


[I. 37. 
But the A ABC=the A DBC; [ Typothesis. 
*, also the A DBC=the A EBC, [Axiom 1. 


the greater to the less, which is impossible ; 
.. AE is not parallel to BC. 
In the same manner it can be shewn that no other straight 
line through A except AD is parallel to BC; 
.. AD is parallel to BC. 
Wherefore, equal triangles, ete. | [9.B.D. 


i [For Exercises see page 72.] 
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PROPOSITION 40, THEOREM. 


Equal triangles, on equal bases, in the same straight line, and on 
the same side of it, are between the same parallels. 

Let the equal triangles ABC, DEF be on equal bases BC, 
EF, in the same straight line BF, and on the same side of it: 
they shall be between the same parallels. 


Construction. Join AD. 
AD shall be parallel to BF. 
For if it is not, let AG be drawn parallel to BF, 
and let it meet ED at G, eee 
and join GF. 


A D 


B Cc E S 


Proof. The AABC=the AGEF, because they are on 
equal bases BC, EF, and between the same parallels. _[I. 38. 


But the AABC=the A DEF; [ Hypothesis. 
*, also the A DEF=the AGEF, [Aaiom 1. 
the greater to the less, which is impossible. 
.. AG is not parallel to BF. 


In the same manner it can be shewn that no other straight 
line through A except AD is parallel to BF; 
*, AD is parallel to BF. 

Wherefore, equal triangles, ete. [Q.u.D. 


[For Exercises see page 73.] 
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PRoposITION 41. THEOREM. 


If a parallelogram and a triangle be on the same base and 
between the same parallels, the parallelogram shall be double of the 
triangle. 

Let the parallelogram ABCD and the triangle EBC be on 
the same base BC, and between the same parallels BC, AE: 
the parallelogram ABCD shall be double of the triangle EBC. 

Construction. Join AC. 


A Dee 


B C 


Proof. The AABC=the A EBC, because they are on the 
same base BC, and between the same parallels BC, AE. [I. 37. 
But the parallelogram ABCD is double of the A ABC, because 


the diagonal AC bisects the parallelogram. I. 34. 
‘. the parallelogram ABCD is also double of the A EBC. 
Wherefore, if a parallelogram, ete. _ [Q.E.D. 


EXERCISES ON PROPOSITION 39. 


**1. Two straight lines AB and CD intersect at H, and the triangle 
AEC is equal to the triangle BED: shew that BC is parallel to AD. 

**2. The straight line which joins the middle points of two sides of 
any triangle is parallel to the base and is equal to half the base. [See 
Appendix, Art. 1.] 

**3. Straight lines joining the middle pone of adjacent sides of a 

quadrilateral form a parallelogram. [Use Ex. 2.] 

4. Inthe base AC of a triangle take any point D; bisect AD, DC, 
AB, BC at the points E, F, G, H respectively: shew that EG is equal 
and parallel to FH. [Use Ex. 2.] 
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6. Two triangles of equal area stand on.the same base and on 
opposite sides: shew that the straight line joining their vertices is 
bisected by the base or the base produced. [See App., Art. 2.] 

6. If a quadrilateral figure be bisected by one diagonal the second 
diagonal is bisected by the first. [Use Ex. 5.] 

7. Any quadrilateral figure which is bisected by both of its diagonals 
is a parallelogram. 


EXERCISES ON PROPOSITION 40. 


1. A quadrilateral is divided into four triangles by its diagonals ; 
prove that if two adjacent triangles be eduel the other two triangles 
will also be equal. 

2. The straight lines AD, BE bisecting the sides BC, AC ofa Gals 
intersect at G: shew that AG is double of GD. [See App., Art. 7.] 


EXERCISES ON PROPOSITION 41. 


1. ABCD is a quadrilateral having BC parallel to AD; shew that 
its area is the same as that of the parallelogram which can be formed 
by drawing through the middle point of DC a straight line parallel to 
AB to meet AD and BC. 

2. ABCD is a quadrilateral having BC parallel to AD, E is the middle 
point of DC ; shew that the triangle AEB is half the quadrilateral. 

8. If any point be taken within a parallelogram the sum of the 
triangles formed by joining the point with the extremities of a pair of 
opposite sides is half the parallelogram. 

[Through the point draw a straight line parallel to the two opposite 
sides to meet the other sides. ] 

4, ABCD is a parallelogram; from any point P in the diagonal BD 
the straight lines PA, PC are drawn. Shew that the triangles PAB 
and PCB are equal in area. 

[By Ex. 3, ABPC+ AAPD=3ABCD= a ABD= A APB+ A APD.] 

**5. If the middle points of any two sides of a triangle be joined, 
the triangle so cut off is one quarter of the whole. 

6. On the same side of the straight line ABC equal rectangles ABDE, 
ACFG are described. Prove that BG and DF are parallel. 

[AGRF=$ rect. AF=}rect. AD=AGDB; .. etc.] 

**7, If two sides of a triangle be given the area of the triangle is 
greatest when the angle between them is a right angle. 

_ 8. Through the vertices of a quadrilateral straight lines are drawn 
parallel to the diagonals; prove that the figure thus obtained is a 
parallelogram whose area is twice that of the quadrilateral. 

| 
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PROPOSITION 42. PROBLEM. 


To describe a parallelogram that shall be equal to a given triangle, 
and have one of its angles equal to a given rectilineal angle. 
Let ABC be the given triangle, and D the given rectilineal 
angle: 
it is required to describe a parallelogram that shall be equal to the 
given triangle ABC, and have one of tts angles equal to D. 
7 A_F G- 


b_ 


B EuCe 

Construction. Bisect BC at E; (I. 10. 
join AK, and at the point E, in the straight line EC, make 
the angle CHF equal to D; [T. 233 
through A draw AFG parallel to EC, and through C draw 
CG parallel to EF. . {lau 
Then FECG is the parallelogram constructed as required. 

Proof. The A ABE=the A AHO, because they are on equal 
bases BH, EC, and between the same parallels BC, AG. [I. 38. 
.. the A ABC is double of the A ATC. 
But the parallelogram FECG is also double of the A AKC, 
because they are on the same base HC, and between the same 
parallels EC, AG. (I. 41. 
.. the parallelogram FECG =the A ABC, [Axiom 6. 
and its angle CEF is equal to the given angle D. [Construction. 

Wherefore a parallelogram FECG has been described equal to 
the given triangle ABC, and having one of its angles CHE equal to 
the given angleD. © [Q.E.F, 

EXERCISE. 


Construct a triangle equal to a given parallelogram, and having an 
angle equal to a given angle. 
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PROPOSITION 43. ‘THEOREM. 


The complements of the parallelograms which are about the 
diagonal of any parallelogram are equal. 

Let ABCD be a parallelogram, of which the diagonal is 
AC; and EH, GF parallelograms about AC, that is, through 
which AC passes; and BK, KD the other parallelograms 
which make up the whole figure ABCD, and which are there- 
fore called the complements : 
the complement BK shall be equal to the complement KD. 


: A H D 


E K F 


BG Cc 


Proof. Because AEKH is a parallelogram, and AK its 
diagonal, the A AEK =the A AHK. [I. 34. 
For the same reason the A KGC =the AKFC; 
.. the two triangles AEK, KGC together =the two triangles 


AHK, KFC. [Axiom 2. 

But the whole A ABC =the whole AADC, because the diagonal 

AC bisects the parallelogram ABCD ; [I. 34. 

.. the remainder, the complement BK, is equal to the re- 

mainder, the complement KD. [Axiom 3. 

Wherefore, the complements, ete. [Q.E.D. 
EXERCISES. 


1. Each of the parallelograms about the diagonal of a rhombus is a 
rhombus. 

In the figure of I. 43 prove that 

2. EH, DB, GF are parallel. 

[A BED= a BCE=4}BF=}CH= a HCD= aBHD, etc.] 

8. The triangle EKC is half of the complement BK. 

4. The triangles EKC, HKC are equal. 
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PROPOSITION 44. PROBLEM. 


To a given straight line to apply a parallelogram, which shall be 
equal to a given triangle, and have one of its angles equal to a 
given recttlineal angle. 

Let AB be the given straight line, C the given lapel 
and D the given rectilineal angle: 
it is required to apply to AB a parallelogram equal to the aden 
C, and having an angle equal to D. 


2 E K 
D 


G M 


H A L 


Construction. Make the parallelogram BEFG equal to the 
AO, and having the angle EBG equal to the angle D, so that 


BE may be in the same straight line with AB; [I. 42. 

produce FG to H; 

through A draw AH parallel to BG or EP, [t. 81. 
and join HB. 


Because the straight line HF meets the parallels AH, EF, 


the angles AHF, HFE are together equal to two right angles; 
[I. 29. 


Therefore the angles BHI’, HFE are together less than two 
right angles ; 
-, HB and FE will meet towards B and H, if produced far 


enough ; [Axiom 12. 
let them meet at K. 


Through K draw KL parallel to EA or FH; i 
and produce HA, GB to meet KIL in the points L, M. 
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Proof. HLKF isa parallelogram, of which the diagonal is 
HK ; and AG, ME are parallelograms about HK ; and LB, 
BF are the complements ; 


&. tule isi [I. 43. 

But BF=the AC; [Construction. 

., LB=the AC. [Axiom 1. 

And because the angle GBE=the angle ABM, [i 15. 
and likewise = the angle D ; [Construction. 

.. the angle ABM =the angle D. [Axiom 1. 


Wherefore to the given straight line AB the parallelogram LB 
is applied, equal to the triangle C, and having the angle ABM 
equal to the angle D. (our. 
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PROPOSITION 45. PROBLEM. 


Lo describe a parallelogram equal to a given rectilineal figure, 
and having an angle equal to a given rectilineal angle. 

Let ABCD be the given rectilineal figure, and E the given 
rectilineal angle : 
at is required to describe a parallelogram equal to ABCD, and 
having an angle equal to. EH. . 


D fe GooL 


B Cc K H M 


Construction. Join DB, and describe the parallelogram 
FH equal to the A ADB, and having the angle FKH equal 
to the angle E; [I. 42. 
and to the straight line GH apply the parallelogram GM 
equal to the A DBC, and having the angle GHM equal to 
the angle E. [I. 44. 
The figure FKML shall be the parallelogram required. 

Proof. Because the angle E=each of the angles FKH, 
GHM, Construction. 
the angle FKH is equal to the angle GHM. [Axiom 1. 
Add to each of these equals the angle KHG; 

*, the angles FKH, KHG are equal to the angles KHG, 


GHM, [Axiom 2. 
But FKH, KHG together = two right angles ; [T. 29. 
KHG, GHM together = two right angles. 
KH is the same straight line with HM. [I. 14. 
And because HG meets the parallels KM, FG, the alternate 
angles MHG, HGF are equal. [I. 29. 


Add to each of these the angle HGL; 
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°, the angles MHG, HGL together =the angles HGF, HGL. 


[Axiom 2. 

| But MHG, HGL together = two right angles ; (eu: 
HGF, HGL together= two right angles ; 

*, FG, GL are in the same straight line. [I. 14, 

| And because KF is parallel to HG, and HG to MUL, [Conser. 

| *, KF is parallel to ML, [I. 30. 

and KM, FL are parallels ; [ Construction. 

.. KFLM is a parallelogram. [ Definition. 


And because the A ABD =the parallelogram HF,  [Constr. 
and the A DBC =the parallelogram GM, [Consir. 

-, the whole rectilineal figure ABCD =the whole parallelo- 
gram KFLM. [Axiom 2. 

| Wherefore the parallelogram KFLM has been described equal 
to the given rectilineal figure ABCD, and eae the angle FKM 
| equal to the gwen angle EH. [Q.E.F. 


Corollary. From this it is clear how, to a given straight 
line, to apply a parallelogram, which shall have an angle equal 
to a given rectilineal angle, and shall be equal to a given 
rectilineal figure, namely, by applying to the given straight 
line a parallelogram equal to the first triangle ABD, and 
| having an angle equal to the given angle; and soon. _‘[I. 44. 


EXERCISE. 


Describe a triangle equal to a given rectilineal figure. 

[Let ABCDE be the given figure; join BD, AD and draw CP, EQ 
parallel to DB, DA respectively to meet AB produced if necessary in 

| P and Q; then A DCB=A DPB and A DEA=A4 DQA [I. 37], and 


.. whole figure= A DQP. Similarly for a figure with a larger number 
of sides. | 
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PROPOSITION 46. PROBLEM. 
To describe a square on a given straight line. 


Let AB be the given straight line: 
it 1s required to describe a square on AB. 


Cc 
D E 
A B 
Construction. From the point A draw AC at right angles 
to AB, i [dei 
and make AD equal to AB; Mes, 
through D draw DE parallel to AB, and through B draw 
BE parallel to AD. fl ois 


ADEB shall be a square. 


Proof. ADEB is by construction a parallelogram ; 


AB=DE, and AD=BE. [I. 34. 

But AB=AD. [ Construction. 

.. BA, AD, DE, EB are all equal, and the parallelogram 
ADEB is therefore equilateral. [Axiom 1. 
Also the angle BAD is a right angle ; [ Construction. 


-, the figure ADEB is equilateral, and it has one angle a 
right angle. 

Therefore 1 is a square, [Definition 30. 
and it is described on the given straight line AB. [Q.n.F. 
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Note TO PROPOSITION 46. 


It can be proved that squares and also rectangles have all their 
angles right angles. 


A D 


B Cc 

Let ABCD be a rectangle having A arightangle. Join BD. 
Then in the triangles ABD, CBD we have AB=CD, AD=BC, and 
the base BD common ; 
*, theangle BCD=the angle BAD =a right angle, 
and the angle ABD=the angle BDC, so that AB, CD are parallel, 
and the angle ADB=the angle DBC, so that AD, BC are parallel. 

Since AD, BC are parallel, the angles DAB, ABC are equal to two 
right angles, of which DAB isa right angle ; 
*, the angle ABC is a right angle. 

Similarly ADC is a right angle. 


EXERCISES. 


i. Prove that the sides of two equal squares must be equal. 

2. The square on a given straight line is four times the square on half 
the line, 

8. If, in the sides of AB, BC, CD, DA of a square ABCD points 
HK, F, G, H be taken so that AH, BF, CG, DH are equal, then EFGH 
is a square. 

4. If the diagonals of a quadrilateral are equal and bisect each other 
at right angles, the quadrilateral is a square. 

5. On the sides AC, BC ofa triangle ABC, squares ACDE, BCFH 
are described : shew that the straight lines AF and BD are equal. 

6. Squares are described on the three sides of any triangle, the 
squares being all outside the triangle, and adjacent corners of the 
squares are joined; shew that the triangles so formed are each equal 
in area to the original triangle. 

[Let ABC be the a, and BDEC, CFGA, AHKB the squares on its 
sides; since BOH, ACF are right 2‘, .. ECF, ACB are supplementary 
angles [I. 15, Cor. 2]; .. ACB, ECF are two A* with two sides equal 


and the included 4* supplementary. Now use Ex. 3 on Prop. 38.] 
T.L.E, F 
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PROPOSITION 47. THEOREM. 


In any right-angled triangle the square which is described on 
the side subtending the right angle is equal to the squares described 
on the sides which contain the right angle. 

Let ABC be a right-angled triangle, having the right 
angle BAC; 
the square described on the side BC shall be equal to the squares 
described on the sides BA, AC. 


G 


D ae & 


Construction. On BC describe the square BDEC, and on 
BA, AC describe the squares BFGA, AHKC; [I. 46. 
through A draw AI, parallel to BD or CH, [I. 31. 

aud join AD, FC. 


Proof. Because the angle BAC is a right angle, [Hypothesis. 
and that the angle BAG is also a right angle ; [Definition 3). 
.. CA is in the same straight line with AG. ies 
Similarly, AB and AH are in the same straight line. 
Now the angle DBC =the angle FBA, 
for each of them is a right angle ; [Axiom 11. 
add to each the angle ABC. | 
.. the whole angle DBA =the whole angle FBC. [Axiom 2, 
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Then, in the triangles DBA, FBO, 


AB=FB, [Constr. 

because | and BD=BC, [ Constr. 
and the angle ABD =the angle FBC, [ Proved. 

.. the A ABD = the A FBC. i 2 


Now the parallelogram BL is double of the A ABD, because 


they are on the same base BD, and between the same parallels 
BD, AL. fI. 41. 


And the square GB is double of the A FBC, because 
they are on the same base FB, and between the same parallels 
FB, GC. [I. 41. 


But the doubles of equals are equal. [Axiom 6. 
.. the parallelogram BL=the square GB. 


Similarly, by joining AE, BK, it can be shewn that the 
parallelogram Cl=the square CH. | 


.. the whole square BDEC =the two squares GB, HC. [Azx. 2. 


And the square BDEC is described on BC, and the squares 
GB, HC on BA, AC. 


.. the square described on the side BC 
= the squares described on the sides BA, AC. 
Wherefore, in any right-angled triangle, ete. - — [Q. B.D. 


Note on I, 47, 


Tradition ascribed the discovery of I. 47 to Pythagoras, who flourished 
about 570 to 500 B.c. Many demonstrations have been given of this 
celebrated proposition ; the following is one of the most interesting : 


Let ABCD, AEFG be any two squares, placed so that their bases 
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may join and form one straight line. Take GH and EK each equal to 
AB, and join HC, CK, KF, FH. 
Since GH=AB, .. HB=GA=FE=FG. 
Since EK=AD, «. DK=AE=FG=HB. 

*. the AS FGH, FEK, HBC, KDC 
are all equal in all respects. 

. the two figures AEFG, ADCB 
together = the fig. FHCK. 
Also, since the above four A* are 
equal, 

.. CH, FH, FK, KC are all equal, 
and 4KCD=2HCB and .. 2HCK 
760) — ari 

.. HCKF is a square. 
Also the side CH is the hypote- 
nuse of a right-angled triangle of 
which the sides CB, BH are equal 
to the sides of the. two given 
squares. 

This demonstration requires no proposition of Euclid after I. 32, and 
it shews how two given squares may be cut into pieces which will fit 
together so as to form a third square. Quarterly Journal of Mathe- 
matics, Vol. I. 

It will be noted that if the A CHB be conceived as turning round 
the point C as a pivot it may be rotated into the position CKD. 
Similarly, the A FGH may be rotated round F into the position FED. 


EXERCISES. 


**1, The square described on the diagonal of a given square is twice 
the given square. 

2. Construct a square equal to half a given square. 

[Let sq. be on given str. line AB. Make ABC=ZBAC=half a rt. z, 
so that ACB=a rt. 4 and AC=BC. 

. sq. on AB=twice sq. on AC, etc.] [I. 48. 

3. Construct a line the square on which shall be equal to the sum 
of three given squares. 

*«*4, ABC is an equilateral triangle and AD is drawn perpendicular 
to BC; prove that the square on AD is three times the square on BD. 

5. If two opposite sides of a quadrilateral be at right angles, the sum 
of the squares on the diagonals is equal to the sum of the squares on 
the other two sides. 
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6. The sum of the squares on the sides of a rhombus is equal to the 
sum of the squares on its diagonals. 

7. If ABC be a triangle whose angle A is a right angle, and BE, 
CF be drawn bisecting the »pposite sides respectively, shew that four 
times the sum of the squares on BE and CF is equal to five times the 
square on BC. 

**8. The square on the side subtending an acute angle of a triangle 
is less than the squares on the sides containing the acute angle. 

[Let ABC be the A, C being acute; make BCD art. 4 and CD=CA. 
Then, by I. 24, BA<BD .«. BA?<BD%, ¢.e. <BC?+CD?, 

2.e <BC?+CA*] 

**9. The square on the side subtending an obtuse angle of a triangle 
is greater than the squares on the sides containing the obtuse angle. 

**10, If the square on one side of a triangle be less than the squares 
on the other two sides, the angle contained by these sides is an acute 
angle; if greater, an obtuse angle. 

In the figure of I. 47, prove that 

11. AD and FC are at right angles. 

[Let AD meet FC in O and BC in V. 

Then 4AOC=z0VC+2z0CV=zBVD+zBDV=a rt. 2] 

12. F, A, K are ina straight line. 

13, FG, HK, and AL meet in a point. 

[Let FG meet KH inU; then A* AHU, CAB are equal in all respects, 
so that 4HAU=ZACB=complement of 2 ABC=zBAL, ete.] 

14. BG, CH are parallel.- 

. If DM, EN are drawn perpendicular to AC, AB, then AM 
= AB, and AN equals AC. 

[Draw DT perp® to AB produced; then DTAM is a rectangle and 

.. AM=DT. It can then be proved that A* DTB, BAC are equal in 
all respects, and .. DT=AB.] 

16. Divide a straight line into two parts the sum of the squares on 
which is equal to a given square. What limit is there to the size of 
this given square? 

[AB being given, make Z2ABC=half a rt. 4. With centre A and 
radius = side of given square describe a circle to meet BC in P. Draw 
PM perp' to AB. Then AB is divided as required in M.] 

17. In a straight line AB, produced if necessary, find a point D 
such that the difference of the squares on AD, BD may be equal toa 
given square. [See App. Art. 17.] 

18. Shew that a right-angled triangle can be made whose sides are 
proportional to the numbers 3, 4, and 5. 
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PROPOSITION 48. THEOREM. 

Tf the square described on one of the sides of a triangle be equal 
to the squares described on the other two sides of it, the angle con- 
tained by these two sides is a right angle. 

Let the square described on BC, one of the sides of the 
triangle ABC, be equal to the squares described on the other 
sides BA, AC: 
the angle BAC shall be a right angle. 

8) 


B Cc 

Construction. From the point A draw AD at right angles 
to AC; (ale stu 
make AD equal to BA, and join DC. 

Proof. Because DA=BA, the square on DA =the square 
on BA. To each of these add the square on AC. 
*, the squares on DA, AC =the squares on BA, AC. [Axiom 2. 
But because the angle DAC is a right angle, [Construction. 


the square on DC =the squares on DA, AC; [ee 
and the square on BC =the squares on BA, AC; = [Hypothesis. 
the square on DC=the square on BC; [Axiom 1. 
Dee: 
Then, in the triangles BAC, DAC, 
BA = AD, [Construction. 
because fan AC is common, 
and the base BC=the base CD; 
*, the angle DAC =the angle BAC. [I. 8. 
But DAC is a right angle ; [Construction. 
*. also BAC is a right angle. [Axiom 1. 


Wherefore, if the square, ete, [9. B.D. 


BOOK IL 


DEFINITIONS. 


1. Every right-angled parallelogram, or rectangle, is said to 
be contained by any two of the straight lines which contain 
one of the right angles. 

Thus the rectangle ABCD is said to be contained by the straight 
lines AB and AD, or by the straight lines BA, BOC, ete. 

We shall use the abbreviations ‘‘the rectangle AB, BC,” or ‘‘the rect. 
AB, BC” for the expression ‘‘ the rectangle contained by AB, BC.” 

2, In every parallelogram, any of the parallelograms about 
a diameter, together with the two complements, is called a 
Gnomon. 

A_E D 


Gy 5 
GVMV/]/U!’0£:, 


B C 


Thus the parallelogram HG, together with the complements AF, 
FC, is the gnomon, which is more briefly expressed by the letters 
AGK, or EHC, which are at the opposite angles of the parallelograms 
which make the gnomon. 

Similarly, the figure consisting of EK together with the comple- 
ments AF, FC (that is, all the figure except HG) is called the gnomon 
AkG. 

3. When a straight line is divided into two parts, each part 
is called a segment by Euclid. It is found convenient to 
extend the meaning of the word segment, and to lay down the 
following definition: When a point P is taken in a straight 
line AB, or in the straight line AB produced, its distances 
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from the ends of the straight line are called segments of the 
straight line. When it is necessary to distinguish them, such 
segments are called internal or external, according as the 
point is in the straight line, or in the straight line produced. 


A P B A B P 


Case I. Case II. 


Nore. 


There is an analogy between the first ten propositions of this book 
and some elementary facts in Arithmetic and Algebra. 

It is shewn in Arithmetic that if one side of a rectangle contains a 
unit of length an exact number of times, and if an adjacent side also 
contains the same unit an exact number of times, the product of these 
units will be the number of square units in the area of the rectangle. 

Thus, if the sides be respectively m inches and 7 inches, the area is 
mn square inches. ; 

Similarly, if a square have each of its sides equal to m units, its area 
is m* square units. 

We thus see that the area of a rectangle in geometry corresponds to 
a product of two numbers in Arithmetic or Algebra ; whilst the area of 
a square corresponds to a square of a number. 

We shall add to these ten propositions the corresponding algebraic 
formulae. By means of the latter the student is enabled to more easily 
keep in his memory the results of the Propositions. The proofs in the 
Propositions are, however, more general than those of the formulae, 
since in Geometry it is not assumed that the lines spoken of are com- 
mensurable. We do not enter on this subject as it would lead us too 
far from Euclid’s Elements of Geometry with which we are here 
occupied. 

Owing to the above analogy the expression ‘‘ the square on AB” is 
often abbreviated into ‘‘AB?,” and ‘‘the rectangle AB, BC” into 
““ AB. BC.” We shall sometimes use these abbreviations in the course 
of this book, and the student may use them in Exercises. We shall not 
use them in the text of the Propositions, nor should the student do so 
in writing out the Proposition in an Examination. The signs + and 
— may be used in Deductions. But the student must always carefully 
note that such an expression as “ AB?+BC.CD” is only an abbreviation 

for “ the square on AB together with the rectangle BC, CD.” 
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PROPOSITION 1. ‘THEOREM. 


If there be two straight lines, one of which is divided into any 
number of parts, the rectangle contained by the two straight lines is 
equal to the rectangles contained by the undivided line, and the 
several parts of the divided line. 

Let A and BC be two straight lines; and let BC be 
divided into any number of parts at the points D, E: 
the rectangle contained by A, BC shall be equal to the sum of the 
rectangles contained by A, BD, by A, DE, and by A, EC. 


Construction. From B draw BF at right angles to BC, [1. 11. 


and make BG equal to A; {I. 3. 
through G draw GH parallel to BC; and through D, E, C 
draw DK, EL, CH, parallel to BG. [te Be 


Proof. The rectangle BH =the sum of the rectangles BK, 
DL, EH. 
But BH is contained by A, BC, for it is contained by GB, 
BC, and GB=A. [ Construction. 
And BK is contained by A, BD, for it is contained by GB, 
BD, and GB=A; 
and DL is contained by A, DE, because DK is equal to BG, 
which is equal to A; [I. 34. 
and in like manner EH is contained by A, EC; 
*, the rectangle contained by A, BC=the sum of the rect- 
angles contained by A, BD, and by A, DE, and by A, EC. 
Wherefore, if there be two straight lines, etc. {Q.z.D. 


Algebraic Formula. a(b+c+d)=ab+uc+ad. 
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PROPOSITION 2. THEOREM. 


If a straight line be divided into any two parts, the rectangles 
contained by the whole and each of the parts are together equal to 
the square on the whole line. 

Let the straight line AB be divided into any two parts at 
the point C: 
the rectangle AB, BC, together with the rectangle AB, AC, shall 
be equal to the square on AB. 


. A Cc’ -B 


D Ee 


Construction On AB describe the square ADEB; [I. 46. 
and through C draw OF parallel to AD or BE. aa 
Proof. AE is equal to the rectangles AF, CE. 
But AE is the square on AB. 
Also AF is the rectangle contained by BA, AC; 
for it is contained by DA, AC, of which DA=BA; 
and CE is contained by AB, BC, for BE= AB; 
.. the rectangle AB, AC, together with the rectangle AB, BC, 
=the square on AB. 
Wherefore, if a straight line, etc. [Q. B.D. 
Algebraic Formula. Let AC be a units, and CB be 6 


units ; then 
a(a+b)+b(a+b)=(a+b¥ 


EXERCISE. 
If a straight line be divided internally into any number of segments, 
the square on the straight line is equal to the sum of the rectangles con- 
tained by the straight line and the several segments. 
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| PROPOSITION 3. - THEOREM. 


Tf a straight line be divided into any two parts, the rectangle 
contained by the whole and one of the parts is equal to the square on 
that part, together with the rectangle contained by the two parts. 

Let the straight lme AB be divided into any two isan at 
the point C: 

the rectangle AB, BC shall be equal to the square on BC, together 
with the rectangle AC, CB. 


ee B 


F D E 

Construction. On BC describe the square CDEB; [I. 46. 
produce ED to F, and through A draw AF parallel to CD 
or BE. [i 31. 
Proof. The rectangle AE=the rectangles AD, CE. 
But Al is the rectangle contained by AB, BC; for it is con- 
tained by AB, BE, of which BE=BC; 
and AD is contained by AC, CB, since CD= CB; 
and CE is the square on BC; 

the rectangle AB, ncaa square on BC, together with 
| the rectangle AC, CB. 
_ Wherefore, if a straight line, ete. [Q.E.D. 


Algebraic Formula. Let AC be a units, and CB be 06 
units; then 


(a +b)b=ab +b. 
EXERCISE. 


A, B, C, D are four points in a straight line taken in order; prove 
Prat the rectangle AC, BD is equal to the sum of the rectangles 
AB, CD and AD, BC. 
| 
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PROPOSITION 4. THEOREM. 


Tf a straight line be divided into any two parts, the square on the 
whole line 1s equal to the squares on the two parts, together with twice 
the rectangle contained by the two parts. 

Let the straight line AB be divided into any two parts at 
the point C: 
the square on AB shall be equal to the squad es on AC, CB, together 
with twice the rectangle AC, CB. 


A CB 
24, 
Va 7 
D- F 


Construction. On AB describe the square ADEB; [L. 46. 
join BD; through C draw CGF parallel to AD or BE, and 
through G draw HGK parallel to AB or DE. [I. 31. 

Proof. Because CF is parallel to AD, and BD meets 
them, the exterior angle CGB=the interior and opposite 


angle ADB; [l. 20 
but the angle ADB=the i, ABD, [i 
because BA=AD, being sides of a square , 
*. the angle CGB=the angle CBG; [Axiom 1. 
-. COSC [I. 6. 
But CB=GK, and CG=BK; floss 
. CK is equilateral. 
Also, CBK is a right angle ; [I. 46. 


-, CK is a parallelogram with all its sides equal, and one 
angle a right angle ; 

*, it is square, and it is on the side CB. [Definition 31. 
Similarly, HF is the square on HG which=AC. (I. 34. 
>, HF, CK are the squares on AC, CB. 
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Now, the complement AG=the complement GE; [I 43. 
and AG is the rectangle AC, CB, since CG=CB; 
.. GE alsa=the rectangle AC, CB; [Am 1. 
.. AG, GE=twice the rectangle AC, CB. 

Finally, the square on AB =the figure AE, 
that is, =the four figures HF, CK, AG, GE, 
that is, =the squares on AC, CB, together with twice the 
rectangle AC, CB. 

Wherefore, if a straight line, ete. [Q.E.D. 


Corollary 1. Parallelograms about the diameter of a square 
are likewise squares. 


Corollary 2. If, in the previous proposition, C bisect AB, 
the rectangle AC, CB is equal to the square on AC, so that 
the proposition states that, in this case, the square on AB is 
four times the square on AC, that is, 
the square on twice a given line is four times the square on the line, 


Algebraic Formula. Let AC be a@ units, and CB be 0 
units; then (a+ 6)? =a? + 6? 4+ 2ab. 


ALTERNATIVE PROOF. 


Because AB is divided into two parts at C; 
*. square on AB=sum of rectangles AB, AC and AB, CB. (i. 2. 
Also, by II. 3, 
the rectangle AB, AC=square on AC, together with rect. AC, CB; 
and the rectangle AB, CB=square on CB, together with rect. AC, CB; 
.. the square on AB=the squares on AC, CB, together with twice the 
rectangle AC, CB. 


EXERCISES. 


1. Prove the truth of IJ. 4 as follows:—On the sides AD, DE, EB 
of the square ADEB take points P, Q, R such that AP, DQ, and ER 
are each equal to BC; shew that the four triangles APC, DQP, ERQ 
and BCR are each one-half the rect. AC, CB, and that PQRC is the 
square on CP, which equals the squares on AP, AC, that is, on BC, AC. 

2. In the figure of I. 1 if the circles meet again at F prove that the 
square on CF is three times the square on AB. 
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PROPOSITION 5. THEOREM. 


If a straight line be divided into two equal parts and also into 
two unequal parts, the rectangle contained by the unequal parts, to- 
gether with the square on the line between the points of section, is 
equal to the square on half the line. 

Let the straight line AB be divided into two equal parts at 
the point C, and into two unequal parts at the point D: 
the rectangle AD, DB, together with the square on CD, shall be 
equal to the square on CB. 


E Ga 


Construction. On CB describe the square CEFB; [I. 46. 
join BE; through D draw DHG parallel to CE or BF; 
through H draw KLM parallel to CB or EF; and through 
A draw AK parallel to CL or BM. [I. 31. 

Proof. The complement CH =the complement HF; [I. 43. 

to each of these add DM ; 


the whole CM =the whole DF. [Aaiom 2. 
But CM=AL, because AC=CB ; Re. 

*, also AL=DF';; to each add CH; 
:, the whole AH=DF and CH. [Axiom 2. 


But AH is the rectangle AD, DB, for DH = DB; [II. 4, Corollary]. 

and DF together with CH is the gnomon CMG ; 

therefore the rectangle AD, DB =the gnomon CMG. 

To each add the square on CD, which = LG ; [II.4, Cor. 1, and 1.34. 

.. the rectangle AD, DB, together with the square on CD, 

=the gnomon CMG, together with LG, 

that is, =the figure CEFD, which is the square on CB. 

Wherefore, if a straight line, etc. . [Q.E.D. 
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PROPOSITION 6. ‘THEOREM. 


if a straight line be bisected, and produced to any point, the 
| rectangle contained by the whole line thus produced, and the part of 
| at produced, together with the square on half the line bisected, is 
equal to the square on the straight line which is made up of the half 
| and the part produced. 
| Let the straight line AB be bisected at the point C, and 
| produced to the point D: 
| the rectangle AD, DB, together with the square on CB, shall be 
| equal to the square on CD. 


Construction. On CD describe the square CEFD; __ [I. 46. 
} join DE; through B draw BHG parallel to CE or DF ; through 
H draw KLM parallel to AD or EF ; and through A draw AK 


parallel to CL or DM. Mls eat 

| Proof. Because AC=CB, [ Hypothesis. 

the rectangle AL.=the rectangle CH ; [I. 36. 

but the complement CH =the complement HF ,; I. 43. 

| . also AL=HF. [Axiom 1. 
To each add CM; 

| ‘, the whole AM=the gnomon CMG. [Axiom 2. 

But AM is the rectangle contained by AD, DB, since DM = DB; 

{II. 4, Corollary 1. 


-. the rectangle AD, DB=the gnomon CMG. [Atom 1. 
To each add the square on CB, which = LG;; [II.4, Cor. 1,and I. 34. 
.. the rectangle AD, DB, together with the square on CB, 
=the gnomon CMG and the figure LG, 
that is, =the figure CEFD, which is the square on CD. 
Wherefore, if a straight line, ete, [Q.E.D. 


) 
fi 
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Algebraic Formula for Prop. 5. Let AC or CB be a units 
and CD be 0 units, so that 


AD=(a+6) units and DB=(a—5) units; 
then (a+b)(a—b)+ =a? 


Algebraic Formula for Prop. 6. Let AC=CB=a units and 
CD=0 units; then 


(a+b)(b-a)+a* = 6%. 


ALTERNATIVE PRooF oF II. 5. 


The sq. on CB=sqs. on CD, DB and twice the rect. CD, DB [II. 4. 
=sq. on CD with rect. CD, DB and rect. DB, CB [II. 3. 
=sq. on CD with rect. CD, DB and rect. AC, DB 
=sq. on CD and rect. AD, DB. TE 


ALTERNATIVE Proor oF II. 6. 


The sq. on CD=sqs. on CB, BD with twice the rect. CB, BD [II. 4. 
=sq. on CB with rect. CB, BD and rect. CD, BD [II. 3. 
=sq. on CB with rect. AC, BD and rect. CD, BD 
=sq. on CB with rect. AD, DB. {{l. 1. 


Note on II. 5. 


From this proposition it is clear that the difference of the squares on 
two unequal straight lines AC, CD ts equal to the rectangle contained by 
their sum and difference. 

For the proposition states that the difference between the squares on 
AC, CD=the rect. AD, DB. 

Also AD=the sum of AC and CD, and DB=difference between CB 
and CD=the diff. between AC and CD. 

Again, the proposition says that the rectangle contained by two straight 
lines is equal to the difference between the squares on their semi-sum and 
their semi-difference. 

For the rect. AD, DB=difference of sqs. on CB, CD. 

Also CB=half of AB=half the sun of AD, DB, 
and CD=half the difference of AD and DB, 
since AD —-DB=AC+CD - DB=CB+ CD - DB=2CD. 

With a slight alteration of lettering the above is also true for the 
figure of IT. 6. 
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PROPOSITION 7. THEOREM. 


If a straight line be divided into any two parts, the squares on 
the whole line, and on one of the parts, are equal to twice the rect- 
angle contained by the whole and that part, together with the square 
on the other part. 

Let the straight line AB be divided into any two parts at 
the point C: 
the squares on AB, BC shall be equal to twice the rectangle AB, BC, 
together with the square on AC. 


Construction. On AB describe the square ADEB, and con- 
struct the figure as in the preceding propositions. 


Proof. The complement AG=the complement GE; [I. 43. 
to each of these add CK ; 
.. the whole AK = the whole CE ; 
.. AK, CE are double of AK. 
But twice the rect. AB, BC is double of AK, 
since BK = BC. [II. 4, Cor. 1. 
.. twice the rectangle AB, BC =the figures AK, CE, 
that is, =gnomon AKF, together with the square CK. 
To each add the square on AC, which = HF; [I1.4, Cor. 1 and I. 34. 
.. twice the rectangle AB, BC, together with the square on AC, 
=the gnomon AKF, together with the squares CK, HF, 
that is, =the whole figure ADEB, together with CK, 
that is, =the squares on AB, BC. 


Wherefore, af a straight line, ete. [Q.E.D. 
T.L.E. G 


e 
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Algebraic Formula. Let AB be a units and CB be 06 
units ; then a? + 6? = 2ab + (a — b)?. 


ALTERNATIVE PROOF. 


Since AB is divided into two parts at ©, 
*, sq. on AB=sqs. on AC, CB, and twice the rectangle AC, CB. [II. 4. 
To each add the square on CB ; 
“. the squares on AB, CB=the square on AC, together with twice the 
square on CB, and twice the rectangle AC, CB. 
But the rect. AB, BC=sq. on CB, and the rect. AC, CB; ([II. 3. 
*. twice the rect. AB, BC=twice the square on CB and twice the 
rect. AC, CB; [Axiom 6. 
.. the squares on AB, CB=the square on AC, together with twice the 
rectangle AB, BC. 


Notre To PROPOSITION 7. 


This proposition may be enunciated thus: 


The square described on a straight line which is equal to the difference 
of two straight lines is less than the swm of the squares on the two straight 
lines by twice the rectangle contained by them. 


EXERCISES. 


**1. Divide a given straight line into two parts such that the rect- 
angle contained by them shall be the greatest possible. 

[In the figure to II. 5 the rect. AD, DB is greatest when CD vanishes, 
i.é€. when D is at C.J 


2. The least square that can be inscribed in a given square is that 
which is one half the given square. 

[Let ABCD be the given square, and E, F, G, H points in the sides 
such that AH=BF=CG=DH;; then the A* AEH, EBF, FCG, GDH 
are all equal; .. thesq. EFGH is least when the A AEH is greatest, 
z.e. when the rect. AE, AH is greatest (I. 41), 7.e. when AH, EB is 
greatest, i.e. by Ex. 1, when E is the middle point of AB; .. etc?] 


**8, Of all rectangles with the same perimeter, the square has the 
greatest area. [Use Ex. 1.] 


**4, If ABC is an isosceles triangle and D any point on the base 
BC, prove that the rectangle BD, DC is equal to the difference of the 
squares on AC, AD. 


5. The square on either of the sides about the right angle of a right- 
angled triangle is equal to the rectangle contained by the sum and the 
difference of the hypotenuse and the other side. 

[Use I. 47 and the Note to II. 5.] 

6. Construct a rectangle equal to the difference of two given squares. 

[Use II. 5 or 6.] 


**7, ABC is a triangle having a right angle at A, and AD is the 
perpendicular on BC; prove that 
(1) AD?=rect. BD, DC, and (2) AC?=rect. BC, CD. 
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PROPOSITION 8. THEOREM. 


Tf a straight line be divided into any two parts, four times the 
rectangle contained by the whole and one of the parts, together with 
the square on the other part, is equal to the square on the straight 
line which is made up of the whole and that pari. 


[Euclid’s proof of this proposition is cumbrous ; it is seldom 
read or required. The following proof is easy. | 


Let the straight line AB be divided into two parts at B: 
then four times the rectangle AB, BC, together with the square on 
AC, shall be equal to the square on the straight line made up of AB 
and BC together. 

eee 
Construction. Produce AB to D, making BD equal to CB. 


Proof. Since AD is divided into two parts at B; 
‘. the square on AD =the squares on AB, BD, together with 
twice the rect. AB, BD. [II. 4. 
But sq. on BD=sq. on BC, and rect. AB, BD =rect. AB, BC, 
since BD=CB; 
*, sq. on AD=sgqs. on AB, BC and twice the rect. AB, BC 
But by II. 7, 
the sqs. on AB, BC=sq. on AC and twice the rect. AB, BC ; 
-, sq. on AD =sq. on AC, and four times the rect. AB, BC. 
Also AD is made up of AB and CB together, since BD = CB. 
Wherefore, etc. 


Algebraic Formula. Let AB=a units, and CB=BD=) 
units ; then 4ab + (a — 6)? = (a + b)?. 


NoTE TO PROPOSITION 8. 
Since AD is the sum of the two lines AB, BC, and AC is the differ- 
ence of the same two lines, this proposition may be enunciated thus: 
The square on the sum of two straight lines=the square on the difference 
of the two lines, together with four times the rect. contained by the two lines. 
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PROPOSITION 9. THEOREM. 


Lf a straight line be divided into two equal, and aiso into two 
unequal parts, the squares on the two unequal parts are together 
double of the square on half the line and of the square on the line 
between the points of section. 

Let the straight line AB be divided into two equal parts at 
the point C, itl into two unequal parts at the point D: 
the squares on AD, DB shall be together double of the ee on 


AC, CD. 
E 


A a) B- 


Construction. From C draw CE at right angles to AB, [I. 11. 
and make it equal to AC or CB, fI. 3. 
and join EA, EB; 
draw DF parallel to CE to meet BE in F, 
and FG parallel to BA to meet CE in G, [a 
and join AF. 


Proof. (1) Because ACE is a right angle, [Construction. 
the two other angles AEC, EAC are together equal to one 
right angle ; , [i. 32. 
and they are equal, since CE was made equal to AC; _——[I. 5. 
‘, each of them is half a right angle. 
Similarly, each of the angles CEB, EBC is half a right angle ; 
*, the whole angle AKB is a right angle. 


(2) Because the angle GEF is half a right angle, and the 
angle EGF a right angle, 
for it =the interior and opposite angle ECB; [I. 29: 
‘, the remaining angle EFG is half a right angle ; 
‘, the angle GEF =the angle EFG, and EG=GF. [liuGe 
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(3) Again, because the angle at B is half a right angle, and 
FDB a right angle, 


for it =the interior and opposite angle ECB; iat, bh 
*, the remaining angle BFD is half a right Erol ; (Bl Re 
*, the angle at B=the angle BFD, and DF =DB. [I. 6. 


(4) The square on AH =the squares on AC, CH, [I. 47. 
that is, =twice the square on AC, since CH= AC. [Consér. 

Again, the square on EF =the squares on EG, GF, [1. 47. 
that is, =twice the square on GF, since EG=GE; —[Proved. 
that is, =twice the square on CD, since GF =CD. [I. 34. 
*. twice the squares on AC, CD=the sqs. on AH, EF, 
that is, =the square on AF, since AEF is a right angle, [I. 47. 
that is, ae squares on AD, DF, since ADF is a rt. angle, 


(I. 47. 
that is, =the sqs. on AD, DB, since DB= DF. 


Wherefore, if a straight line, ete. [Q.E.D. 


Algebraic Formula. Let AC=CB=a units and CD=6d 


units ; then 
(a + b)? + (a — b)? = 2a? + 207. 


ALTERNATIVE Proor oF II. 9. 


Since AD is divided at C, 
. .. sq. on AC, CD+twice the rect. AC, CD=sq. on AD. [II. 4. 
: Again, since BC is divided internally at D, 
. sqs. on BC, CD=twice the rect. BC, CD+sq. on BD; _ [II. 7. 
| that is, sqs. on AC, CD=twice the rect. AC, CD+sq. on BD, 
| since AC=BC; add these results ; 
.“. twice the squares on AC, CD, together with twice the rect. AC, CD 
=the squares on AD, BD, together with twice the rect. AC, CD; 

. twice the squares on AC, CD alone=the squares on AD, BD. 


[If in the third line of this proof we read ‘‘ externally ” instead of 
‘‘internally,” it will apply also to Prop. 10.] ms 
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PROPOSITION 10. THEOREM. 


If a straight line be bisected, and produced to any point, the 
square on the whole line thus produced, and the square on the pari 
of tt produced, are together double of the square on half the line 
bisected and of the square on the line made up of the half and the 
part produced. 

Let the straight line AB be bisected at C, and produced to D: 
the squares on AD, DB shall be together double of the squares on 
AC, CD. 


& F 
G 
Construction. From C draw CE at right angles to AB, 
Cea, 
and make it equal to AC or CB; i. @: 


and join AE, EB; 
draw EF parallel to AB, and DF parallel to CE. ioe 
Proof. (1) Because EF meets the parallels EC, FD, the 
angles CEF, EFD are together equal to two right angles ; [I. 29. 
‘, BEF, EFD are together less than two right angles ; 
*, EB, FD will meet, if produced, towards B, D. [Axiom 12. 
Let them meet at G, and join AG. 


Then, because ACE is a right angle; [ Construction. 
the angles AEC, EAC together =a rt. angle, ase 
and they are equal, since AC=CH; [ Construction. 


‘. each of the angles CEA, EAC is half a right angle. [I. 32. 
Similarly, each of the angles CEB, EBC is half a right angle ; 
‘. AEB is a right angle. 


(2) And one EBC is half a right angle, the vertically 
opposite angle DBG is also half a right angle ; ; [I. 15. 
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but BDG is a right angle, because it is equal to the alternate 


angle DCE; [I. 29. 
*, the remaining angle DGB is half a right angle, fl. 32. 

and is therefore equal to the angle DBG; 
‘, also the side BD =the side DG. [I. 6. 
(3) Again, because EGF is half a right angle, and the 
-angle at F a right angle, for it=the angle ECD; [I. 34. 
.. the remaining angle FEG is half a right angle, Haz: 

and is therefore equal to the angle EGF; 
*, also GF = FE. [I. 6. 


(4) The square on AE =the squares on EC, CA, [I. 47. 
that is, =twice the square on AC, 

since EC = AC. [Coustr. 

Also the square on EG =the squares on GF, FE, [I. 47. 
that is, =twice the square on FE, 

since GF = FE, [Proved wn (3). 

that is, =twice the square on CD. [I. 34. 

Hence, twice the sqs. on AC, CD=the sqs.on AE, EG, 

that is, =the sq. on AG, since AKG is a rt. angle, [1.47. 

that is, =the sqs.on AD, DG, since ADG isart. angle, [I. 47. 

that is, =the sqs. on AD, DB, since DB=DG. [Proved ix (2). 

| Wherefore, if a straight line, ete. [Q. B.D. 


Algebraic Formula. Let AC=CB=a units and CD= 
6 units; then a+b) ae hoe 252, 


Ses & 


[For Sn see Page 105. ] 


NOTE ON PROPOSITIONS 9 AND 10. 


These two propositions may be enunciated in one thus: 

The sum of the squares on the sum and difference of two lines=twice 
the sum of the squares on the two lines. For in each case AD is the 
sum, and DB the difference of the two lines AC, CD. 
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PROPOSITION 11. PROBLEM. 


To divide a given straight line into two parts, so that the rectangle 
contained by the whole and one of the parts may be equal to the 
square on the other part. 

Let AB be the given straight line: 
at is required to divide it into two parts, so that. the rectangle con- 
tained by the whole and one of the parts may be equal to the square 
on the other part. 


Cc K OD 
Construction. On AB describe the square ABDC; [I. 46. 
bisect AC at E; [1. 10. 
join BE; produce CA to F, and make EF equal tc EB; [1. 3. 
on AF describe the square AFGH. [I. 46. 


AB shall be divided at H so that the rectangle AB, BH is 
equal to the square on AH. 
Produce GH to meet CD in K. 


Proof. Because AC is bisected at E, and produced to F, 

the rectangle CF, FA, together with the square on AI, 
=the square on EF ; [II. 6. . 
that is, =the square on KB, since EF = EB. [Construction. 
that is, =thesqs.on AE, AB, since EAB is art. angle; [I. 47. 
From each of these equals take the square on AE 
-. the rect. CF, FA =the square on AB. [Axiom 3. - 
But FK is the rectangle CF, FA; for FG@=FA, [Constr 
and AD is the square on AB; 
*» FK=AD. 
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Take away the conimon part AK, 


and the remainder FH =the remainder HD. [Axiom 3. 
But HD is the rectangle AB, BH; for AB=BD; [Constr. 
and FH is the square on AH ; [Constr 


.. the rectangle AB, BH =the square on AH. 
Wherefore the straight line AB is divided at H, so that the 
rectangle AB, BH is equal to the square on AH. [Q.E.F. 


Note. When a straight line AB is divided as in the above proposi- 
tion, it is said to be divided in medial section 


BXERCISES ON PROPOSITIONS 9 and 10. 


1. Divide a given straight line into two parts such that the sum of 
the squares on the two parts may be the least possible. 

[In the figure of II. 9, AD?+ DB? is least when CD vanishes, that is, 
when D is the middle point of AB.] 

2. The sum of the squares on two straight lines is never less than 
twice the rectangle contained by them and is never less than half 
the square on their sum. [Use Propositions 7 and 9. ] 

Ss. If AB be bisected in C and divided unequally at D, then the 
sum of the squares on AD, DB is equal to twice the rectangle AD, DB 
together with four times the square on CD. [Use Propositions 9 and 5.] 

4. © is the middle point of AB and D any point on AB produced ; 
prove that the square on AD is equal to the square on BD, together 
with four times the rectangle AC, CD. 


EXERCISES ON PROPOSITION 11. 


*%*1, Divide a given straight line externally in medial section. 

Let AB be the given straight line. On it describe the square ACDB. 
Bisect AC in E and produce EC to F, making EF equal to EB. On 
AF, on the side remote from BD, describe the square AFGH. 4H shall 
be the point required, that is, the rectangle AB, BH shall equal the 
square on AH. Or completing the parallelogram CFGL the proof is 
similar to that of II. 11. 
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In the figure of II. 11 prove that 

2. If CH be produced to meet BF at L, CL is at right angles to BF. 

[The A* HCA, FBA are equal in all respects. .. etc.] 

3. If BE and CH meet at O, AO is at right angles to CH. 

(ZRF B=ZE BE eeeby be 2, 2 HCO —7HOB— ZHOU ane —he 
=KEA, etc.] 

4. GB, FD, and AK are all parallel. 

(2AGhB— PH —HD=2ADGBs =aetes 

2AGAB=2AGHB+FH=2AGHB+HD 

=2AGHB+2aHKB=2aAGBK; .. etc.] 

5. If FG meet DB in M, then CHM isa straight line. 

[Use the converse of I. 43.] 

6. The rectangles GD, FB, AK are all equal. 

7. KF and HD are parallel. 

[2A KHF=AK=D6G [by Ex. 6J]=AKDF; .. etc.] 

8. The rectangle AH, HB is equal to the difference of the squares 
on AH, HB. 

9. AB*+ BH?=3AH?. 

10. The square on the sum of AB, BH=five times the square on AH. 

11. CF is divided at A in medial section. 

12. The square on EF=five times the square on EA. 

13. If in HA a point P be taken so that HP=HB, then AH is 
divided in medial section at P. 

14. Shew that in a straight line, divided as in II. 11, the rectangle 
contained by the sum and difference of the parts is equal to the 
rectangle contained by the parts. 

15. Produce a given straight line so that the rectangle contained by 
the whole straight line thus produced and the part produced may be 
equal to the square on the given straight line. 

[In the figure of II. 11, if CA be the given straight line, then F is 
the required point ; hence the required construction. ] 


Note. In the figures of the two following propositions the line BD 
is often called the projection of the side AB upon the base BC, 
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PROPOSITION 12. THEOREM. 


In an obtuse-angled triangle, if a perpendicular be drawn from 
sither of the acute angles to the opposite side produced, the square 
m the side subtending the obtuse angle 1s greater than the squares on 
he sides containing the obtuse angle, by twice the rectangle contained 
yy the side on which, when produced, the perpendicular falls, and 
he straight line intercepted without the triangle, between the per- 
vendicular and the obtuse angle. 

Let ABC be an obtuse-angled triangle having the obtuse 
ingle ACB, and from the point A let AD be drawn per- 
sendicular to BC produced : 
he square on AB shall be greater than the squares on AC, CB, by 
wre the rectangle BC, CD. 

A 


B Cc D 

Proof. Because BD is divided at C, the sq. on BD 
=sqs. on BC, CD, and twice the rect. BC, CD. [II 4. 
[o each add the square on DA; 

.. the squares on BD, DA=the squares on PO, CD, DA, 
ind twice the rectangle BC, CD. [Axiom 2, 
But the square on BA =the squares on BD, DA, 

ind the square on CA=the squares on CD, ae 
vecause the angle D is a right angle ; 


the square on BA =the squares on BC, CA, and twice the 


[I. 47. 


ctangle BC, CD; 
hat is, the square on BA is greater than the squares on BC, 
‘A by twice the rectangle BC, CD. 
_ Wherefore, in obtuse-angled triangles, etc. [Q.B.D. 
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PROPOSITION 13. THEOREM. 


In every triangle, the square on the side subtending an acute angle 
as less than the squares on the sides containing that angle, by twice 
the rectangle contained by either of these sides, and the straight line 
intercepted between the perpendicular let fall on it from the opposite 
angle and the acute angle. 

Let ABC be any triangle, and the angle at B an acute 
angle; on BC let fall the perpendicular AD from the opposite 
angle : 
the square on AC shall be less than the squares on CB, BA, by 
twice the rectangle CB, BD. 


B D Cc B 
Proof. First, let AC be not Perpengienlar to BC. 
In Fig. 1 BC is divided at D, and in Fig. 2 BD is divided 
at C; therefore, in both cases, 
the squares on CB, BD =twice the rectaneye CB, BD, ‘ogee 
with the square on CD. (Il. 7 
To each add the square on DA; 
. the squares on CB, BD, DA =twice the rectangle CB, BD, 
together with the squares on CD, DA. 
But the square on BA =the squares on BD, DA, 
and the square on CA=the squares on CD, DA; [I 47. 
-. the squares on CB, BA=twice the rectangle CB, BD, 
together with the square on AC. 
that is, 
the square on AC alone is less than the squares on AB, BO 
by twice the rectangle CB, BD. 
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Secondly, let AC be perpendicular to BC. 
A 


B C 
Then BC is the straight line between the perpendicular and 
the acute angle at B; 
and it is clear that ale squares on AB, BC 
=the sq. on AC, and twice the square on BC. [I. 47 and Az. 2. 
Wherefore, in every triangle, etc. [Q.E.D. 


EXERCISES ON PROPOSITIONS 12 AND 13. 

KL. In any triangle the sum of the squares on the sides is equal to twice 
the square on half the base, together with twice the square on the line 
joining the vertex to the middle point of the base (that is, together with 
twice the square on the median through the vertex). 

Let D be the middle point of the base BC of the triangle ABC. 

If ADB is a right angle the theorem is clear by I. 47. If not, of the 
two angles ADB, ADC, one is obtuse and the other acute. 

Let ADB be the obtuse angle. 

Draw AE perpendicular to BC. 

Then by Eue, II. 12, 13, 

square on AB=squares on AD, DB+twice rect. BD, DE. 
and square on AC=squares on AD, DC - twice rect. DC, DE 
=squares on AD, DB- twice rect. BD, DH, 
since BD and DC are equal; 
.. by addition, 
the squares on AB, AC=twice the squares on AD, DB. 

The student will have no difficulty in drawing the figure (or see App., 
Art. 32). There will be two cases according as the angle ACB is acute 
or obtuse. 

The above is a very important proposition. Me: of the following 
exercises depend on it. 

** 2, ABCD is a rectangle and P any point; prove that the squares 
on PA, PC are together equal to the squares on PB, PD. 
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**8. Four times the sum of the squares on the medians of a triangle is 
equal to three times the sum of the squares on the sides of the triangle. 

**4, The sum of the squares on the sides of a parallelogram is equal 
to the sum of the squares on the diagonals. 

5. The base of a triangle is given and is bisected by the centre of a 
given circle ; if the vertex be at any point of the circumference, shew 
that the sum of the squares on the two sides of the triangle is invariable. 

6. In any quadrilateral the squares on the diagonals are together 
equal to twice the sum of the squares on the straight lines joining the 
middle points of opposite sides. [Use Ex. 4, and Page 72, Ex. 2.] 

7. If a circle be described round the point of intersection of the 
diameters of a parallelogram as a centre, shew that the sum of the 
squares on the straight lines drawn from any point in its circumference 
to the four angular points of the parallelogram is constant. 

&. The sides of a triangle are 8, 12, and 13 inches; prove that it is 
acute-angled. 

9. The sides of a triangle are 8, 12, and 15 inches; prove that it is 
obtuse-angled. 

10. If the angle ACB in II. 12 become more and more obtuse, until 
finally A falls on BC produced, what does the proposition become? 

11. The square on the base of an isosceles triangle is equal to twice 
the rectangle contained by either side and by the straight line inter- 
cepted between the perpendicular let fall on the side from the opposite 
angle and the extremity of the base. 

12. If one angle of a triangle be equal to two-thirds of a right angle 
the square on the opposite side is less than the sum of the squares con- 
taining that angle by the rectangle contained by these two sides. 

13. Find the obtuse angle of a triangle, when the square on the side 
opposite to the obtuse angle is greater than the sum of the squares on 
the sides containing it by the rectangle of the sides. 

14. ABC is a triangle having the sides AB and AC equal; if AB is 
produced beyond the base to D so that BD is equal to AB, shew that 
the square on CD is equal to the square on AB, together with twice 
the square on BC. 

15. In AB the diameter of a circle take two points C and D equally 
distant from the centre, and from any point E in the circumference 
draw EC, ED; shew that the squares on EC and ED are together equal 
to the squares on AC and AD. [Use Ex. 1] and II. 10.] 

16. In BC the base of a triangle take D such that the squares on 
AB and BD are together equal to the squares on AC and CD; then the 
iniddle point of AD will be equally distant from B and C. 
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17, A square BDEC is described on the hypotenuse BC of a right- 
angled triangle ABC: shew that the squares on DA and AC are 
together equal to the squares on EA and AB, [Use Ex. 1.] 

18. ABC is an acute-angled triangle, and BE, CF are the perpen- 
diculars on CA, AB; prove that the rectangles AB, AF and AC, AH 
; are equal. 

[By II. 13, AB?+ AC?-2BA .AF=BC?= AB?+ AC?-2AC. AE; «. ete.] 

19. In a triangle ABC the angles B and C are acute: if E and F 
be the points where perpendiculars from the opposite angles meet the 
sides AC, AB, shew that the square on BC is equal to the rectangle 
AB, BF, together with the rectangle AC, CEH. 

, 20. Describe an isosceles obtuse-angled triangle such that the square 
on the largest side may be equal to three times the square on either of 
the equal sides. [The obtuse 2 must=four-thirds of a right 2.] 

21, ABC is an equilateral triangle, and AB is produced to D so 
that BD is twice AB. Prove that the square on CD is seven times 
the square on AB. 

22. Squares are described on the sides of any triangle; the sum 
jof the squares on the straight lines joining adjacent corners of the 
squares are equal to three times the sum of the squares on the sides. 

[The letters being as in I. 47, produce BC to X, so that BC=CX. 
)} The A* KCE, ACX are equal in all respects, so that KE=AX ; 

. KE?+ AB*=AX?+ AB?=2A0?7+2BC%, by Ex. 1. 
Similarly for HG?, FD?; .. ete.] 

23. The squares on the two equal sides of an isosceles triangle are 
together less than the squares on the two sides of any other triangle on 
the same base and between the same parallels. [Use Ex. 1.] 

**24, The squares on the sides of a quadrilateral are together 
reater than the squares on its diagonals by four times the square on 
the straight line joining the middle points of its diagonals. 

_ [Let E, F be the middle points of the diagonals AC, BD of the 

juad' ABCD. Then, by Ex. 1 
AB*+ BC?=2BE?+42EC?, and AD?+DC?=2DE? +2EC?; 

“. sum of the squares on the sides 

= 4HC?+ 2BE* + 2DE?=4EC? + 4h FE? +4DF?= AC? + BD? + 4 KF? ] 
25. If the squares on the sides of a quadrilateral are together equal 
0 the squares on its diagonals it must be a parallelogram. 

26. Construct a triangle having given its area, its base, and the sum 
f the squares on its sides, 

_ [By I. 39 the vertex lies on a line parallel to the base, and by Ex. 1 
ts distance from the middle point of the base is given. ] 


i 
i 
" 
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PROPOSITION 14. PROBLEM. 


To describe a square that shall be equal to a given rectilineal figure 
Let A be the given rectilineal figure: 
it is required to describe a square that shall be equal to A. 


Wai 


5" 
Construction. Describe the rectangular parallelogram BCDE 
equal to the figure A. (I. 45. 
Then, if its sides BE, ED are e equal, it is a square, and what 
was required is now done. 
But if they are not equal, produce one of them BE to F, 
make EF equal to ED, ee 
and bisect BF at G; [I. 10. 
with centre G, and radius GB, or GF, describe the semi-circle 
BHF, and produce DE to meet it in H. 
The square on EH shall=the figure A. Join GH. 
Proof. Because BF is divided into two equal parts at G, 
and into two unequal parts at H, 
the rectangle BE, EF, together with the square on GH 


=the square on GF, ol 
that is, =the square on GH, since GF =GH, [Constr. 
that is, =the squares on GH, HH; (I. 47. 
Take away the square on GE, ab is common to both ; 

‘, the rectangle BE, EF =the square on EH. [Axiom 3. 


But BD is the rectangle BH, EF, since EF=ED; — [Constr. 
*. BD =the square on EH. 
But BD =the rectilineal figure A ; [Construction. 
-, the square on EH =the rectilineal figure A. 
Wherefore a square has been made equal to the given rectilineal 
Jigure A, namely, the square described on KH. [Q.E.F. 


BOOK III. 


DEFINITIONS. 


1. Equal circles are those of which the diameters are equal, 
or from the centres of which the straight lines to the circum- 
ferences are equal. 

[This is not a definition, but a theorem, the truth of which 
is evident; for, if the circles be applied to one another, so 
that their centres coincide, the circles must likewise coincide, 
since the straight lines from the centres are equal. | 

2. A straight line is said to touch 
a circle when it meets the circle, and, 
being produced, does not cut it. 

Such a straight line is called a 
tangent, and the point at which it 
touches the circle is called its point 
of contact. B 

3. Circles are said to touch one another which meet but 
do not cut one another. 

When each circle is without the other, as at A, they are 
said to touch externally ; when one is within the other, as at 
B, they are said to touch internally. 

4, A secant of a circle is a straight line which cuts the 
circumference in two points. 

5. A chord of a circle is a straight line which joins any two 


points on the circle. 
T.L.Ee H 
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6. Chords are said to be equally distant 
from the centre of a circle when the per- 
pendiculars drawn to them from the centre 
are equal. 
Also the chord on which the greater per- 
pendicular falls is said to be farther from 
the centre. 
7. A segment of a circle is the figure con- 
tained by a chord and the circumference it 
cuts off. /. © 
The chord of the segment is sometimes 
called its base. 
8, An angle in a segment is the angle con- 
tained by two straight lines drawn from any 
point in the circumference of the segment to 
the extremities of the straight line which is 
the base of the segment. 
Also an angle is said to insist or stand on 
the circumference intercepted between the 
straight lines which contain the angle. 
9, Any part of the circumference of a circle is called an are. 
10. A sector of a circle is the figure con- = —_---~~. 
tained by two straight lines drawn from the __ ,’ % 
centre, and the circumference between them. 
\ 


The angle between the straight lines is \_ js : yf 
called the angle of the sector. 


11. Similar segments of circles are 
those in which the angles are equal, — 
or which contain equal angles. fou 


12. Two circles are said to be concentric when they have 
the same centre. 


[Noée. In the following propositions, whenever the expression 
‘straight lines from the centre,” or ‘‘drawn from the centre,” occurs, 
it is to be understood that the lines are drawn to the circumference. ] 
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PROPOSITION 1. PROBLEM. 


To find the centre of a given circle. 
Let ABC be the given circle: 
it is required to find its centre. 


Construction. Draw any chord AB, and bisect it at D; [I. 10. 


from D draw DC at right angles to AB; (aL. 
produce CD to meet the circumference at E, and bisect CE 
at F. [I. 10. 


Then F shall be the centre of the circle ABC. 
For if F be not the centre, if possible, let G be the centre; 
and join GA, GD, GB. 


Proof. In the triangles GDA, GDB, 


DA = DB, [Construction. 
because | and DG is common to both, 
and GA — GB, 

because they are drawn from the centre G ; [I. Definition 15. 
| , the .ADG=the -BDG. [L. 8. 
these angles, being adjacent, are right angles; —[I. Def. 10. 

*, the _BDG is a right z. 
But the ~BDF is also aright 2; [Construction. 
*, the -BDG=the BDF, [Axiom 11, 


the less to the greater ; which is impossible ; 
‘, G is not the centre of the circle ABC. 

In the same manner it may be shewn that no other point 
_ out of the line CE is the centre ; 
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and since CE is bisected at F, any other point in CE divides 
it into unequal parts, and cannot be the centre. 
no point but F is the centre ; 
that is, F is the centre of the circle ABC: 
which was to be found. 


Corollary. If in a circle a straight line bisect another at 
right angles, the centre of the circle is in the straight line 
which bisects the other. 


EXERCISES. 


#1, The line joining the centres of two circles which meet in two 
points is perpendicular to the line joining the two points, and bisects it. 

2. Shew that the straight lines drawn at right angles to the sides of 
a quadrilateral inscribed in a circle from their middle points intersect 
at a fixed point. 

8. Find the shortest distance between two circles which do not meet. 

4. Given two chords of a circle in magnitude and position, find its 
centre. 

5. Describe a circle with a given centre cutting a given circle at the 
extremities of a diameter. 

6. Describe a circle which shall have its centre in a given straight 
line and pass through two given points. 

7. Describe a circle which shall pass through two given points and 
have a given radius. 
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PROPOSITION 2. THEOREM. 


If any two points be taken in the circumference of a circle, the 
straight line which joins them shall fall within the circle. 

Let ABC be a circle, and A and B any two points in the 
circumference : 
the straight line drawn from A to B shall fall within the circle. 

For if it do not, let it fall, if possible, without, as AEB. 


_ Construction. Find D, the centre of the circle ABC; [IIl. 1. 
join DA, BD; in the arc AB take any point F, join DF, and 
produce it to meet AB at E. 


| Proof. Because DA=DB, [I. Definition 15. 
| the ~.DAB=the cDBA. [I. 5. 
But the exterior .DEB of the A DAE is greater than the 
|interior opposite .DAE, [I. 16. 


and the 2DAE was shewn to be equal to the ~DBE; 

*. the .DEB is greater than the -DBE; 
.. DB is greater than DE. [I. 19. 
But DB=DF; [I. Definttiwn 15. 
*. DF is greater than DE, the less than the greater ; which 
is impossible ; 

*, the straight line AB does not fall without the circle. 

In the same manner it may be shewn that it does not fall on 

the circumference. 
‘Therefore it falls within the circle. 
Wherefore, if any two points, etc. [Q..D. 
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LE 
PROPOSITION 3. ‘THEOREM. 


Lf a straight line drawn through the centre of a cirele bisect a 
straight line in tt which does not pass through the centre, it shall cut 
it at right angles ; and if it cut it at right angles, it shall bisect it. 

Let ABC be a circle; and let CD, a straight line drawn 
through the centre, bisect any straight line AB, which does 
not pass through the centre, at the point F: 

CD shall cut AB at right angles. 


C 


Construction. Take EH, the centre of the circle; and join 


EA, EB. ELE. 2, 
Proof. In the triangles AFH, BFE, 
AF = FB, [ Hypothesis. 
because | and FE is common, 
and the base EA =the base EB ; [I. Definition 15. 


. the .AFE=the -BFE; [I 8. 
.. these angles being adjacent, are right angles. _—[I. Def. 10. 
.. CD cuts AB at right angles. 
Conversely: Let CD cut AB at right angles ; 
CD shail also bisect AB, that is, AF shall be equal to FB. 
The same construction being made, because EA = EB, 
the zEAF=the cEBF. 6 
Then in the triangles AFH, BFE, 
the .EAF=the ~EBF, 
because | and the right -AFH =the right - BFE, 
and the side EF is common ; 
A — HB (it. 26. 
Wherefore, if a straight line, ete. [Q.E.D. 
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PROPOSITION 4. THEOREM. 


Tf in a circle chords cut one another which do not both pass 
through the centre, they do not bisect one another. 

Let ABCD be a circle, and AC, BD two chords in it, which 
cut one another at the point E, and do not both pass through 
the centre : 
then AC, BD shall not bisect one another. 


Case I. If one of the chords pass throngh the centre, it 
is plain that it cannot be bisected by the other which does 
not pass through the centre. 

Case II. If neither of them pass through the centre, if 
possible, let AE=EC and BE=ED. 


Construction. Find F, the centre of the circle, fIII. 1. 
and join EF. 

Proof. Because FE, passing through the centre, bisects 
AC which does not pass through the centre ; [ Hypothesis. 
.. the CFEA is a right 2. (III. 3. 
Again, because FE bisects BD, [ Hypothesis. 
.. the FEB is a right 2. (alot css 

But the -FEA was shewn to be a right 2; 
.. the .FEA=the FEB, [Axiom 11. 


the less to the greater ; which is impossible. 
.. AC, BD do not bisect each other. 
Wherefore, if in a circle, ete. [Q.E.D, 


[For Exercises see next page.] 
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PROPOSITION 5. THEOREM. 


If two circles cut one another, they shall not have the same centre. 
Let the two circles ABC, CDG cut one another at the 
points B, C: 
they shall not have the same centre. 


~B 

Construction. If it be possible, let E be their centre; join 
EC, and draw any straight line EG, meeting the circum- 
ferences at F and G. 


Proof. Because E is the centre of the circle ABC, 


~. HC= EF. [I. Definition 15. 
Again, because E is the centre of the circle CDG, 

~. EC=EG. [I. Definition 15. 

Jel, [Axiom 1. 


the less to the greater, which is impossible ; 
... E is not the centre of the circles ABC, CDG. 
Wherefore, if two circles, etc. [Q.u.D. 


EXERCISES ON PROPOSITIONS 3 AND 4. 


**\, Through a given point within a given circle draw the chord 
which is bisected at the point. 

**2. The middle points of all parallel chords of a circle lie on a 
straight line which passes through the centre and is perpendicular to 
them. 

**8. The middle points of all chords of a circle, which are of the 
same length, all lie on a concentric circle. 

4. If two circles ABCD, ABEF cut each other in points A, B, any 
two parallel straight lines DAF, CBE drawn through the points of 
section to cut the circles are equal. [Use Ex. 2.] 
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PROPOSITION 6. ‘THEOREM. 


If two circles touch one another internally, they shall not have 
the same centre. 

Let the two circles ABC, CDE touch one another internally - 
at the point C: 
they shall not have the same centre. 


Construction. If it be possible, let F be their centre ; join 
FC, and draw any straight line FEB, meeting the cireum- 
ferences at E and B. 


Proof. Because F is the centre of the circle ABC, 


FC=FB. [I. Definition 15. 
Again, because F is the centre of the circle CDE, 
FC=FE; LI. Definition 16. 
pee — aa. 


ate 8 


the less to the greater, which is impossible ; 
.. F is not the centre of the circles ABC, CDE. 
Wherefore, if éwo circles, etc. [Q.B.D. 


Note. Propositions 5 and 6 amount to this proposition : If two circles 
meet in a point they cannot have the same centre ; so that circles which 
have the same centre and one point common must coincide altogether. 
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PROPOSITION 7. THEOREM. 


If any point be taken in the diameter of a circle which is not the 
centre, of all the straight lines which can be drawn from this point 
to the corcumference, then 

(1) the greatest is that in which the centre is, and 

2) the other part of the diameter is the least ; 
3) of any others, that which 1s nearer to the straight line which 
passes through the centre 1s always greater than one more remote ; and 

(4) from the same pownt there can be drawn to the circumference 
two straight lines, and only two, which are equal to one another, 
one on each side of the shortest line. 

Let ABCD be a circle and AD its diameter, in which let 
any point F' be taken which is not the centre; let E be the 
centre: of all the straight lines FB, FC, FG, etc., that can be 
drawn from F to the circumference, 

(1) FA, which passes through H, shall be the greatest, and 
(2) FD, the other part of the diameter AD, shall be the least ; and 
(3) of the others FB shall be greater than FC, and FC than FG. 


B A 


K 
H 
G D 


Construction. Join BE, CH, GE. 
Proof. (1) Because any two sides of a triangle are together 


greater than the third side, [I. 20. 
therefore BE, EF are together greater than BF. 
. But BE= AE; {I. Definition 15. 


*, AH, EF are together greater than BF, 
that is, AF is greater than BF. 
Similarly it can be shewn that FA is greater than any 
other line drawn from F to the circumference ; 
*, FA is the greatest of all such lines. 
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(2) Because GF, FE are together greater than EG,  [I. 20. 
and that EG=ED ; (I. Desinition 15. 
-. GF, FE are together greater than ED. 
| Take away the common part FE, and the remainder GF is 
_ greater than the remainder FD. 
Similarly any other straight line drawn from F can be shewn 
| to be greater than FD ; 
.. FD is the least of all such lines. 


(3) In the triangles BEF, CEF, 
f BE=CEH, (1. Definition 15. 


and EF is common, 


| because 
| but the -BEF is greater than the -CEF ; 

: .. the base BF is greater than the base CF. [I. 24. 
| Similarly it may be shewn that CF is greater than GF. 


(4) Also, there can be drawn two equal straight lines from 
‘the point F to the circumference, one on each side of the 
shortest line FD. 

At the point E make the .FEH equal tothe -FEG,  [I. 23. 


and join FH. 
Then in the triangles GEF, HEF, 
| EG = EH, [I. Definition 15. 
because fan EF is common, 
and the .GEF =the -HEF; [Construction. 
-. the base FG=the base FH. (I. 4. 


But, besides FH, no other straight line can be drawn from 
F to the circumference equal to FG. 

For, if it be possible, let FK be equal to FG. 
) Then, because FK=FG, and FH=FG; (Hypothesis. 

ce EK: [Axiom 1. 

that is, a line nearer to that which passes through the centre is 
equal to a line which is more remote, 
‘which is impossible by what has been already shewn. 
Wherefore, if any point be taken, etc. [Q.u.D. 


ad 
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PROPOSITION 8. ‘THEOREM. 


Tf any point be taken without a circle, and straagit lines be drawn 
from it to the circumference, one of which passes through the centre , 


(1) of those which fall on the concave circumference, the greatest 
is that which passes through the centre; and of the rest, that which 
is nearer to the one passing through the centre is always greater 
than one more remote ; but 


(2) of those which fall on the convex circumference, the least is 
that between the point without the circle and the diameter ; and of 
the rest, that which is nearer to the least is always less than one 
more remote ; and 

(3) from the same point there can be drawn to the circumference 
two straight lines, and only two, whach are equal to one another, 
one on each side of the shortest line. 

Let ABC bea circle, and D any point without it, and from 
D let the straight lines DA, DE, DF, DC be drawn to the 
circumference, of which DA passes through the centre ; 


(1) of those which fall on the concave 
circumference AEFC, the greatest shall 
be DA, and DE shall be greater than 
DF, and DF than DC; but 


(2) of those whach fall on the convex 
circumference GKLH, the least shall 
be DG, and DK less than DL, and 
DL than DH. 


Construction. Take M, the centre 
of the circle ABC, [III 1. 
and join ME, MF, MC, MH, ML, 
MK. 


Proof. (1) In the AEMD the two 
sides EM, MD are together greater 
than ED. [I. 20. 
But EM=AM ; [I. Definition 15. 
.. AM, MD are together greater than ED, 

that is, AD is greater than ED. 
Again, in the triangles EMD, FMD, 
EM =FM, 
because ¢ and MD is common, 
but the EMD is greater than the -F MD; 
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.. the base ED is greater than the base FD. [I. 24. 


Similarly, it may be shewn that FD is greater than CD. 
Therefore DA is the greatest, and DE greater than DF, and 
DF greater than DC. 


(2) Again, because MK, KD are greater than MD, _[I. 20. 
and MK=MG, [I. Definition 15. 
the remainder KD is greater than the remainder GD, 
that is, GD is less than KD. 


Also, in the AMLD, because straight lines MK, KD are drawn 
to a point K within the triangle from the ends of its base ; 
-, MK, KD are less than ML, LD; ezie 


but MK=ML; [I. Definition 15. 
*. the remainder KD is less than the remainder LD. 


Similarly, it may be shewn than LD is less than HD; 
*, DG is the least, and DK less than DL, and DL than DH. 


(3) Also, there can be drawn two equal straight lines from 
D to the circumference, one on each side of the least line. 


Construction. At the point M, in the straight line MD, 
make the angle DMB equal to the angle DMK, [I. 23. 


and join DB. 
_ Proof. In the triangles KMD, BMD, 


MK = MB, [I. Def. 15. 

because 4 and MD is common, 
and the _DMK =the zDMB; [ Constr. 
.', the base DK =the base DB. [I. 4. 


But, besides DB, no other straight line can be drawn from 
D to the circumference equal to DK. 

For, if it be possible, let DN = DK. 
Then, because DB=DK, .:. DB=DN; [Aaiom 1. 
that is, a line nearer to the least = one which is more remote, 
which is impossible by what has been already shewn. 


Wherefore, if any point be taken, etc. [Q.#.D. 
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PROPOSITION 9. THEOREM. 


Lf a point be taken within a circle, from which there can be 
drawn more than two equal straight lines to the circumference, that 
point is the centre of the circle. 

Let the point D be taken within the circle ABC, from 
which, to the circumference, there are drawn more than two 
equal straight lines, namely, DA, DB, DC: 
the point D shall be the centre of the circle. 

For, if not, let E be the centre. 


Construction. Join DE, and produce it both ways to meet 
the circumference at F and G. 


Proof. D is a point within the circle which is not its 
centre, and from it more than two equal straight lines, 
namely, the three straight lines DA, DB, DC, have been 
drawn to the circumference ; 

but this is impossible ; _ [Il 2 
-, E is not the centre of the circle ABC. 

In the same manner it may be shewn that any other point 
than D is not the centre; 
therefore D is the centre of the circle ABC. 

Wherefore, if a point be taken, etc. — [Q.E.D. 


Note. For other demonstrations of Propositions 9 and 10 see Notes, 
Pages 325 and 326. 
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PROPOSITION 10. THEOREM. 


One circumference of a circle cannot cut another at more than two 
pornts. 

If it be possible, let the cireumference ABC cut the circum- 
ference DEF at more than two points, namely, at the points 


B, G, F 


Construction. Take K, the centre of the circle ABC, 
. / (III. 1. 
and join KB, KG, KF. 
Proof. Because K is the centre of the circle ABC, 
KB, KG, KF are all equal. [I. Definition 15. 
And because within the circle DEF, the point K is taken, 


from which, to the circumference DEF, are drawn more than 


two equal straight lines KB, KG. KF, 


.. K is the centre of the circle DEF. [III. 9. 

But K is also the centre of the circle ABC; [Construction. 

*. the same point is the centre of two circles which cut one 

another, which is impossible. [III. 5. 

Wherefore, one circumference, ete. | [Q.E.D. 
EXERCISES. 


1. Two circles cannot meet in three points without coinciding 
entirely. 

2. Through three points, which are not in the same straight line, only 
one circle can be drawn. 
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PROPOSITION 11. ‘THEOREM. 


If two circles touch one another internally, the straight line which 
joins their centres, being produced, shall pass through the point of 
contact. 

Let the two circles ABC, ADE touch one another inter- 
nally at the point A; let F be the centre of the circle ABC, 
and G the centre of the circle ADE: 


the straight line EG, being produced, shall pass through the 
point A. 


Proof. For, if not, let it pass otherwise, if possible, as 
FGDH, and join AF, AG. 
Then, because AG, GF are together greater than AF, [I. 20. 
and AF=HF; [I. Definition 15. 
.. AG, GF are together greater than HF. 
Take away the common part GF’; 
... the remainder AG: is greater than the remainder HG.. 
But AG=D6G; [I. Definition 15. 
.. DG is greater than HG, the less than the greater, 
which is impossible. 
.. FG, being produced, cannot pass otherwise than through 
the point A, 
that is, it must pass through A. 
Wherefore, if two circles, etc. [Q.4:.D. 
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PROPOSITION 12. 'THEOREM. 


Tf two cireles touch one another externally, the straight line which 
| joins their centres shall pass through the point of contact. 

| Letthetwocircles ABC, ADE touch one another externally 
at the point A; and let F be the centre of the circle ABC, 
and G the centre of the circle ADE: 

| the straight line FG shall pass through the point A. 


Proof. For, if not, let it pass otherwise, if possible, as 
4 CDG, and join FA, AG. 


’ Then, because F is the centre of the circle ABC, 


ean ee [I. Definition 15. 
and because G is the centre of the circle ADE, GA=GD; 
}.°. FA, AG are equal to FC, DG; [Aatom 2. 

‘, the whole FG is greater than FA, AG. . 
i FG is also Jess than FA, AG, [I. 20. 


which is impossible ; 
f.°. the dowel line FG cannot pass otherwise than through 
Phe point A, 
- that is, it must pass through A. 
Wherefore, if two circles, ete. [Q.E.D. 


| Note. Propositions 11 and 12 may be enunciated in one, thus: Jf 

two circles touch one another, their two centres and the point of contact are 
in @ straight line. 

| T.L.E. if 


130 EUCLID'S ELEMENTS. 


PROPOSITION 13. THEOREM. 
One circle cannot touch another at more points than one, whether 


it touches it on the inside or outside. 


For, if it be possible, let the circle EBF touch the circle 
ABC at more points than one, namely, at B and D, internally 
as in Figs. 1 and 2, or externally as in Fig. 3. 


Join BD, and draw GH bisecting BD at right angles. [I. 10, 11. 


Proof. Because, in all three figures, BD is a chord of each 
circle, and GH bisects it at right angles ; 


.. the centre of each circle is in GH. [III. 1, Corollary. 
.. GH passes through the point of contact. [I1I. 11, 12. 


But GH does not pass through the point of contact, because 
the points B, D are out of the line GH, 


which is absurd. 


Wherefore, one circle cannot, ete. [Q.E.D. 
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EXERCISES. 


**1, If the distance between the centres of two circles be equal to 
the sum of their radii, the circles touch externally. 

**2, If it be equal to their difference, the circles touch internally. 

8. Describe a circle with a given centre which shall touch a given 
circle. How many such circles can be drawn? 

4. Describe a circle to pass through a given point and touch a given 
circle at a given point. 

[Let B be the given point on the given circle whose centre is O and 
A the other given point. Join AB; produce OB to C, and at A make 
the ZBAD equal to the ABC; let AD meet OC in D; then D is 
the centre of the required circle, ete. ] 

5. Describe a circle witha given radius to pass through a given point 
and touch a given circle. 

[The centre of the required circle is at a distance from the centre of 
the given circle equal to the sum of the given radius and the radius of 
the given circle; it is also at a distance from the given point equal to 
the given radius; .*. etc.] 

6. Describe a circle with a given radius to touch two given circles. 

7. Three circles touch one another externally at the points A, B, C; 
from A the straight lines AB, AC are produced to cut the circle BC at 
Dand E. Show that DE is a diameter of BC, and is parallel to the 
straight line joining the centres of the other circles. 

8. If in any two given circles which touch one another there be 
drawn two parallel diameters, an extremity of each diameter and the 
point of contact shall lie in the same straight line. 

9. If circles be described on the two sides of a right-angled triangle 
as diameters, they will be touched by a circle whose centre is the middle 
point of the hypotenuse, and whose diameter is equal to the sum of the 
sides. 

10. If a variable circle touch two fixed circles the sum, or the differ- 
-ence, of the distances of its centre from those of the fixed circles is 
equal to the sum, or the difference, of their radii. 
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PROPOSITION 14. THEOREM. 


Equal chords in a circle are equally distant from the centre ; 
and those which are equally distant from the centre are equal to 
one another. 

Let the chords AB, CD in the circle ABCD be equal to 
one another : 
they shall be equally distant from the centre. 


Construction. Find E, the centre of the circle ABDC; [III.1. 
from KE draw EF, EG perpendiculars to AB, CD, Bi by, 
and join EA, EC. 


Proof. Because EF, passing through the centre, cuts AB, 
which does not pass through the centre, at right angles, it also 
bisects it ; (III. 3. 
. AF=FB, and AB is double of AF. 

For the like reason CD is double of CG. 


But AB=CD ; { Hypothesis. 
.. AF=CG. [Axiom 7. 
Also because AE = CE, [I. Definition 15. 


the square on AE =the square on CE. 
But the square on AH=the squares on AF, FE, because the 
angle AFE is a right angle ; fe. 
similarly the square on CH=the squares on CG, GE; 
.. the squares on AF, FE=the squares on CG, GE. [Axiom 1. 
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But the square on AF =the square on CG, since AF=CG ; 
.. the remaining sq. on FE=the remaining sq.on GE; [Az. 3. 
cml SG 
.. AB, CD are equally distant from the centre. __[III. Def. 6. 


Conversely: Let AB, CD be chords equally distant from the 
centre, that is, let EF =EG ; 


then shall AB=CD. 


For, the same construction being made, it may be shewn, 
as before, that AB is double of AF, and CD double of CG, 
and that the squares on EF, FA =the squares on EG, GC; 
but the square on EF’ =the square on EG, because EF=EG ; 

[ Hypothesis. 

.. the remairing sq. on FA =the remaining sq. on GC ; (Az. 3. 
~, AF=CG. 

But AB was shewn to be double of AF, and CD double of CG ; 


.. AB=CD. [Axiom 6. 


Wherefore, equal straight lines, etc. 


EXERCISE. 


In a given circle draw a chord of given length, not greater than the 
diameter, so that its centre may be on a given chord. 
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Proposition 15. 'THEOREM. 


The diameter is the greatest chord in a circle ; 
and, of all others, that which is nearer to the centre is always 
greater than one more remote ; 
and the greater is nearer to the centre than the less. 

Let ABCD be a circle, of which AD is a diameter, and E 
the centre; and let BC be nearer to the centre than FG: 
AD shall be greater than any chord BC which is not a diameter, 
and BC shall be greater than FG. 


Construction. From the centre E draw EH, EK perpen- 


diculars to BC, FG, | jhe: 
and join EB, EC, EF. 


Proof. Because AE=BE, and ED=EC,  [L. Definition 15. 

. ADS pln. [Axiom 2. 

but BE, EC are together greater than BC ; [Eo . 
‘*, also AD is greater than BC. 


Also, because BC is nearer to the centre than FG, [ Hypothesis. 

EH is less than EK. [Jae Definition 6. 

Now it may be shewn, as in the preceding proposition, that 

BC is double of BH, and FG double of FK, and that the 
squares on HH, HB=the squares on EK, KF. . 
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But the square on EH is less than the square on EK, 
_ because EH is less than EK ; 
.. the square on HB is greater than the square on KF ; 
and therefore BH is greater than FK ; 
.. BC is greater than FG. 


Conversely: Let BC be greater than FG: then, the same 
construction being made, EH shall be less than EK. 
For, because BC is greater than FG, BH is greater than FK. 
But the squares on BH, HE=the squares on FK, KE; 
and the square on BH is greater than the square on FK, 
because BH is greater than FK ; 
.. the square on HE is less than the square on KE, 
and therefore EH is less than EK. 
Wherefore, the diameter, etc. [Q.E.D. 


EXERCISE. 


** Through a given point within a circle, draw the shortest chord. 
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PROPOSITION 16. THEOREM. 


(1) The straight line drawn at right angles to the diameter of 
a circle from the extremity of it falls without the circle ; 
and (2) any other straight line drawn from the extremity must 
cut the circle. 

Let ABC be a circle, of which D is the centre and AB a 
diameter : 
the straight line drawn at right angles to AB, from its ay 5 
shall fall without the circle. 


For, if not, let it fall, if possible, within the circle, as AC, 
and draw DC to the point C, where it meets the circum- 
ference. 


(1) Proof. Because DA = DC, [i. Definition 15. 
the ~.DAC=the ~zDCA. ue & 
But the ~DAC isa right 2; [ Hypothesis. 


*. the ~DCA is aright 2; 
*. the angles DAC, DCA =two right angles, 
which is impossible. (i. Uz 
', the straight line drawn from A at right angles to AB does 
not fall within the circle. 

And in the same manner it may be shewn that it does not 

fall on the circumference ; 
‘, it must fall without ahs circle, as AE. 

(2) If possible, let AF be another straight line drawn 
through A which does not cut the circle ; and from the centre 
D draw DG perpendicular to AF ; [I. 1298 
let DG meet the circumference at H. 


BOOK [II. 16. 137 


Then, because the ~DGA is a right 2, [ Construction. 
the .DAG is less than a right z ; ea 7. 
. DA is greater than DG. [I. 19. 


But DA=DH; [I. Definition 15. 
.. DH is greater than DG, the less than the greater, which 
is impossible ; 
‘, no straight line, except AH, can be drawn from the point 
A which does not cut the circle. 
Wherefore, the straight line, ete. [Q.u.D. 


Corojlaries. (1) The straight line which is drawn at right 
angles to the diameter of a circle from the extremity of it 
touches the circle. [III. Definition 2. 

(2) A tangent touches the circle at one point only, 
because if it did meet the circle at two points it would fall 
within it. [III. 2. 

(3) There can be but one tangent at the same point. 


EXERCISES, 


1. Draw parallel to a given straight line a straight line to touch 
a given circle. 

2. Draw perpendicular to a given straight line a straight line to 
touch a given circle. 

3. Two circles have the same centre. Show that all chords of the 
outer circle which touch the inner circle are equal, and are bisected at 
the point of contact. . 


138 EUCLID’S ELEMENTS, 


PROPOSITION 17. PROBLEM. 


From a gwen point, either without or on the circumference, to 
draw a tangent to a given circle. 

Case I. Let the given point A be without the given 
circle BCD: 
ut is required to draw from A. a tangent to the given circle. 


Construction. Find E, the centre of the circle, fIIT. 1. 
and join AE, cutting the given circle at D; with centre E 
and distance EA describe the circle AFG; from D draw 
HDF at right angles to EA to meet the circle AFG in F 
and H, | (es Lie 
and join EF and EH, cutting the given circle at B and K; 
join AB and AK. AB and AK shall touch the circle BCD. 


Proof. In the triangles AEB, FED, 
AE=FE, being radii of the outer circle, 
because {an EB=ED, being radii of the given circle, 
and the angle AEB is common ; 


*. the triangles are equal in all respects ; [I. 4. 
*. the -ABE=the -FDE. 

But the -FDE is a right 2; [ Construction. 
*, the -ABE is a right 2. [Axiom 1. 
.. BA, being drawn at right angles to a diameter from one of 
its extremities B, touches the circle. [III. 16, Corollary. 


Similarly it can be shewn that AK touches the circle at K. 
Also AB and AK are drawn from the given point A. [an¥. 


—— eee eee eee Eee EE 
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Case II. if the given point be in the circumference of the 
circle, as the point D, draw DE to the centre E, and DF at 
right angles to DE; then DF touches the circle. [III. 16, Cor. 


Corollaries. (1) Two, and only two, tangents can be drawn 
to a circle from an external point. 

(2) These two tangents are equal, subtend equal angles at 
the centre, and make equal angles with the line joining the 
centre to the given external point. 

For each of the angles ABE, AKE is a right angle ; 

. the squares on AB, BE =the square on AE, 
| and the squares on AK, KE=the square on AE. 
| But the square on BE =the square on KE; 

the square on AB=the square on AK; .. AK=AB, 
and the triangles-AKE, ABE are equal in all respects ; 
the .KAE=the -BAE, and 
the .KEA=the -BEA. 


| 


EXERCISES. 


**1. Prove that the following construction also gives the tangents 
from A. Join EA and bisect it in O; with centre O and radius OA 
or OK, describe a circle and let it meet the given circle in P and Q; 
jon AP and AQ: these are the requered tangents. 

[Jom OP; since OP=OE, -. ,OEP=ZOPE; since OP=OA, 
mZOARr —/OPA; = 2ORP, OAP=z*OPE, OPA=zAPE. Hence, 
by I. 32, APE is a right angle, and AP is a tangent at P; so AQ 
is a tangent at Q.] 

**2, The centre of any circle which touches two given straight lines 
lies on the bisector of the angle between them. . 

**3, A quadrilateral is described so that its sides touch a circle. 
‘Shew that two of its opposite sides are together equal to the other two 
‘sides, and conversely. [Use Cor. 2.] 

4. If a hexagon, or any polygon having an even number of sides, 
circumscribe a circle, the sums of its alternate sides are equal. 

**5. CN is drawn from the centre C of a circle perpendicular to 
the chord AB. Prove that the tangents at A and B meet at a point 
T on CN produced. 

Prove also that the rectangle CN, CT equals the square on CA. 


| 
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PROPOSITION 18. THEOREM. 


Lf a straight line touch a circle, the radius drawn from the centre 
of the point of contact shall be perpendicular to the line touching the 
circle. 

Let the straight line DE touch the circle ABC at the 
point C; 
the radius FC, drawn from the centre ¥, shall be perpendicular ~ 


to DE. 
A 


—\ 
D COR GME 


Construction. For if not, let FG be drawn from F per- 
pendicular to DE, meeting the circumference at B. 


Proof. Inthe AFCG, because FGC isa right 4, [Hypoth. 


the -FCG is less than a right 2; [Li 
*, FC is greater than FG. [I. 19. 
But FC=FB; [I. Definition 15. 


*. FB is greater than FG, the less than the greater, which 
is Impossible. 
‘, FG is not perpendicular to DE. 
Similarly, it may be shewn that no other straight line from 
F is perpendicular to DE except FC; 
.. FC is perpendicular to DE. 
Wherefore, 4f a straight line, ete. [9.5.D. 
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PROPOSITION 19. THEOREM. 


Tf a straight line touch a circle, and from the point of contact a 
| straight line be drawn at right angles to the touching line, the centre 
of the circle shall be in that line. 
Let the straight line DE touch the circle ABC at C, and 
from C let CA be drawn at right angles to DE: 
the centre of the circle shall be in CA. 
For, if not, if possible, let F be the centre, and join CF. 


A 


D Cc E 


} Proof. Because DE touches the circle ABC, and: FC is 
drawn from the centre to the point of contact, FC is perpen- 
dicular to DE; (III. 18. 
*. the -FCE isa right z. 
But the ~ACH isalsoa right 2; [Construction. 
*. the -FCE=the cACE, [Axiom 11. 
that is, the less to the greater, which is impossible. 
|.:. F is not the centre of the circle ABC. 
Similarly, it may be shewn that no other point out of CA 
is the centre ; therefore the centre is in CA. 


Wherefore, 2f a straight line, ete. [Q.E.D. 
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EXERCISES. 


**1, If two tangents to a circle be parallel, the points of contact are 
at te extremities of a diameter. 

"2. Shew that no parallelogram can be described about a circle 
except a rhombus. 

[Let ABCD be a |*™ described about a circle, centre O, and let E, F, 
G, H be the points of contact of the sides AB, BC, CD, DA. 

By Ex. 1, EOG, FOH are straight lines ; 

*. by III. 16 Cor., OA, OC bisect the 4sEOH, FOG, and are .. ina 

straight line; : 
As’ CGO, AOE are equal in all respects, so that CG =AE=AH ; 

.. DC=DG+GC=DH+HA=DA, ete.] 

**. If a quadrilateral be described about a circle, the angles sub- 
tended at the centre of the circle by any two opposite sides of the 
figure are together equal to two right angles. 

4. Two parallel tangents to a circle intercept on a third tangent 
a distance which subtends a right angle at the centre. 

5. The tangent at any point A of a circle meets two fixed tangents in 
P and Q. Prove that the points P and Q subtend a constant angle 
at the centre of the circle. 

6. A series of circles touch a given straight line at a given point. 
Where will their centres all lie? : 

7, Describe a circle of given radius to pass through a given point and 
touch a given straight line. 

8. A straight line is drawn touching two circles. Shew that the 
chords are parallel which join the points of contact and the points 
where the straight line through the centres meets the circumferences. 

9. If two tangents TP, TQ be drawn to a circle, prove that the 
angle between them is double the angle between the line PQ joining 
their points of contact, and the diameter through either of them. 

10. In the diameter of a circle produced, determine a point so that 
the tangent drawn from it to the circumference shall be of given length. 

11. Two circles touch externally in A and the straight line BC 
touches them in B and C. Prove that BAC is a right angle. 

12. Through a given point within or without a given circle draw 
a chord of given length not greater than the diameter. 

[Use Page 137, Ex 3.] 

#1. DENY a straight line to touch each of two given circles. 

[See App., Art. 39.] 

14, Construct a triangle, given the vertical angle, one of the sides 
containing it, and the perpendicular altitude. 
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PROPOSITION 20. THEOREM. 


The angle at the centre of a circle is double of the angle at the 
circumference on the same are. 

Let ABC be a circle, and BEC an angle at the centre, and 
BAC an angle at the circumference, which have the same arc 
BC for their base: 
| the angle BEC shall be double of the angle BAC. 
| Construction. Join AE, and produce it to F. 


A 
B 
2 € 
CassE I. Cass II. 
Proof. CAsEI. Let the centre of the circle be within the 
‘angle BAC.» . . 


Then, because EA=EB, the 2EAB=the EBA; [I. 5. 
*, the angles EAB, EBA are double of the angle EAB. 

But the angle BEF =the angles EAB, EBA ; iee2, 
*, the .BEF is double of the -EAB. 

Similarly, the FEC is double of the ~EAC. 
|... the whole BEC is double of the whole ~BAC. 

CasxE II. Let the centre E be without the z BAC. 

As in Case 1, the FEC is double of the -FAC, and the 
LFEB, a part of the first, is double of the -FAB, a part of 
the other ; 

*, the remaining -BEC is double of the remaining -BAC. 

Cask III. If the centre E lie on the straight line AB it 
is clear, if the corresponding figure be drawn, that, as in Case 
I., the ~BEC is double of the ~BAC. 


Wherefore, the angle at the centre, etc. [Q.5.D. 


[For an important note on ITI. 20, see Page 326.] 
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PROPOSITION 21. THEOREM. 


The angles in the same segment of a circle are equal to one 
another. 
Let ABCD be a circle, and BAD, BED angles in the same 
segment BAED: 
the angles BAD, BED shall be equal to one another. 
Construction. Find F the centre of the circle ABCD. 
(aut, 1, 
Case I. Let the segment BAED be greater than a semi- 
circle, 


Join BF, DF. 


Cc 


Proof. Because the angles BFD and BAD are angles at 
the centre and circumference standing on the same are BD. 


... the ~BFD is double the ~BAD. (III. 20. 


Similarly the ~BFD is double the BED. 
.. the .BAD=the ~BED. [Axiom 7: 
Cask II. Let the segment BAED be not greater than a 
semicircle. 
Construction. Draw AF to the centre, and produce it to 
meet the circumference at C, and join CE. 
Proof. Since CFD and CED are angles at the centre and 
circumference standing on the same arc CD ; 
.. the LCFD is double the -CED ; [II1. 20. 
Similarly, the ~CFD is double the -CAD; 
.. the ~-CAD=the -CED. 
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A E 


Cc 


) But the segment BAEC is greater than a semicircle, and 

| therefore the ~BAC=the BEC, by Case I. 

-. the whole z BAD =the whole ~BED. [Axiom 2. 
Wherefore, the angles in the same segment, etc. [Q.E.D. 


CONVERSE OF PROPOSITION 21. 


The vertices of equal angles, standing on the same base and on the same 
side of tt, lie on a segment of a circle passing through the extremities of the 


base. 
| 8) 


B C 


Let two of the angles be ABC-and -DBC: 

Describe a circle about ABC. 
§ [This may be done by Prop. 5 of Book IV., which the student is now 
| recommended to read. ] 
If this circle do not pass through D, let it cut BD in E, and join EC. 
| Then ZBEC=zBAC, by the preceding proposition, 

=ZBDC, by hypothesis. 

But this is impossible by I. 16, 
.. D must lie on the circle through B, A, C. 

Similarly the vertex of any other such equal angle, whose arms pass 


through B and C, must lie on this same circle. iH 
T.L.E, K 
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EXERCISES, 


1. Two circles cut at A and B, and any chord PAQ is drawn ter- 
minated by the two circumferences; prove that the angle PBQ is 
coustant. 

2. If two straight lines AEB, CED in a circle intersect at E, the 
angles subtended by AC and BD at the centre are together double of 
the angle AEC. 

3. Two tangents AB, AC are drawn toa circle; D is any point on 
the circumference outside of the triangle ABC ; shew that the sum of 
the angles ABD and ACD is constant. 

4. P, Q are any points in the circumferences of two segments 
described on the same straight line AB, and on the same side of it ; 
the angles PAQ, PBQ are bisected by the straight lines AR, BR 
meeting at R; shew that the angle ARB is constant. 

[Z2PAR=zRAQ, i.e. LPAB-2zRAB=ZRAB-zQAB; 

. 22RAB=zPAB+ZQAB. 

So 2ZRBA=zPBA+zQBA; 

*. 24°RAB, RBA=z*PAB, PBA, QAB, QBA, 

te. 4rt. 2-2LARB=2 rt. 2482-2APB+2 rt. 22—-2ZAQB; 
“ 2ARB=ZAPB+zAQB=const. ] 

&. Two segments of a circle are on the same base AB, and P is any 
point in the circumference of one of the segments ; the straight lines 
APD, BPC are drawn meeting the circumference of the other segment 
at D and C; AC and BD are drawn intersecting at Q ; shew that the 
angle AQB is constant. 

[4 AQB=z ACB - 2CBQ, and z APB=2ADB+zCBQ 
. LAQB, APB=z° ACB, ADB=2z ACB. 

But the 24*-APB, ACB are constant; .. etc.] 

6. APB isa fixed chord passing through P a point of intersection of 
two circles AQP, PBR, and QPR is any other chord of the circles 
passing through P; shew that AQ and RB when produced meet at a 
constant angle. 

7. Two circles meet in A and B; through A two chords ACD, AC’D’ 
are drawn cutting the circles in C, D and C’, D’; prove that the 
A*BCD, BC’D’ are equiangular. 
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PROPOSITION 22. THEOREM. 


The opposite angles of any quadrilateral figure inscribed in a circle 
are together equal to two right angles. 


Let ABCD be a quadrilateral figure inscribed in the circle 
ABCD: 


any two of its opposite angles shall be together equal to two right 
angles. 


| D 


Construction. Join AC, BD. 


Proof. The -CAB=the -CDB, because they are in the 
same segment CDAB; [III. 21. 


and the ~ACB=the ADB, because they are in the same 
‘segment ADCB ; 
. the two angles CAB, ACB together=the whole ~ADC. 


[Axiom 2. 
To each of these equals add the ~ABC;- 


}.:. the three angles CAB, ACB, ABC=the two angles ABC, 
J ADC. - 

‘But the three angles CAB, ACB, ABC, being the angles of 
the AACB, are together equal to two right angles ; (32: 
*, also the angles ABC, ADC together = two right angles. 


In the same manner it may be shewn that the angles BAD, 
BCD are together equal to two right angles. 


Wherefore, the opposite angles, etc. 


[Q.E.D. 
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CONVERSE oF III. 22. 


This is true and very important ; namely, 
If two opposite angles of a quadrilateral be together equal to two right 
angles, a circle may be circumscribed about the quadrilateral. 


A 2 


B C 


For, let ABCD denote the quadrilateral. Describe a circle round 
the triangle ABC, by IV. 5. Take any point E on the are cut off by 
AC and on the same side of AC that D is. 

Then the angles at B and E together =two right angles, by III. 22, 

and the angles at B and D together=two right angles, by hypothesis ; 
. the angle at E=the angle at D; 

.. by the converse of IIT. 21, D is on the same segment as E. 


Note. A quadrilateral, such as ABCD in the above figure, which can 
be inscribed in a circle is called a Cyclic Quadrilateral, and the four 
points A, B, C, D are said to be Concyclic. 


EXERCISES. 


**1. If one side of a quadrilateral inscribed in a circle be produced, 


the exterior angle so formed is equal to the interior ®pposite angle of | 


the quadrilateral. 

2. The straight lines which bisect any angle of a quadrilateral in- 
scribed in a circle and the opposite exterior angle meet on the circum- 
ference of the circle. [Use Ex. 1.] 

3. A triangle is inscribed in a circle; shew that the sum of the 
angles in the three segments exterior to the triangle is equal to four 
right angles. 

4. A quadrilateral is inscribed in a circle ; shew that the sum of the 
angles in the four segments of the circle exterior to the quadrilateral is 
equal to six right angles. 

5. If a polygon of an even number of sides be inscribed in a circle, 
the sum of the alternate angles together with two right angles is equal 
to as many right angles as the figure has sides. 


a 
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[Let ABCDEF... be the polygon and O the centre of the circle. 
The 2 ABC=2 rt. 28-42A0C; ZCDE=2 rt. 2°-44COH, ete. ; 
*. on addition, the sum of the alternate angles 
=2 rt. 22x ino. of the sides —} all the 2° at O=etc.] 


6. Shew that the four straight lines bisecting the interior (or the 
exterior) angles of any quadrilateral form a quadrilateral which can be 
inscribed in a circle. 

[Let the bisectors of the interior angles A and B, B and C, C and 
D, D and A of a quadrilateral meet in E, F, G, H. Then 

ZFEH=2 rt. 48—32A-22B, 
and 4FGH=2 rt. 2--4.2C-4$2D; 
.. 2FEH, FGH=4rt. z°— half the sum of the interior angles of ABCD 
=4rt. 2-2rt. 22=2 rt. 28; .. ete. 
Similarly for the bisectors of the exterior angles. ] 


*&9, Shew that no parallelogram except a rectangle can be inscribed 
in a circle. 


8. D is any point on the arc BC of a circle whose centre is A; CD 
is produced to E; prove that the angle BDE is half the angle BAC. 


9. AOB isa triangle ; C and Dare points in BO and AO respectively, 
such that the angle ODC is equal to the angle OBA ; shew that a circle 
may be described round the quadrilateral ABCD. 


10. ABCD is a quadrilateral inscribed in a circle, and the sides AB, 
DC when produced meet at O; shew that the triangle AOC is equi- 
angular to the triangle BOD, and the triangle AOD to the triangle 
BOC. 


**LL. If any two consecutive sides of a hexagon inscribed in a circle 
be respectively parallel to their opposite sides, the remaining sides are 
parallel to each other. 

{Let ABCDEF be the hexagon having FA, AB parallel to CD, DE. 
Then 2FEB=2 rt. 2§-2ZFAB [III 22]=2 rt. 28 - DEC [1. 29]=z EBC. 


12. ABCD is a quadrilateral inscribed in a circle; AB and CD meet 
in P; AD and BC meet in Q; prove that the bisectors of the angles P 
and Q are at right angles. 

{If O be the intersection of the bisectors, and OQ meet CD in L, then 

ZOPC=4D-4PAD and .OQD=4D-4DCQ; 
*, ZPO0Q=2zPLQ —-ZOPC=z2D-z0QD—zOPC 
=Z£D-3(2z2D-—zPAD-ZPCQ) 
=$/4PAD+4$4PCQ=a rt. £.J 
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PROPOSITION 23. THEOREM. 


On the same chord, and on the same side of it, there cannot be two 
similar segments of circles which do not coincide with one another. 


If it be possible, on the same chord AB, and on the same 
side of it, let there be two similar segments of circles ACB, 
ADB not coinciding with one another. 


D 


A B 


Construction. Because the circle ACB cuts the circle ADB 
at the two points A, B, they cannot cut one another at any 
other point ; (III. 10. 


therefore one of the segments must fall within the other ; 
let ACB fall within ADB; 
draw the straight line BCD, and join AC, AD. 


Proof. Because ACB, ADB are, by hypothesis, similar 
segments of circles, they contain equal angles; [III. Definition 11. 
.. the .ACB=the ADB, 
that is, the exterior 2 of the A ACD is equal to the interior and 
opposite 2, which is impossible. piealis 

Wherefore, on the same straight line, ete. [Q.E.D. 
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PROPOSITION 24. ‘THEOREM. 


Similar segments of circles on equal chords are equal to one 
another. 

Let AEB, CFD be similar segments of circles on the equal 
chords AB, CD: 
the segment AKB shall be equal to the segment CFD. 


A BC D 


Proof. If the segment AEB be applied to the segment 
CFD, so that the point A may be on the point C, and AB 
on CD, 


then B will coincide with D, because AB=CD ; [Hyp. 
.. AB coinciding with CD, the segment AEB must coincide 
with the segment CFD, URL, OBE 


and is therefore equal to it. 
Wherefore, similar segments, ete. [Q. B.D. 


152 EUCLID’S ELEMENTS. 


PROPOSITION 25. PROBLEM. 


A segment of a circle being given, to describe the circle of which 
at is @ segment. 


Let ABC be the given segment of a circle: 
it as required to describe the circle of which it is a segment. 


B 
B Be 
(7 ee 
A dD CG A D ac 
Fic. 1. Fic. 2. Fie. 3. 
Construction. Bisect AC at D; [I. 10. 
from D draw DB at right angles to AC to meet the cir- 
cumference in B, fi. tas 


and join AB. 
CasE I. Let the angles ABD, BAD be equal [Fig 1}. 


Then DB=DA; [I. 6. 
but DA=DC; (Construction. 
therefore DB=DC. [Axiom 1. 
.. DA, DB, DC are all equal, 
and therefore D is the centre of the circle. [III. 9. 


With D, and radius equal to any of the three DA, DB, DC, 
describe a circle ; this will pass through the other points, and 
the circle of which ABC is a segment is described. 

Also because the centre D isin AC, the segment ABC is 
a semicircle. 


Case II. Let the angles ABD, BAD be not equal [Figs. 2, 3]. 


Construction. At the point A make the angle BAE equal 
to the angle ABD; (I. Qaa 


produce BD, if necessary, to meet AE at E, and join EC. 
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Proof. Because the ~_BAEK=the -ABF, [ Construction. 
EA = EB. fis 
Then, in the triangles ADE, CDE, © 
AD=CD, [ Construction. 
because | and DE is common, 
and the right ADE =the right -CDE; 
.. the base EA =the base EC. (pi, 2 
But EA was shewn to be equal to EB; 
therefore EB= EC. [Axiom 1. 


the three straight lines EA, EB, EC are all equal, 
and therefore a circle, whose centre is E and whose radius is 
any of the three EA, EB, EC, will pass through the other 
points, and the circle of which ABC is a segment is described. 
(IIT. 9. 
And it is evident that, if the angle ABD be greater than the 
angle BAD, the centre E falls without the segment ABC, 
which is therefore less than a semicircle ; 
but if the angle ABD be less than the angle BAD, the centre 
E falls within the segment ABC, which is greater than a 
semicircle. 
Wherefore a segment of a circle being given, the circle has been 
described of which it is a segment. [o.uF. 


ALTERNATIVE METHOD FoR Prop. 25. 


The following is an alternative method: Let A, B, C be three points 
on the arc; join AB and BC; besect AB and BC in D and E respec- 
tively ; draw DF perpendicular to AB and EF perpendicular to BC, 
and let them meet in F. Then F shall be the centre of the required 
circle. 

For by III. 1 Cor. the centre is in the straight line DF, which bisects 
AB at right angles. 

Similarly, it isin EF. 

. it is at F, and a circle whose centre is at F and radius equal to 
either FA, FB, or FC will be the circle required; for as in III. 1, 
FA=FB and FB=FC. 
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PROPOSITION 26. THEOREM. 


In equal circles the ares which are subtended by equal angles, 
whether they be at.the centres or circumferences, are equal. 

Let ABC, DEF be equal circles; and let BGC, EHF be 
- equal angles in them at their centres, and BAC, EDF equal 
angles at their circumferences : 


the are BKC shall be equal to the arc ELF. 


A ; D 


K ( 


Construction. Join BC, EF. 


Proof. Because the circles ABC, DEF are equal, [Wyp. 
their radii are equal ; [III. Definition 1. 
Then, in the triangles BGC, EHF, 


BG = EH, 

because and GC = HF, 
Land the _BGC=the -EHF : [ Hypothesis. 
.. the base BC =the base EF. ee 
And because the ~BAC=the ~EDF, [ Hypothesis. 


the segment BAC is similar to the segment EDF, [III Def 11. 
and they are on equal chords BC, EF. 


*, the segment BAC=the segment EDF. [IIi. 24. 
But the whole circle ABC=the whole circle DEF; 
[ Hypothesis. 
.. the remaining segment BKC=the remaining segment 
ELF ; [Axiom 38. 


*, the are BKC=the are ELF. 
Wherefore, in equal circles, etc. [Q.E.D. 
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PROPOSITION 27; THEOREM. 


In equal circles, the angles which stand on equal ares are equal to 
one another, whether they be at the centres or circumferences. 

Let ABC, DEF be equal circles, and let the angles BGC, 
EHF at their centres, and the angles BAC, EDF at their 
circumferences, stand on equal ares BC, EF: 
the angle BGC shall be equal to the angle KHF, and the angle 
BAC equal to the angle EDF. 


A 


B 6. €E£ FS 
K 


If the ~BGC be equal to the LEHF, it is manifest that the 
LBAC is also equal to the EDF. [III. 20, Awiom 7. 
But, if not, one of them must be the greater. 

Let BGC be the greater, and at G make the ~-BGK equal 


to the ~EHF. Tl, Oe. 
Proof. Because the ~_BGK =the EHF; 

‘, the are BK =the arc EF. ace, a 

But the arc EF =the are BC; [ Hypothesis. 

| .. the arc BK =the are BC, [Axiom 1. 


the less to the greater, which is impossible. 
*, the ~BGC is not unequal to the ~EHF, 
that is, 1t is equal to it. 
And the z at A is half of the ~BGC, and the z at D is half 
of the EHF; (IIL. 20. 
wether at-A—the zat D. [Axiom 7. 
Wherefore, in equal circles, etc. [Q.E.D. 


Note. Prop. 27 is the converse of Prop. 26. 
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PROPOSITION 28. 'THEOREM. 


In equal circles, the arcs which are cut off by equal chords are 
equal, the greater equal to the greater, and the less equal to the less. 
Let ABC, DEF be equal circles, and BC, EF equal chords 
in them, which cut off the two greater arcs BAC, EDF, and 
the two less arcs BGC, EHF: 
the greater are BAC shall be equal to the greater arc EDF, and 
the less are BGC equal to the less arc EHF. 


A 
B Cars fe 
re 
Construction. Find K, L, the centres of the circles, 
I 1, 
and join BK, KC, EL, LF. 
Proof. Because the circles are equal, { Hypothesis. 
their radii are equal ; [III. Definition 1. 
Then, in the triangles BKC, ELF, 
BK =EL, 
because and KC=LF, 
and the base BC =the base EF,  [ Hypothesis, 
*. the -.BKC=the -ELF; fl. 8. 
*, the are BGC =the arc EHF. (IIT. 26. 
But the circumference ABGC =the circumference DEHF ; 
{ Hypothesis. 


. the remaining are BAC=the remaining are EDF. [Az. 3. 
Wherefore, in equal circles, ete. [Q.E.D. 


2 
v 
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PROPOSITION 29. THEOREM. 


In equal circles, the chords which cut off equal arcs are equal. 
Let ABC, DEF be equal circles, and let BGC, EHF be 
equal arcs in them, and join BC, EF: 
the chord BC shall be equal to the chord EF. 


- . 


G 


Construction. Find K, L, the centres of the circles, 


(TIT. 1. 
and join BK, KC, EL, LF. 


Proof. Because the are BGC=the arc EHF, [Aypothesis. 
the angle BKC =the angle ELY. [MT, 27. 
And because the circles ABC, DEF are equal, [ Hypothesis. 
their radii are equal ; [III. Definition 1. 
-, the two sides BK, KC =the two sides EL, LF, 
and they contain equal angles ; [ Proved. 
-, the base BC=the base EF. mes. 
Wherefore, in equal circles, ete. [Q.z.D. 


Note 1. Prop. 29 is the converse of Prop. 28. ‘ 
Note 2, The Propositions 26-29 tell us that in equal rele 
If two angles are equal, so also are the chords and arcs subtended ; 


If two chords are equal, so also are the angles subtended and 
the arcs cut off; 


If two arcs are equal, so also are the angles and chords. 


Note 3. It is clear that Props. 26-29 could easily be proved by 
Superposition. - 
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EXERCISES. 


1. The straight lines joining the extremities of the chords of two 
equal ares of a circle, towards the same parts, are parallel to each other. 

2. The straight lines in a circle which join the extremities of two 
parallel chords are equal to each other. 

#**8. The straight lines which bisect the vertical angles of all 
triangles on the same base and on the saine side of it, and having equal 
vertical angles, all intersect at the same point. 

4. The internal and external bisectors of the vertical angle of a 
triangle inscribed in a circle meet the circumference again in points 
which are equidistant from the ends of the base, and which lie on the 
straight line bisecting the base at right angles. 

5. If A, B be two fixed points on a circle, and CD a chord of con- 
stant length ; prove that the intersections of AD, BC and of AC, BD lie 
on two fixed circles. 

[Since CD is constant in length, 

*, the Z48CAD, CBD are constant [Props. 28, 27]. 
Hence if AD, BC meet in O, then 
ZAOB=zACB+4DAC=const.; .. ete.] 

6. AB is a common chord of two circles ; through C any point of one 
circumference straight lines CAD, CBE are drawn terminated by the 
other circumference ; shew that the arc. DE is invariable. 

7. If two equal circles cut each other, and if through one of the 
points of intersection a straight line be drawn terminated by the circles, 
the straight lines joining its extremities with the other point of inter- 
section are equal. 

8. The straight line joining the feet of the perpendiculars from any 
point of a circle upon two diameters given in position is constant. 

Conversely, if a straight line of given length move so that its ends 
slide along two given straight lines, the two perpendiculars at its ends 
to the given lines meet on a fixed circle. 
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PROPOSITION 30. PROBLEM. 


To bisect a given are, that is, to divide tt into two equal parts. 
Let ADB be the given arc : 
it is required to bisect ti. 


D 
A Cc B 
| Construction. Join AB, and bisect it at C; [I. 10. 
from the point C draw CD at right angles to AB meeting 
the are at D. (I. 11. 
he arc ADB shall be bisected at the point D. 


Join AD, DB. 


Proof. In the triangles ACD, BCD, 
| AC = CB, i Construction, 
‘ecause | 


_—— 


and CD is common to both, 


and the right -ACD =the right -BCD ; {Const. 


.. the base AD=the base BD... [I. 4. 
ut equal straight lines cut off equal ares, the greater equal 
.o the greater, and the less equal to the less, [IIT. 28. 


nd each of the ares AD, DB is less than a semicircle, 
pecause DC, if produced, is a diameter ; [III. 1, Cor. 
-. the are AD=the are DB. 

| Wherefore, the given are is bisected at D. [Q.E.F. 
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PROPOSITION 31. THEOREM. 


An angle in a semicircle is a right angle, 
but an angle in a segment greater than a semicircle is less than a 
right angle, 
and an angle in a segment less than a semicircle is greater than 
a right angle. 

Let ABCD be a circle, of which BC is a diameter and E 
the centre ; and draw CA, dividing the circle into the segments 
ABC, ADC: 

(1) the angle in the semicircle BAC shall be a right angle ; 

(2) the angle in the segment ABC, which is greater than a semi- ; 
circle, shall be less than a right angle ; 

(3) the angle in the segment ADC, which is less than a semit- 
circle, shall be greater than a right angle. 

EF 


Construction. Join AE, and produce BA to F. 
Take any point D on the are ADC, and join AD, DC. 
Proof. (1) Because EA = EB, [I. Definition 15. 
the zEAB=the 2EBA ; (I. 
and, because EA = EC, 
the ~EAC=the 2ECA ; 
‘, the whole angle BAC =the two angles ABC, ACB. [Az. 2. 
But FAC, the exterior angle of the triangle ABC, 


=the two angles ABC, ACB ; [I. 339 
.. the ~_BAC=the zFAC, [Aaiom 1. 
and therefore each of them is a right 2; [I. Definitzon 10. 


.. the 2 ina semicircle BAC is a right 2. 
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(2) Because the two angles ABC, BAC of the triangle ABC 
_are together less than two right angles, flee. 
and that BAC has been shewn to be a right 2, 

o the ABC is less than a right z; 
ae the 2 in a segment ABC, greater than a semicircle, is less 
than a right 2. 

(3) Because ABCD is a quadrilateral figure in a circle, any 
two of its opposite angles together = two right angles ; [III. 22. 
.. the angles ABC, ADC together =two right angles. 

But the ABC has been shewn to be less than a right z. 

.. the ADC is greater than a right 2; 

.. the 2 ina segment ADC, less.than a semicircle, is greater 
than a right 2. 

Wherefore, the angle, etc. — [Q.E.D. 


Corollary. Jf one angle of a triangle be equal to the other two, 
it is a right angle. 

‘or the angle adjacent to it is equal to the same twoangles; [I. 32. 
and when the adjacent angles are equal, they are right angles. 
[I. Dejinition 10. 


EXERCISES. 


**1, Right-angled triangles are described on the same hypotenuse ; 
hew that the angular points opposite the hypotenuse all lie on a circle 
escribed on the hypotenuse as diameter. 

2. The circles described on the sides of any triangle as diameters, 
}vill intersect on the base. 

3. AOB and COD are two perpendicular diameters of a circle. If P 
ve any point on the circumference, prove that CP and DP are the 
ternal and external bisectors of the angle APB. 

4. Chords AB, CD of a circle cut one another at right angles; the 


um of the opposite ares AC and BD is a semicircle. 
T.L.E. L 
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&. AB is the diameter of a circle whose centre is C, and DCE isa 
sector having the are DE constant ; join AE, BD intersecting at P ; 
shew that the angle APB is constant. 

6. On the side AB of any triangle ABC as diameter a circle is 
described ; EF is a diameter parallel to BC; shew that the straight 
lines EB and FB bisect the interior and exterior angles at B. 

7. If AD, CE be drawn perpendicular to the sides BC, AB of a 
triangle ABC, and DE be joined, shew that the angles ADE and ACE 
are equal. [A, E, D, C lie ona circle.] 

8. If two circles ABC, ABD intersect at A and B, and AC, AD be 
two diameters, shew that the straight line CD will pass through B. 

9, If O be the centre of a circle and OA a radius, and a circle be 
described on OA as diameter, the circumference of this circle will bisect 
any chord of the exterior circle drawn from A. 

10. If from the angles at the base of any triangle perpendiculars are 
drawn to the opposite sides, produced if necessary, the straight line 
joining the points of intersection will be bisected by a perpendicular 
drawn to it froin the centre of the base. 

11, If two chords of a circle meet at right angles within or without 
a circle, the squares on their segments are MSA equal to the squares 
on the diameter. 

[Let the chords be AB, CD meeting within the circle at O and let 
AA’ be the diameter through A. Then 

Z£CAB=rt. 2—ACD=rt. 4-AA’D=ZDAA’; 
LAY abe. 
“. AO?+ OD?+ BO?+ 0C?=AD?+ BC?=AD?+ DA? =AA”. 
Similarly if the chords cut without the circle. ] 

12. AB is a diameter of a circle and C a given point in AB; finda 
point in the circumference at which both AC and CB will subtend half 
a right angle. 

[Join © to the middle point D of the are AB; the required point is 
the point where CD meets the circle again. ] 

18. Circles are described on the sides of a quadrilateral as diameters 5 
prove that the common chord of two of these circles which are adjacent 
is parallel to the common chord of the other two. 

14. ABCD is a quadrilateral figure inscribed in a circle; if the 
bisectors of two of its opposite angles meet the circle in E and F, then 
EF is a diameter. ; 

16. Divide a straight line into two parts such that the rectangle§) 
contained by the two parts may be equal to a given square. When is 
this impossible? [Use IT. 5.] 
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PROPOSITION 32. THEOREM. 


Tf a straight line touch a circle, and from the point of contact 
a chord be drawn, the ungles which this chord makes with the tangent 
shall be equal to the angles which are in the alternate segments 
of the cirele. 

Let the straight line EF touch the circle ABCD at the 
point B, and from B let the chord BD be drawn, cutting the 
circle : then 
(1) the angle DBF shall be equal to the angle in the segment 
(BAD, and 
(2) the angle DBE shall be equal to the angle in the segment BCD. 
Construction. From B draw BA at 
right angles to EF, (elle 
nd take any point C in the are BD. 

Join AD, DC, CB. 

Proof. (1) Because BA is drawn at 
right angles to the tangent EF at its 
point of contact B, (Constr. _ 
-, the centre of the circle isin BA;[III.19. © 


*. the -ADB, being in a semicircle, is a right 2; [III. 31. 
*, the other two angles BAD, ABD together =aright 2. [I. 32. 
But ABF is also a right angle ; [Constr. 


*. the _ABF =the angles BAD, ABD. 

‘rom each of these equals take the common ~ABD; 

;. the remaining ~DBF =the remaining -BAD, [Aw.3. 
hich is in the alternate segment of the circle. 

(2) Because ABCD is a quadrilateral in a circle, the angles 
BAD, BCD together = two right angles. [TII. 22. 
sut the angles DBF, DBE together = two right angles ; [1. 18. 
', the angles DBF, DBE together =the angles BAD, BCD. 
d the ~DBF has been shewn equal to the zBAD; 

. the remaining ~DBE=the remaining - BCD, Pag: 
hich is in the alternate segment of the circle. 
| Wherefore, ¢/ a straight line, ete. [Q.E.D. 
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PROPOSITION 33. PROBLEM. 


On a given straight line to describe a segment of a circle, contain- 
ing an angle equal to a given rectilineal angle. 

Let AB be the given straight line, and C the given recti- 
lineal angle : 
it is required to describe on AB a segment of a circle containing 
an angle equal to C. 

A F B 

Cask I. First, let the 2C be a right z. 
Bisect AB at F, [I. 10. 
and with centre F and radius FB describe the semicircle AHB. 


Then the ~AHB ina semicircle is equal to the right cC. [III. 81. 
Case II. Let the -C be not aright 2. 


Ho lg H 
eS NK B 
E 
c (CA B 
D 
D 


Construction. At A makethe ~BAD equal tothe 2C;[I. 23. 
from A draw AE at right angles to AD; [I. 11. 
bisect AB at F; [I. 10. 
from F draw FG at right angles to AB to meet AE in G, [1 11. 

Join GB. 


Proof. In the triangles AFG, BFG, 


AF=BF, 
because | and FG is common, ‘ 
and the right zAFG=the right -BFG; [I. Az. 11. 
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.. the base AG =the base BG, [I. 4. 
and therefore the circle described from the centre G, with 
jradius GA, will pass through the point B. 
| Let this circle be described ; and let it be AHB. 

The segment AIMB shall contain an angle equal to the given 
rectilineal angle C. 
Because AD is drawn at right angles to the diameter AE, 

.. AD touches the circle. [III. 16. Corollary. 
Also, because AB is drawn from the point of contact A, 
ithe ~_DAB=the z in the alternate segment AHB. __ [III. 32. 
But the _DAB=the 2C; (Construction. 
|. the 2 in the segment AHB=the <C. [Axiom 1. 
Wherefore, on the given straight line AB, the seyment AHB of 
i circle has been described, containing an angle equal to the given 
ngle C. [Q.u.F. 


EXERCISES ON PROPOSITION 32. 


1. Prove the converse of III. 32. [See Notes, page 327.] 

| #** 2, Ifa tangent toa circle is parallel to a chord, the point of contact 
if the tangent will be the middle point of the arc cut off by the chord. 
3. Two circles touch each other externally. Prove that any straight 
ne drawn through the point of contact cuts off similar segments from 
e two circles. 

4. If two circles intersect one another, prove that each common 
ngent subtends at either common point angles that are equal or 
pplementary. 

5. Bis a point in the circumference of a circle whose centreisC; PA, 
tangent at any point P, meets CB produced at A, and PD is drawn per- 
mdicular to CB ; shew that the straight line PB bisects the angle APD. 
6. Two circles intersect at A and B, and through P any point in the 
‘eumference of one of them the chords PA and PB are drawn to cut 
e other circle at C and D; shew that CD is parallel to the tangent 
Ve 
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7. If from any point in the circumference of a circle a chord and 
tangent be drawn, the perpendiculars dropped on them from the middle 
point of the intercepted arc are equal. 

8. ABisachordand AD a tangent toacircleat A. DPQ isa straight 
line parallel to AB, meeting the circle in P and Q. Prove that the 
triangles PAD, QAB are equiangular. 

9. On a straight line AB as base, and on the same side of it are 
described two segments of circles ; P is any point in the circumference 
of one of the segments, and the straight line BP cuts the circumference 
of the other segment at Q; shew that the angle PAQ is equal to the 
angle between the tangents at A. 

10. C is the centre of a circle; CA, CB are two radii at right 
angles; from B any chord BP is drawn cutting CA at N: a circle 
being described round ANP, shew that it will be touched by BA. 

11. AB and CD are parallel straight lines, and the straight lines 
which join their extremities intersect at Ei: shew that the circles 
described round the triangles ABE, CDE touch one another. 

12. If the centres of two circles which touch each other externally 
be fixed, the common tangent of those circles will touch another circle 
of which the straight line joining the fixed centres is the diameter. 


EXERCISES ON PROPOSITION 33. 


1. Construct a triangle, having given the base, the vertical angle, and 
the point in the base on which the perpendicular falls. 

[On the given base AB describe a segment of a circle containing the 
given vertical angle; by the converse of III. 22 the vertex lies some- 
where on this segment. Through the given point in the base draw a 
straight line perpendicular to the base; this will meet the segment in 
the required vertex. There are two solutions, since two segments can 
be drawn, one on each sidé of AB.] 

2. Construct a triangle, having given the base, the vertical angle, and 
the altitude. 

8. Construct a triangle, having given the base, the vertical angle, and — 
the length of the straight line drawn from the vertex to the middle 
point of the base. 

4, Having given the base and the vertical angle of a triangle, shew 
that the triangle will be greatest when it is isosceles. 
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Proposition 34. PROBLEM. 


From a given circle to cut off a segment containing an angle equal 
to a given rectilineal angle. 

Let ABC be the given circle, and D the given angle : 
it is required to cut of from the circle ABC a segment containing 
an angle equal to D. 


cA 


E B iS 


Construction. Draw the straight line EF touching the circle 
| ABC at B; ula 
and at B make the ~FBC equal to the ~D. [I. 28. 
The segment BAC shall contain an 2 equal to D. 

Proof. Because EF touches the circle ABC, and BC is 


drawn from the point of contact B; [Construction. 


. the -FBC=the ~ in the alternate segment BAC. [III. 32. 
But the .FBC =the -D; [Construction. 
.. the 4 in the segment BAC=the 2D. [Axiom 1. 


) Wherefore, from the given circle ABC, the segment BAC has 
| been cut off, containing an angle equal to the given angle DD. [a.x.F. 
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PROPOSITION 35. THEOREM. 


Lf two chords of a circle cut one another within the circle, the 
rectangle contained by the segments of the one is equal to the rect- 
angle contained by the segments of the other. 

Let the two chords AC, BD cut one another at the point E 
within the circle ; 
the rectangle AK, EC shall be equal to the rectangle BH, ED. 


A Cc 


B 

Construction. Case I. Find the centre F, and, if it be not 
in AC or BD, join FE. 

Draw FK perpendicular to AC and FL perpendicular 
to BD. Join FA. 

Proof. Since AC is bisected at K and divided unequally at E, 
.*. the rect, AE, EC together with the square on KE 

=the square on AK. fil, a 

To each add the square on FK , 

.. the rect. AE, EC, together with the squares on FK, KE, 
=the squares on AK, KF. . 


But, since the angles at K are right angles, [ Construction, 
the squares on FK, KE =the square on FE, [I. 47. 
and the squares on AK, KF'=the square on FA ; [I. 47. 


.. the rect. AE, EC together with the square on FE 
=the square on FA. 

Similarly, the rect. BE, ED together with the square on FE 
=the square on FD, that is, the square on FA ; 
.. the rect. AE, EC with the square on FE | 

=the rect. BE, ED with the square on FE. 

Take away the common square on FE; ; 
-. the rect. AE, EC=the rect. BE, ED. | 
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Casz II. Next, let the centre F be on one of the chords 
BD, and let BD be not perpendicular to 
AC. 

Then since BD is bisected at F and 
divided unequally at KH, 

.. the rect. BE, ED with the square on 
EF =the square on FB, [II. 5. 
that is, the square on FA. 

Also, as in Case I., 
the rect. AE, EC with the square on FE =the square on FA; 
. as before, the rect. AH, EC =the rect. BE, ED. 


| Case III. Next, let F be on BD, and let BD be perpen- 
dicular to AC. Then BD will bisect AC; 


| D 
| 


D 


D 


| 


B B 
Case III. Case TV, 


.. the rect. AE, EC =the square on AE, 
| and .*. the rect. AH, KC, together with the square on EF, 
: =the squares on AL, EF, 


that is, =the square on FA, that is, as in the second case, 
| =the rect. BE, ED with the square on EF, 
| and thus the rect. AE, HC =the rect. BE, ED 


Case LV. Lastly, let both chords pass through the centre F. 
In this case the lines AF, FC, BF, FD are all equal ; 
i .*. the rect. AF, FC=the rect. BF, FD; 
| for each is equal to the square on the radius of the circle. 
Wherefore, if two chords, etc. 
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PROPOSITION 36. THEOREM. 


Tf from any point without a circle two straight lines be drawn, 
one of whach cuts the circle, and the other touches it; the rectangle 
contained by the whole line which cuts the circle, and the part of i 
without the circle, shall be equal to the square on the line which 
touches it. , 

From any point D without the circle ABC let there be 
drawn two straight lines DCA, DB, of which DCA cuts the 
circle and DB touches it: 


the rectangle AD, DC shall be equal to the square on DB. 


Construction. Case I. Let DCA not pass through the 
ceutre of the circle ABC; find the centre E; [HL 
from E draw EF perpendicular to AC ; [i 12 
and join EB, EC, ED. 

Proof. Because EF drawn from the centre cuts the chord 
AC at right angles at F, .. AF=FC. [III. 3. 
And because AC is bisected at F, and produced to D, the 
rectangle AD, DC, together with the square on FC, 

=the square on FD. [It. G3 
To each of these equals add the square on FE; 
.. the rect. AD, DC, with the squares on CF, FE, 


=the squares on DF, FE, [Axiom 2. 
But, because CFE is a right angle, the squares on CF, FE | 
=the square on CH, [I. 47. 


that is, =the square on BH; 
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and the squares on DF, FE=the square on DE; 
. the rect. AD, DC, together with the square on BE, 


=the square on DE. 
that is, =the squares on DB, BE, 
because EBD is a right angle. 
Take away the common square on BE; 
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then the remaining rect. AD, DC =the square on DB. [Axiom 3. 


Casz II. If DCA passes through EH, join EB. 


. Since AC is bisected at E and produced to D, 
the rect. AD, DC, with the square on EC, 


\ 
| 
| =the square on ED, 


| that is, =the sqs. on EB, BD, since EBD isa right z. 
| But the square on EC=the square on HB; 
I. the rect. AD, DC =the square on BD. 


Wherefore, if from any point, ete. 


Corollary. If from any point without 
a circle there be drawn secants AEB, 
AFC, the rectangles contained by the 
whole secants and the parts of them 
without the circles are equal, that is, 
| the rectangle BA, AK=the rectangle 
CA, AF; for each of them is equal to 
the square on the tangent AD. 


(Il. 6. 
ies? 


[Q.E.D. 
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PROPOSITION 37. THEOREM. 


If from any point without a circle there be drawn two straight 
lines, one of which cuts the circle, and the other meets it, and if the 
rectangle contained by the whole line which cuts the circle, and the 
part of it without the circle, be equal to the square on the line which 
meets the circle, the line which meets the circle shall be a tangent. 

Let any point D be taken without the circle ABC, and from 
it let two straight lines DCA, DB be drawn, of which DCA 
cuts the circle, and DB meets it; and let the rectangle AD, DC 
be equal to the square on DB: 

DB shall touch the circle. 


Construction. Draw the straight line DE, touching the 
circle ABC; [111.1% 
find F the centre, {Ill 2 

and join FB, FD, FE. 


Proof. Because DE touches the circle ABC, and DCA cuts it, 


the rect. AD, DC =the square on DE. [III. 36. 
But the rect. AD, DC=the square on DB; [ Hypothesis. 
‘, the square on DE =the square on DB. [Axiom 1. 


Hence, in the triangles DBF, DEF, 


DE= DB, 

because and EF =BF, I. Definition 15. 
and the base DF is common, 

*, the ._DEF=the 2 DBF. {I. 8. 
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| But DEF isa right 4, since DE isa tangent ; (Constr. and III. 18. 
also DBF is a right 2. 
And BF, if produced, is a diameter ; 


DB touches the circle ABC. (III. 16, Corollary. 
Wherefore, if from a point, etc. [Q. B.D. 
EXERCISES. 


*%1, Prove the following converse of III. 35 and III. 36, Cor.: If 
) two straight lines AB, CD intersect in O and the rectangle AO, OB 

| = the rectangle CO, OD, the four points A, B, C, D lie on a cirele. 

[For if the circle passing through A, B, C do not pass through D, 
let it meet CD in E; then, by III. 35 or III. 36 Cor. (according as 
O is within or without CD) the rectangle CO, OH =the rectangle 
} AO, OB=the rectangle CO, OD (Hyp.), -. OH =OD. Hence E coin- 
cides with D, and thus the circle through A, B, C passes through D.] 

*%*2. If two circles cut one another, the tangents drawn to the two 
| circles from any point in the common chord produced are equal. 

**8. Two circles intersect. Shew that their common chord pro- 
duced bisects their common tangent. 

4. If AD, CE are drawn perpendicular to the sides BC, AB of a 
triangle ABC, shew that the rectangle contained by BC and BD is 

equal to the rectangle contained by BA and BE. 

» §. If through any point in the common chord of two circles which 
intersect one another, there be drawn any two other chords, one in 
» each circle, their four extremities all lie on the circumference of a circle. 
6. From a given point as centre, describe a circle cutting a given 

‘straight line in two points, so that the rectangle contained by their 

|) distances from a fixed point in the straight line may be equal to a given 
square. 
| [The radius of the circle is such that its square is equal to the ditfer- 
ence of the square on the line joining the two given points and the 
‘given square. } 
7. A series of circles intersect each other, and are such that the 
_ tangents to them from a fixed point are equal. Shew that the straight 
lines joining the two points of intersection of each pair will pass 
through this point. 
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DEFINITIONS, 


1. A rectilineal figure is said to be inscribed. 
in another rectilineal figure when all the 
angles of the inscribed figure are on the sides 
of the figure in which it is inscribed, each on 
each. 

2. In like manner a figure is said to be 
described about, or circumscribed about, 
another figure when all the sides of the cir- 
cumscribed figure pass through the angular 
points of the figure about which it is de- 
scribed, each through each. 


3. A rectilineal figure is said to be in- 
scribed in a circle when all the angles of the 
inscribed figure are on the circumference of 
the circle. 


4. A rectilineal figure is said to be 
described about a circle when each side 
of the circumscribed figure touches the 
circumference of the circle. 

5. In like manner a circle is said to 
be inscribed in a rectilineal figure when 
the circumference of the circle touches 
each side of the figure. 

Such a circle is often called the in- 
circle and its centre the in-centre. 


Y 
WA 


[A circle is said to be escribed to a triangle when it touches 
one side of the triangle and the other two sides produced. 


For a figure, see page 181. ] 
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6. A circle is said to be described about a 
rectilineal figure when the circumference of 
the circle passes through all the angular 
points of the figure about which it is de- 
scribed. 

Such a circle is often called the circum- 
circle and its centre the circum centre. 

7. A straight line is said to be placed in a 
circle when the extremities of it are on the 
circumference of the circle. 

8. A polygon is a rectilineal Hn: contained by more than 


four straight lines. El, Re, DE 
A polygon of five sides is called a pentagon (Gk. zévte), 
re s1x _ hexagon (Gk. é£). 
re seven ,, heptagon (Gk. érrd). 
i eight __,, », an octagon (Gk. oxrW). 
7 ten " » a decagon (Gk. déxa), 
‘s twelve ,, 2 dodecagon (Gk. Sédexa), 
‘ fifteen ,, . quindecagon (Lat. guinque; 
Gk. d€xa), 


9. A regular polygon is one which has all its sides equal 
and also all its angles equal, i.¢. it is equilateral and equi- 
angular. 
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PROPOSITION 1. THEOREM. 


In a given circle, to draw a chord equal to a gwen straight line, 
which is not greater than the diameter of the circle. 
Let ABC be the given circle, and D the given straight line, 


not greater than the diameter of the circle : 
at is required to draw a chord of the circle ABC equal to D. 


A 


D 


Construction. Draw BC, a diameter of the circle ABC. 
Then, if BC=D, the thing required is done; for, in the circle 
ABC, a straight line is placed equal to D. 

But, if it is not, BC is greater than D. [ Hypothesis. 
Make CE equal to D, fl. 3. 
and with centre C and radius CE describe the circle AEF 


and join CA. 
Proof. Because C is the centre of the circle AEF, 


CA=CE; [I. Definition 15. 
but CE=D; [Construction. 
. CA=D. [Axiom 1. 


Wherefore, in the circle ABC, a straight line CA is placed 
equal to the given straight line D, which is not greater than the 


diameter of the circle. [Q.u.F. 
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PROPOSITION 2. PROBLEM. 


In a gwen circle, to inscribe a triangle equiangular to a given 
triangle. . 

Let ABC be the given circle, and DEF the given triangle: 
it is required to inscribe in the circle ABC «a triangle equiangular 
to DEF. 

G 


Construction. At any point A on the circumference draw 
the tangent GAH ; PLE, Wiese 
at A make the ~-HAC equal to the . DEF, HL 2B 
and also make the ~GAB equal to the ~DFE; 
join BC. ABC shall be the triangle required. 


Proof. Because GAH touches the circle ABC, and AC is 


drawn from the point of contact A ; [ Construction. 
. the _HAC=the -ABC in the alternate segment. [III. 32. 
But the _HAC=the DEF; [Construction. 
“. the .ABC=the ~ DEF. [Axiom 1. 


Sumilarly, the -.ACB=the .DFE; 
.. the third ~.BAC=the third EDF.  [I. 32, Aaioms 11 and 3. 
Wherefore the triangle ABC is equiangular to the triangle 
DEF, and it is inscribed in the circle ABC. [Q.B.F. 
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PROPOSITION 3. PROBLEM. 


About a given cirele, to describe a traingle equangular to a given 
triangle. 

Let ABC be the given circle, and DEF the given triangle: 
at as required to describe a triangle about the cirele ABC equi- 
angular to the ADEF. 


L 
D 
C 
A 
G FH 
M B N 
Construction. Produce EF both ways to G and H; 
find K, the centre of the circle ABC; OO, 3, 


from K draw any radius KB; 
at K make the -BKA equal to the ~DEG, 

and the <BKC equal to the -DFH ; [I. 23. 
and through A, B, C draw the straight lines LAM, MBN, NCL 
at right angles to KA, KB, and KC respectively. (adie 
LMN shall be the triangle required. 


Proof. Because LM, MN, NL are drawn perpendicular to 
the radii KA, KB, KC through their extremities, [Construction. 
therefore LM, MN, NL all touch the circle, -\ \“" 
and LMN isa A described about the circle. 
Also because the four angles of the figure AMBK are together 
equal to four right angles, 
for it can be divided into two triangles, 
and two of them KAM, KBM are right angles, 
.. the other two AKB, AMB are together equal to two right 
angles. [Axiom 3. 
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But the angles DEG, DEF together =two right angles; [1.13. 
.. the angles AKB, AMB=the angles DEG, DEF; 
of which the .AKB=the ~zDEG; [Construction. 
*, the remaining ~AMB=the remaining DEF. [Az 3. 
Similarly, the angles LNM and DFE may be shewn to be equal; 
.. the third .MLN =the third ~EDF. [I. 32, Axioms 11 and 3. 
‘Wherefore the triangle LMN is equiangular to the triangle 
DEF, and it is described about the circle ABC. [Q. BF. 


EXERCISES. 


1, Place a chord in a given circle equal to a given straight line, so 
that it shall be parallel to another given straight line. 

2. Place a chord of given length in a given circle, so that it may pass 
through a given point within or without the circle. When is this 
impossible ? 

8. Inscribe in a circle a triangle MNP whose sides are parallel to 
three given straight lines. 

4. Two triangles are circumscribed to a given circle, each of them 
being equiangular to a given triangle; prove that the triangles are 
equal in all respects. 

5. Any rectilinear figure ABCDE is inscribed in a circle; the arcs’ 
AB, BC, CD, DE, EA are bisected, and tangents drawn at the points 
of bisection ; shew that the resulting figure is equiangular to ABCDE. 

6. Prove that the area of an equilateral ti iangle inscribed in a circle 
is one-quarter that of the equilateral triangle circumscribed to the 
circle. 

[Let ABC be au equilateral triangle inscribed in a given circle; at 
A, B, C draw tangents. Let the tangents at B, C meet in A’; those 
at C, A in B’; and those at A, Bin C’. Then A’BC’ is an equi- 
lateral A described about the circle, and it is easy to prove that the 
A® A’CB, B'AC, C’BA and ABC are all equal. ] 
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PROPOSITION 4. PROBLEM. 


To inscribe“a circle in a given triangle. 
Let ABC be the given triangle: 


it is required to inscribe a circle in the triangle ABC. 


A 
E 
F 
B D Cc 

Construction. Bisect the angles ABC, ACB by the straight 
lines BI, CI, meeting one another at the point I; [I. 9. 
and from I draw ID, IE, IF perpendiculars to BC, CA, AB. 
(I. 12. 


Proof. In the triangles DBI, FBI, 
f the ~.DBI=the FBI, (Construction. 
because, and the right ~_BDI=the right -BFI, 
lea the side BI is common ; 


~, ID=IF, a, 2 
For the same reason JOINS 2 
oo USE 5 [Axiom 1. 


.. the three straight lines ID, IE, IF are equal and the circle 

described with centre I, and radius equal to any one of them, 

will pass through the extremities of the other two ; 

and it will touch the straight lines BC, CA, AB, because the 

angles at the points D, E, F are right angles; [III. 16, Cor. 1. 

.’. the circle DEF is inscribed in the triangle ABC. 
Wherefore a circle has been inscribed in the given triangle. [9.z.F. 
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ADDITIONAL PROPOSITION. 


To draw an escribed circle of a given triangle. 

Let ABC be the given triangle : 
it is required to draw the escribed circle which is opposite to the angle A, 
that ts, which touches BC externally. 


G H 


Construction. Produce AB and AC to G and H; 
bisect the exterior angles GBC, HCB by the straight lines BL, Cl, 
which meet at J, ; 
draw I,D, I,E, and IF perpendicular to BC, CA, and AB respectively. 


Proof. In the triangles I,BD, I,BF, 
the 41,BD=the zI,BF, [ Construction. 
because { and the right 41,DB=the right 21, FB, 
and the side I,B is common ; 
*. the base 1,D=the base IF. [I. 26. 
Similarly, it may be shewn that I,D=LE; 
therefore I,D, I,E, and I,F are equal, and a circle described with 
centre J,, and radius equal to either of these three, will pass through 
the extremities of the other two. 
Also, since the angles at D, E, F are right angles, this circle will touch 
BC and AB, AC produced, and will therefore be the circle required. 


Corollary. Since this circle touches AH, AF, the angles J,AE and 


I,AF will be equal, (III. 17, Corollary. 
and I,A will therefore bisect the angle BAC. 
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EXERCISES. 


**1. In the figure of IV. 4, prove that AI bisects the angle BAC, 
and hence that the bisectors of the angles of a triangle meet in a point. 
%*2. In the figure of IV. 4, prove that BD+CA=CE+ AB=AF+ BC 
=the semi-perimeter of the triangle ABC. 
[BD=BF, CD=CE, AE=AF (III. 17, Cor.) ; 
. snm of twice BD, CE, AE=sum of BD, BF, CE, CD, AE, AF 
=sum of BC, CA, AB; 

. twice BD and twice AC=perimeter, etc. ] 

8. The circle inscribed in a triangle ABC touches the sides in the 
points D, E, and F. Prove that the angles of the triangle DEF are 
equal to the complements of half the angles of the triangle ABC, and 
hence that the triangle DEF is always acnte-angled. 

4. Without producing two straight lines to meet, find that straight 
line which would bisect the angle between them. 

[Suppose BK, CL to be the two lines; draw any straight line BC to 
meet them; bisect 4° at B, C by straight lines BI, CI meeting in I; 
draw IF, IE perpendicular to BK, CL and bisect FIE; this bisecting 
line will be the reqnired line. ] 

5. With the vertices A, B, C of a triangle as centres draw three 
circles, each of which touches the other two. 

6. A circle is inscribed in a triangle ABC, and a triangle is cut off at 
each angle by a tangent to the circle. Shew that the sides of the three 
triangles so cut off are together equal to the sides of ABC. 

7. If the circle inscribed in a triangle ABC touch the sides AB, AC 
at the points D, E, prove that the middle point of the arc DE is the 
centre of the circle inscribed in the triangle ADE. 

8. Find the centre of a circle cutting off three equal chords from the 
sides of a triangle. 

The escribed circle opposite the angle A of a triangle touches the 
sides in the points D,, K,, F, and the inscribed circle touches them 
in D, E, and F; prove that 

**9, AK, =AF,=the semi-perimeter of the A ABC. 

1c. BD=CD,. 

11. DD,=the difference between the sides AB and AC. 

12. Two sides of a triangle whose perimeter is constant are given in 
position ; prove that the third side always touches a certain circle. 

I is the in-centre and I, L, 1, the centres of the escribed circles of 
the triangles ABC; prove that 

**18. AII,, BII,, and CIl, are straight lines. [See App. Art. 48.] 

**14, I,Al;, I,BI,, and 1,Cl, are straight lines. 
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**15, AII, is perpendicular to I,I,, etc. 
16. I, B, C, I, lie ona circle. 
. 17. I, I,, B, C lie on a circle. 

18, the triangles BCI,, CAI,, and ABI, are equiangular. 

19, If the escribed circles opposite to the angles A, B, C of a tri- 
angle touch the sides BC, CA, AB in D,, D,, Ds, prove that AD,=BD,, 
BD;=CD,, and CD,= ADs. 

20. The triangle formed by joining the centres of the escribed circles 
of the triangle and that formed by joining the points of contact of the 
inscribed circle are equiangular. 

21. How many circles can, in general, be drawn to touch three 
straight lines? What are the exceptional cases ? 
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PROPOSITION 5, PROBLEM 


To describe a circle about a given triungle. 
Let ABC be the given triangle: 
it is required to describe a circle about ABC, 


Construction. Bisect AB, AC atthe points I, E; [1.10. 
from these points draw FO, EO at right angles to AB, AC; 


fi, Un. 
FO, EO, produced, will meet one another ; 


for if they do not meet they are parallel ; 
therefore AB, AC, which are at right angles to them, are 
parallel, which is absurd : 
let them meet at O, and join OA; 
also, if O be not in BC, join BO, CO. 


Proof. In the triangles AFO, BFO, 
AF=BF, [Construction. 
because 


and FO is common, 
and the right ~AFO=the right -BFO; 


.. the base OA =the base OB. Ve 
Similarly, it may be shewn that OC=OA ; 
.. OB=OC, [Axiom 1. 


and OA, OB, OC are all equal. 
Therefore the circle described with centre O, and radius equal 
to any one of them, will pass through the extremities of the 
other two, and will be described about the triangle ABC. 
Wherefore a circle has been described about the given triangle. 


[Q.E.F. 
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Corollary. It is clear that 


_ (i.) when the centre of the circle falls within the triangle, each 
of its angles is less than a right angle, each of them being in 
a segment greater than a semicircle ; 


(ii.) when the centre is in one of the sides of a triangle, the 
L opposite to this side, being in a semicircle, is a right 4; and 


| (iii.) when the centre falls without the triangle, the 2 opposite 
_ to the side beyond which it is, being in a segment less than a 
semicircle, is greater than a right 4. (Ue Bik 


Therefore, conversely, if the given triangle be acute-angled, the 
centre of the circle falls within it; if tt be a right-angled triangle, 
the centre is in the side opposite to the right angle; and if it be an 
obtuse-angled triangle, the centre falls without the triangle, beyond 
_ the side opposite to the obtuse angle. 


EXERCISES. 


#1. In IV. 5, shew that the perpendicular from O on BC will bisect 
BC, and hence that the straight lines which bisect at right angles the 
sides of a triangle all meet in a point. 

**2, If the inscribed and circumscribed circles of a triangle be 
concentric, shew that the triangle must be equilateral. 

The perpendicular from O on BC meets the circum-circle in K 
and L (K being on the opposite side of BC from A). Prove that 

see bOK —7COK =A. 

4. AK and AL bisect the interior and exterior angles at A. 

*«5, K is the centre of the circum-circle of BIC, where I is the 
in-centre. 

6. The angle between the radius of the circum-circle passing through 
| the vertex A of a triangle ABC, and the perpendicular from A upon 
BC is equal to the difference of the base angles of the triangle. 

7. O is the centre of the circle circumscribing a triangle ABC; 
D, HE, F the feet of the perpendiculars from A, B, C on the opposite 
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sides, Shew that OA, OB, OC are respectively perpendicular to 
EF, FD, DE. 

8. In an equilateral triangle, prove that the radius of the circum- 
circle is twice that of the in-circle, and the radius of the escribed circle 
is three times that of the in-circle. 

[Let O be the in- and circum-centre of the equilateral A ABC and 
O, the e-centre opposite A; let AD be L* to BC and P the middle 
point of OO,. Then OCO, is a rt. 4 and .. P is the circum-centre of 
4 OCO, 3) os. POl= PU] POs ee 2PCO=7 POC =2 FACO=2 200m 
=2 complement of 4DCO,=22D0,C=ZDPC, and -. POC is equi- 
lateral; «. OC=OP=2 0D, and 0,D=0,P+ PD=20D+0D=3 OD.] 

9. The side BC of a triangle ABC is produced to D so that the 
triangles ABD, ACD are equiangular. Prove that AD touches the 
circum-cirele of the triangle ABC. 

10. A quadrilateral ABCD is inscribed in a circle, and AD, BC 
are produced to meet at E. Shew that the circle described about the 
triangle ECD will have the tangent at E parallel to AB. 

11. If DE be drawn parallel to the base BC of a triangle ABC to 
meet the sides in D and E, shew that the circles described about tne 
triangles ABC and ADE have a common tangent. 

12. The diagonals of a given quadrilateral ABCD intersect at O. 
Shew that the centres of the circles described about the triangles 
OAB, OBC, OCD, ODA are at the angular points of a parallelo- 
gram. 

[Each of its sides is perpendicular to one of the diagonals of ABCD.] 

13. The opposite sides of a quadrilateral inscribed in a circle are 
produced to meet in P and Q, and about the triangles so formed 
without the quadrilateral circles are described, which meet in R. 
Prove that PRQ is a straight line. 

14. Three circles whose centres are A, B, and C touch one another 
externally in D, E, and F. Prove that the in-circle of the triangle 
ABC is the circum-circle of the triangle DEF. 

[Draw the common tangents at D, E to meet in O. Then shew that 
OFA is a right 4 so that the common tangent at F goes through O. 
Then prove that OA=OB=OC and OD=OE=OF. ] 

%%15. The four circles each of which passes through the centres of 
three of the four circles touching the sides of a triangle are equal to 
one another. 

16. If L, M, N be any three points on the sides BC, CA, AB of a 
triangle, prove that the circles which circumscribe the triangles MAN, 
NBL, LCM meet in a point. 


BOOK IV. 6. 187 


PROPOSITION 6. PROBLEM. 


| To inscribe a square in a gwen circle. 
Let ABCD be the given circle: 
is required to inscribe a square in ABCD. 


'Construction. Find the centre E of the circle, and draw 


ro diameters AC, BD at right angles to one another ; ; 
(IE. 1, 1. 11. 
| and join AB, BO, CD, DA. 

he figure ABCD shall be the square required. 


Proof. In the two triangles BEA, DEA, 
BE= DE, being radii, 
ecause , and AE is common, 
le the right ~BEA =the right ~DEA, 
.. the base BA =the base DA. [I. 4. 
Similarly, BC, DC each=BA, or DA; 
, the figure ABCD is equilateral. - 
Also, BD being a diameter of the circle ABCD, 
BAD is a semicircle ; [ Constr. 
*, the -BAD isa right 2. [III. 31. 
. the figure “ABCD is equilateral, and has one angle a right 
ngle ; 
', itis a square. 


Wherefore « square has been inscribed in the given circle. 
[Q.E.F. 
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PROPOSITION 7. PROBLEM. 
To describe a square about a gwen circle. 
Let ABCD be the given circle: 
it is required to describe a square about it. 


Construction. Find the centre E, and draw two diameters 
AC, BD at right angles to one another ; (Ite 1) ee 
and through A, B, C, D draw FG, GH, HK, KF perpen- 
dicular to EA, EB, EC, ED. 

The figure GHKF shall be the square required. 
Proof. (1) Because FG, GH, HK, KF are drawn at right 
angles to the radii HA, EB, EC, ED at their extremities, 
therefore they touch the circle, [III. 16, Cor. 1. 
and the circle is inscribed in the figure GHKF. 
Also because AEB and EBG are both right angles, — [Constr. 
... GH is parallel to AC. [I. 28. 
Similarly, AC is parallel to FK, 
and GF, HK are each parallel to BD ; 
‘. the figures GK, GC, CF, FB, BK are parallelograms ; 
GH anda Kh teach wae 
and GF and HK each=BD. fI. 34. 
But AC=BD, both being diameters ; 
-. GH, HK, KF, FG are all equal, and FGHK is equilateral. 
(2) Again, since AEBG is a parallelogram, and AEB a right , 
*, the opposite -AGB is also a right 2. ES 
*. the figure FGHK is equilateral, and has one of its angles 
a right angle; therefore it is a square. 
Wherefore a square has been described about the given circle. [Q.u.¥. 
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PROPOSITION 8. PROBLEM. 
To inscribe a circle in a given square. 


Let ABCD be the given square : 
it is required to inscribe a circle in ABCD. 


KIN 
KATA 


Construction. Bisect each of the oe AB, AD at the 


points F, E; (fle 10} 
through E draw EH parallel to AB or DC, and through F 
draw FK parallel to AD or BC. (I. 31. 


Proof. Let EH and FK meet in G. 
AB and AD are equal, being sides of a square ; 


*, their halves, AF and AK, are equal ; [Axiom 7. 
therefore, since AEGF is a parallelogram by construction, the 
opposite sides GF’, GE are equal. fas 


Similarly, it may be shewn that GK =GH, and GH=GF. 
*. GE, GF, GH, GK are all equal, and the circle described 
with centre G, and radius equal to any one of them, will 
pass through the extremities of the other three ; 
and it will touch AB, BC, CD, DA, because these are straight 


lines drawn through E, F, H, K perpendicular to the radii. 
[III. 16, Cor. 3. 
Wherefore a circle has been inscribed in the gwen square. [Q.5.¥. 


EXERCISE. 


Prove the following alternative construction: Draw the diagonals AC 
and BD, and let them meet in O; draw OP, OQ, OR, OS perpendicular 
to the sides ; the required circle has its centre at.O and its radius equal to 


either of the four OP, OQ, OR, OS. 
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PROPOSITION 9. PROBLEM. 
To describe a circle about a given square. 


Let ABCD be the given square: 
it is required to describe a circle about ABCD. 


Construction. Join AC, BD, cutting one another at E. 
Proof. Inthe triangles BAC, DAC, 


AB= AD, 
because fan AC is common, 
and the base BC =the base DC ; 
*. the <.BAC=the ~-DAC, {1.3} 
that is, the ~BAD is bisected by AC. 
Similarly, the other angles of the square are bisected by 
BD or AC. 
Then, because the angles DAB, ABC are equal, 
‘, their halves, the angles EAB, EBA, are equal, 
and therefore the sides EB and HA are equal. [I. 6. 
Similarly, it may be shewn that EC=EB, and ED=EA. 
‘, EA, EB, EC, ED are all equal, and the circle described 
with centre EH, and radius equal to any one of them, will pass 
through the ends of the other three, and will be described 
about the square ABCD. 
Wherefore a circle has been described about the given square. 
[Q.E.¥. 
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EXERCISES. 


1. Describe a circle about a given rectangle. 
_ #2, The square inscribed in a circle is double of the square on the 
radius. 
#**8. The square circumscribed about a circle is double of the square 
inscribed in the same circle. 
_ %*%*4, Shew that no rectangle except a square can be described about 
a circle. 

5. Describe a square about a given rectangle. 
| [Let ABCD be the rectangle; at A draw a straight line outside the 
square making an 2 equal to half a right 2 with AD; similarly at 
B, C, D; the figure obtained is the required square. | 

6. Inscribe a regular octagon in a given circle. 
7. The area of a regular octagon inscribed in a circle is equal to the 
rectangle contained by the sides of the squares inscribed in and circum- 
scribed about the circle. 

[Let ABCD be the inscribed square and E, F, G, H the middle 
points of the ares AB, BC, CD, DA. Let the tangents at A, B meet 
in K and AB meet OK in L. The rect. contained by the sides of the 
inscribed and circumscribed squares = rect. by 2 AK and AB=four times 
rect. AK, AL=four times rect. AL, OB=four times rect. AL, OF 
=eight times A AOE (I. 41)=area of octagon AEBFCGDK. } 

8. If from any point in the circumference of a given circle straight 
lines be drawn to the four angular points of an inscribed square, the 
sum of the squares on the four straight lines is double the square on 
the diameter. [Use Ex. 1, p. 109.] 
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PROPOSITION 10. PROBLEM 


To describe an isosceles triangle, having each of the angles at the 
base double of the third angle. 
Construction. Take any straight line AB, and divide it at C, 


so that the rect. AB, BC=the square on AC; ame. 
with centre A and radius AB describe the circle BDE, and 
in it draw the chord BD equal to AC; Ved 
join DA. 


The triangle ABD shall be such as is required. 
Join DC; and about the triangle ACD describe the circle 


ACD. fIV. 5. 
z 


MN, 


B D 
Proof. Because the rect. AB, BC =the square on AC, [Const. 
that is, =the square on BD, [ Construction. 
.. BD touches the circle ACD. (ILL. 373 


Also, DC is drawn from the point of contact D ; 
.. the 2£BDC=the -DAC in the alternate segment. [III. 32. 
To each of these add the ~CDA ; 
.. the whole angle BDA =the two angles CDA, DAC. [Az. 2. 
But the exterior ~_BCD =the angles CDA, DAC; [I. 32. 


-. the 2bUA>thersb0n) [Axiom 1. 

But the .BDA=the 2DBA, since AD=AB; i 
.. the 2DBA also=the ~BCD; [Axiom 1. 
Se — li [I. 6. 


but DB was made equal to CA; .*. CA=CD, [Axiom 1. 
and .-. the -CAD=the zCDA. fia: 
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But the angle BCD =the sum of the angles CAD, CDA ; [I. 32. 

.. the 2BCD is double of the ~CAD. 

| And the angle BCD has been shewn to be equal to each of the 

jangles BDA, DBA; 

*, each of the angles BDA, DBA is double of the ~BAD., 
Wherefore an isosceles triangle has been described, having each 

of the angles at the base double of the third angle. [Q.u.F. 


i 


EXERCISES. 


**1. Prove that the angle BAD is one-fifth part of two right angles. 
**2,. Divide a right angle into 5 equal parts. 

3. Divide a circle into two parts so that the angle in one segment 
may be four times that in the other. 
4. Shew that the angle ACD in the figure of IV. 10 is equal to 
three times the angle at the vertex of the triangle. 

5. Shew that the smaller of the two circles employed in the figure of 

\IV. 10 is equal to the circle described round the required triangle. 

} [If two A* have equal bases and equal vertical angles then, as in the 

converse of III. 21, their circum-circles are equal. Also, in the above 

figure, we have BD=AC and zBAD=ADC; .. etc.] 

} 6. Shew that in the figure of IV. 10 there are two triangles which 

possess the required property. Shew that thcre is also an isosceles 

triangle whose equal angles are each one-third part of the third angle. 

[These two A’ are BCD and ACD.] 

In the figure of IV. 10, if the two circles meet again in F, prove that 

#*%*7,. AC is the side of a regular decagon inscribed in the larger circle. 

**8. BD 5s x pentagon Pe smaller circle. 
& DF=BD. 

[ZAFD=2 rt. 2s -zACD=zBCD =z ABD, ete.] 

10. BF is the side of a regular pentagon inscribed in the larger 
jcircle. 

[ZFAD=ZBAD; .«. 4FAB=22BAD=one fifth of four rt. 45; .. ete.] 

11. If AF meet BD in K, then CDKF isa parallelogram. 

T.L.E. N 
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PROPOSITION 11. PROBLEM. 


- To inscribe a regular pentagon in a given circle. 
Let ABCDE be the given circle : 
it is required to inscribe a regular pentagon in the circle ABCDE. 


A 


F La iN 
I | \ q 
G Ini KN D 
Construction. Describe an isosceles triangle FGH, having 


each of the angles at G, H double of the angle at F; [Iv. 10. 
in the circle ABCDE inscribe the triangle ACD equiangular 


to the triangle FGH, any, 2 

so that each of the angles ACD, ADC is double of the 

angle CAD; 

bisect the angles ACD, ADC by the straight lines CE, DB, 
na) 


and join AB, BC, AK, ED; 
then ABCDE shall be the pentagon required. 


Proof. (1) Because each of the angles ACD, ADC is double 
of the angle CAD, 
and that they are bisected by the straight lines CE, DB; 
.. the five angles ADB, BDC, CAD, DCE, ECA are equal. 
But equal angles stand on equal ares ; 
.. the five ares AB, BC, CD, DE, EA are equal. fIII. 26. 
Also equal arcs are subtended by equal chords ; [III 29. 
.. the five chords AB, BC, CD, DE, EA are equal ; 
and therefore the pentagon ABCDE is equilateral. 

(2) It is also equiangular. 
For the are AB=the are DE; to each add the are BCD; 
.. the whole are ABCD =the whole are BCDE. [Axiom 2. 
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Also the ~AED stands on the are ABCD, and the -BAE 

on the are BCDE. 
. the .AED=the ~BAE. (Iii. 27. 

Similarly, each of the angles ABC, BCD, CDE is equal to 
the angle AED or BAE; 
*, the pentagon ABCDE is equiangular. 
Also it has been shewn to be equilateral. 

Wherefore a regular pentagon has been inscribed in the given 
circle, . [Q.E.F. 


EXERCISES. 


*K1, What is the magnitude of the angle of a regular pentagon ? 
2. If the alternate sides of a regular pentagon be produced to meet, 
the five points of intersection form another regular pentagon. 
ABCDE is a regular pentagon ; prove that 
**S. Any angle of it is trisected by the straight lines joining it to 
the opposite angular points. 
4. CD and AE meet at an angle equal to CAD. 
[If CD, AE meet in X, the 2X DE=ZCAE (III. 22)=2 zCAD=zZACD 
and soZXED=ZADC; .«. ZEXC=CAD.] 
*%5. The diagonals AC and AD are parallel to the sides ED and 
BC respectively. 
**6, All the diagonals intersect so as to form another regular 
pentagon. 
7. If AC and BE meet in F, then AB, CF, and EF are equal, and 
hence that any two diagonals divide one another in medial section. 
[4FEC=zFCE=z subtended by aside; .. FE=FC; 
£CFB=ZFBA+2ZFAB=twice Z subtended by a side=zCBE; 
«. CF=CB=AB. Also AACE is a A equiangular with AABD in 
IV. 10 and since .AEB=z BEC, EF bisects 2E at its base; .. asin 
IV. 10, rect. CA. AF =CF?.] 
8. CFED is a rhombus, 
9. AB is a tangent to the circum-circle of the triangle BFC. 
10. AE and BC are tangents to the circum-circle of the triangle CHE. 
11. ABCDE is a regular pentagon inscribed in a circles; the ares 
AB, BC, CD, DE, and EA are bisected, and lines drawn parallel to 
the sides of the inscribed pentagon. Prove that these lines form a 
circumscribing pentagon. 
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PROPOSITION 12. PROBLEM. 


To describe a regular pentagon about a given circle. 
Let ABCDE be the given circle : 
at is required to describe a regular pentagon about tt. 


K Cc L 


Construction. Let the angular points of a regular pentagon, 
inscribed in the circle,’ be A, B, C, D, HE, so that the arcs 


AB, BC, CD, DE, EA are equal ; VW 
and through the points A, B, C, D, E draw GH, HK, KL, 
LM, MG touching the circle. [III. 17. 


The figure GHKLM shall be the pentagon required. 
Proof. (1) In the triangles FBK, FCK, 
FB=FC, both being radii, 
because {an FK is common, 


and the base BK =the base KC, both being tangents. 
PS 7, Cone. 


. the <BFK =the 2CFK, pe 
and the zBKF =the -CKF; [T. 4, 

.. the BFC =twice the ~-CFK, 

and the ~.BKC=twice the ~-CKF. 

Similarly, the ~CFD=twice the ~CFL, 

and the ~-CLD =twice the ~-CLF. 

And because the are BC =the are CD, 
the zBFC =the ~CFD; pane ey, 
and the zBFC is double of the ~-CFK, and the ~CFD is 
double of the CFL; 

, the <CFK =the cCFL. [Axiom 7. 
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Then, in the triangles FCK, FCL, 
the ~<CFK =the 2CFL, [ Proved. 
because and the right ~FCK =the right -FCL, 
and the side FC is common ; 
~. CK=CL, and the .FKC=the ~FLC. [I. 26. 
Also because CK is equal to CL, LK is double of CK. 
Similarly, it may be shewn that HK is double of BK. 
And because BK is equal to CK, as was shewn, 
and that HK is double of BK, and LK double of CK ;: 
~. HK=LK. [Aazom 6. 
Similarly, it may be shewn that any two consecutive sides 
of the pentagon are equal, and it is therefore equilateral. 
(2) It is also equiangular. 
For since the LFKC=the 2FLC, 
and that the 2HKL is double of the .FKC, and the .KLM 
double of the ~FLC, as was shewn ; 
.. the <HKL=the ~-KLM. [Axiom 6. 
In the same manner it may be shewn that any two con- 
secutive angles of the pentagon are equal, and it is therefore 
equiangular. 
Also it has been shewn to be equilateral. 
Wherefore a regular pentagon has been described about the given 
circle, [Q.n.F. 


EXERCISES. 


**1. Prove the following alternative construction: In the circle in- 
scribe, by IV. 11, a regular polygon ABCDE; draw the tangents to the 
circle at A, B, C, D, E, and let them meet in P, Q, R, S, T3 then 
PQRST its the required figure. 

**2. The bisectors of all the angles of a regular polygon meet in a 
point. 
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PROPOSITION 13. PROBLEM. 


To inscribe a circle in a given regular pentagon. 
Let ABCDE be the given regular pentagon : 
it 1s required to inscribe a circle in tt. 
Construction. Bisect the angles BCD, 
CDE by CF, DF; [I. 9. 
and from the point F, at which they 8 
meet, draw the straight lines FB, FA, FE. 
Draw FG, FH, FK, FL, FM perpen- 
diculars to AB, BC, CD, DE, EA. [1. 12. 


Proof. In the triangles BCF, DCF, c Ko 
BC=CD, [Hypothesis. 
bene | and CF is common, 
and the ~-BCF=the z2DCF ; [Construction. 
... the base BF =the base DF, 
and the -CBF=the ~CDF, [I. 4. 


... twice the -CBF =twice the CDF. 
that is, =the CDE, which=the -CBA. 
that is, the LABC is bisected by BF. — 
In the same manner it may be shewn that the angles BAL, 
AED are bisected by AF, EF. 
Again, in the triangles FHC, FKC, 
the .FCH =the 2FCK, 
because | and the right -FHC=the right -FKC, 
and the side FC is common ; 
~, FH=FK. [I. 26. 
Similarly, it may be shewn that FL, FM, FG are each equal 
to FH or FK; 
. FG, FH, FK, FL, FM are all equal, and the circle described, 
with centre F and radius equal to any one of them, will pass 
through the extremities of the other four ; 
and it will touch AB, BC, CD, DHE, EA, because the angles 
at G, H, K, L, M are right angles. [IIT. 16. 
Wherefore a circle GHKLM has been inscribed in the given 
regular pentagon ABCDE. [Q.E.F. 
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PROPOSITION 14. PROBLEM. 


To describe a circle about a given regular pentagon. 
Let ABCDE be the given regular pentagon : 
it ts required to describe a circle about tt. 


Construction. Bisect the angles BCD, CDE by the straight 
lines CF, DF, which meet in F. (I. 9. 
Join FB, FA, FE. 


Proof. It may be shewn, as in the preceding proposition, 
that the angles CBA, BAE, AED are bisected by the straight 
lines BF, AF, EF. 

Also because the ~BCD =the ~CDE, 
and that the 2FCD is half of the «BCD, 
and the FDC is half of the ~CDE, 
pe there D—thesz pC: [Axiom 7. 
aoe — kD, [I. 6. 

In the same manner it may be shewn that FB, FA, FE 
are each equal to FC or FD; 
therefore FA, FB, FC, FD, FE are all equal, and the circle 
described, with centre F and radius equal to any one of them, 
will pass through the extremities of the other four, and will 
be described about the pentagon ABCDE. 

Wherefore a circle has been described about the given regular 
pentagon. [Q.E.F. 
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PROPOSITION 15. PROBLEM. 


To inscribe a regular hexagon in a given circle. 
Let ABCDEF be the given circle: it is required to inscribe 
a regular hexagon in it. 


Construction. Find the centre G of the circle, [TIT. 1. 
and draw the diameter AGD ; 
with centre D and radius DG describe the circle EGCH, 
join EG, CG, and produce them to meet the circumference of 
the circle ABCDEF in B and F; 
join AB, BC, CD, DE, EF, FA. 
Then ABCDEF is the hexagon required. 

Proof. (1) Because 


GE=GD, being radii of the circle ABCDEP, 
and DE=DG, being radii of the circle EGCH, 


.. the triangle EGD is equilateral ; [Axiom 1. 
.*. the angles EGD, GDH, DEG are all equal. [I. 5, Corollary. 
.. the angle EGD = one-third of two right angles. [I. 32. 


Similarly, it may be shewn that the angle DGC = one-third 
of two right angles. 
., the angle EGC = two-thirds of two right angles ; 
but the angles EGC, CGB together =two right angles; [I. 13. 
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. the angle CGB=one-third of two right angles ; 
*. the angles EGD, DGC, CGB are equal. 
Also to these are equal the vertical opposite angles BGA, 


| oor FGE ; [I. 15. 
. the six angles EGD, DGC, CGB, BGA, AGF, FGE are 
| all ee 


. the six arcs AB, BC, CD, DE, EF, FA are all aT (Me 2G: 
*, the six chords AB, BC, CD, DE, EF, FA are all equal, 
| and the hexagon is equilateral. — (UID), 


(2) It is also equiangular. 
For the arc AF =the are ED ; to each add the are ABCD ; 
-, the whole arc FABCD =the whole arc ABCDE; 
therefore the angles FED, AFE, which stand on these equal 
ares, are equal. (eu, 27, 
| Similarly, it may be shewn that any other two angles of 
the hexagon ABCDEF are equal ; 
*, the hexagon is equiangular, and it has been shewn to be 
equilateral, and it is inscribed in the circle ABCDEF. 
Wherefore a regular hewagon has been inscribed in the given 
circle. [Q. EF. 


Corollaries. (1) Since EDG is an equilateral triangle, 
therefore DE= DG, 
that is, the side of the hexagon = the radius of the circle. 


(2) If through the points A, B, C, D, E, F there be drawn 
tangents to the circle, a regular hexagon will be described 
about the circle, as may be shewn from what was said of the 
pentagon ; and a circle may be inscribed in a given regular 
hexagon, and circumscribed about it, by a method like that 
used for the pentagon. 
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PROPOSITION 16. PROBLEM. 


To inscribe a regular quindecagon in a given circle. 
Let ABCD be the given circle: 


it is required to inscribe a regular quindecagon in it. 


Let AC be the side of an equilateral A inscribed in the 
circle, [Iv. 2 
and AB the side of a regular pentagon inscribed in it. [IV. 11. 

Then, of such equal parts, as the whole circumference 
ABCDF contains fifteen, 
the arc ABC, which is the third part of the whole, contains five, 
and the arc AB, which is the fifth part, contains three, 
and therefore their difference, the arc BC, contains two. 
Bisect the arc BC at E; (III. 30. 
therefore each of the arcs BE, EC is the fifteenth part of the 
whole circumference. 

*, if BE, EC be drawn, and chords equal to them be placed 
round in the whole circle, [lV. i 
a regular quindecagon will be inscribed in it. [Q.E.F. 


Corollary. As in the case of the pentagon, if through the 
points of division made by inscribing the quindecagon tangents 
be drawn to the circle, a regular quindecagon will be described 
about it; and also, as for the pentagon, a circle may be 
inscribed in a given regular quindecagon, and circumscribed 
about it. 
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EXERCISES. 


1. AB, BC are sides of a regular hexagon, and therefore AC is the 
| side of an equilateral triangle inscribed in the same circle. Prove that 
the square on AC is three times the square on AB. 

2. In the figure of IV. 15, prove that A, C, E are the angular points 
of an equilateral triangle. 

**3, The area of a regular hexagon is twice that of an equilateral 
‘triangle inscribed in the same circle. 
[In the figure of IV. 15, AGBC is a |s™, and .». =twice AAGC. 


etc. | 
| 4. Construct on a given straight line as one side a regular— 
(1) pentagon; (2) hexagon; (3) octagon. 
#*5. Inseribe a figure of 30 sides in a given circle. 
“6, Any equilateral figure which is inscribed in a circle is also 
| ‘equiangular, 

7. If the alternate sides of a regular polygon be produced to meet, 
the points of intersection form another regular polygon of the same 
number of sides. 

**8. Prove that the centre of the inscribed circle and of the circum- 
scribing circle of any regular polygon is found by bisecting any two 


‘consecutive angles. 
*9, If we have any regular polygon in a circle and draw tangents 
to the circle at its vertices, the latter form a regular circumscribed 
polygon having the same number of the sides as the first. 
10. Verify that, by the constructions of this book, we can inscribe 
‘in a circle polygons of respectively 2x2”, 3x2", 5x2”, and 15x2" 
sides, where n is any positive integer. 


[See also Notes, page 328 ] 


BOOK. V. 


DEFINITIONS. 


i. A less magnitude is said to be an aliquot part, or a 
measure, or submultiple, of a greater magnitude, when the 
less is contained a certain number of times exactly in the — 
greater. 

2. A greater magnitude is said to be a multiple of a less, 
when the greater contains the less a certain number of times 
exactly, 


3. Ratio is a mutual relation of two magnitudes of the same — 
kind to one another in respect of quantity 

The two magnitudes are called the terms of the ratio. The — 
first term is called the antecedent, and the second term the 
consequent. 

4, Magnitudes are said to have a ratio to one another, when 
the less can be multiplied so as to exceed the other. 

(This definition amounts to saying that the quantities must be of the 
same kind.] 

5. The first of four magnitudes is said to have the same 
ratio to the second that the third has to the fourth, when any 
equimultiples whatever of the first and the third being taken, 
and any equimultiples whatever of the second and the fourth ; 
if according as the multiple of the first is greater than, equal 
to, or less than the second, the multiple of the third is greater 
than, equal to, or less than the fourth. 

[Thus, to use the language of Algebra, four magnitudes, 
A, B, ©, D, are proportionals, if mC2nD according as 
mA = mB, where m and n are any whole numbers whatever. | 
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| (Note. The fifth definition is the foundation of Euclid’s doctrine of 
proportion. The student will find in works on Algebra (for example, 
| in the present Editors’ Algebra for Beginners, Arts. 373-377) a compari- 
json of Euclid’s definition of proportion with the simpler definitions 
which are employed in Arithmetic and Algebra. Euclid’s definition is 
applicable to incommensurable quantities, as well as to commensurable 
quantities. 
We should recommend the student to read the first proposition of 
the sixth Book immediately after the fifth definition of the fifth Book ; 
he will there see how Euclid applies his definition, and will thus obtain 
a better notion of its meaning and importance. |” 

6. Magnitudes which have the same ratio are called pro- 
portionals. 

When four magnitudes are proportionals, it is usually ex- 
pressed by saying, the first is to the second as the third is to 
the fourth. The first and fourth magnitudes are sometimes 
called the extremes, and the second and third the means. 


7. When of the equimultiples of four magnitudes, taken as 


| 


in the fifth definition, the multiple of the first is greater than 
the multiple of the second, but the multiple of the third is not 
greater than the multiple of the fourth, 
hen the first is said to have to the second a greater ratio than 
the third has to the fourth ; 
and the third is said to hase to the fourth a less ratio than 
the first has to the second. 
8. Analogy, or proportion, is the similitude of ratios. 

9. Proportion consists in three terms at least. 

10, Three, or more, magnitudes are said to be in continued 
| proportion when the ratio of the first to the second is the same 
as that of the second to the third, and the ratio of the second 
to the third is that of the third to the fourth, and so on. 

When three magnitudes are continued proportionals, the 
‘first is said to have to the third the duplicate ratio of that 
which it has to the second. 

Thus, if the ratio of A to B equals that of B to C, then 
A has to C the duplicate ratio of that which it has to B. 
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[The second magnitude is said to be a mean proportional 
between the first and the third. ] 

(It will be shewn in the corollary to VI. 20 that the dupli- 
cate ratio of two straight lines is the same as the ratio of the 
squares on the lines. | 

When four magnitudes are continued proportionals, the 
first is said to have to the fourth the triplicate ratio of that 
which it has to the second. 


Li. Definition of compound ratio. When there are any number 
of magnitudes of the same kind, the first is said to have to the 
last of them the ratio which is compounded of the ratio which 
the first has to the second, and of the ratio which the second 
has to the third, and of the ratio which the third has to the 
fourth, and so on unto the last magnitude. 


For example, if A, B, C, D be four magnitudes of the same kind, 
the first A is said to have to the last D the ratio compounded of the 
ratio of A to B, and of the ratio of B to C, and of the ratio of C to 
D; or, the ratio of A to D is said to be compounded of the ratios of A 
to B, B to C, and C to D. 

And if A has to B the same ratio that EK has to F; and B to C 
the same ratio that G has to H; and C to D the same ratio that K 
has to L; then, by this definition, A is said to have to D the ratio 
compounded of the ratios of E to F, G to H, and K to L. 

[Since the ratio of A to C is compounded of that of A to B and of 
B to C, it follows from the preceding definition that the ratio com- 
pounded of two equal ratios is the duplicate of either of them. } 


12. In proportionals, the antecedent terms are said to be 
homologous to. one another: as also the consequents to one 
another. 

Geometers make use of the following technical words to 
signify certain ways of changing either the order or the 
magnitude of four proportionals, so that they continue still 
to be proportionals. 

13. Permutando, or alternando, by permutation or alternately ; 
when it is inferred that the first is to the third as the second 
is to the fourth. V. 16. 
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_ 14. Invertendo, by inversion ; when it is inferred that the 
| second is to the first as the fourth is to the third. V. B. 


| 15. Componendo, by composition ; when it is inferred that the 
| first, together with the second, is to the second as the third, 
together with the fourth, is to the fourth. V. 18. 


16, Dividendo, by division; when it is inferred that the 
excess of the first above the second is to the second as the 
excess of the third above the fourth is to the fourth. V. 17. 


17, Convertendo, by conversion ; when it is inferred that the 
first is to its excess above the second as the third is to its 
excess above the fourth. V. F. 


18. Ex equali distantia, or ex equo, by equality; when 
there is any number of magnitudes more than two, and as 
many others, such that they are proportionals when taken 
two and two of each set, and it is inferred that the first is to 
the last of the first set of magnitudes as the first is to the 
last of the others. 


Of this there are the two following kinds, which arise from 
the different order in which the magnitudes are taken. 


19, Hx equah, by direct equality. This term is used simply 
by itself, when the first magnitude is to the second of the 
first set as the first is to the second of the other set; and 
| the second is to the third of the first set as the second is to 
the third of the other; and so on in order; and the inference 
is that mentioned in the preceding definition. V. 22. 

Thus, suppose the magnitudes of the first set to be A, B, C,..., 


| and those of the second set to be P, Q, BR, ..., and suppose we know 
that A is to B as P to Q, 
and B to C as Q to R; 


then we infer that A is to C as P to R. 
20. Ex equali in proportione perturbatd seu inordinatd, from 
} equality in perturbate or disorderly proportion, that is, by 
transverse equality. This term is used when the first magni- 
tude is to the second of the first set as the last but one is 
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to the last of the second set ; and the second is to the third of 
the first set as the last but two is to the last but one of the 
second set ; and the third is to the fourth of the first set as 
the last but three is to the last but two of the second set; 
and so on in across order; and the inference is that mentioned 
in the eighteenth definition. V. 23. 


Thus, if A is to B as Q to R, 
and B is to C as P to Q, 
we infer that A is to C as P to R. 

AXIOMS. 


1, Equimultiples of the same, or of equal magnitudes, are 
equal to one another. 


2. Those magnitudes, of which the same or equal magnitudes 
are equimultiples, are equal to one another. 


3, A multiple of a greater magnitude is greater than the 
same multiple of a less. 


4, That magnitude, of which a multiple is greater than the 
same multiple of another, is greater than that other magnitude. 


Note 1. In the proofs of the propositions of this Book, capital 
letters A, B, C, ... will be used to denote the magnitudes themselves 
and small letters m, n, p, ... to denote whole numbers. 

Thus, mA will mean the magnitude obtained by adding together m 
magnitudes each equal to A. 

The symbol > will sometimes be used for greater than, and the 
symbol < for less than, 

The notation A : B is often used as an abbreviation for ‘‘ the ratio of 
A to B.” Also the notation A: B::C:D, or A: B=C:D, is often 
used as an abbreviation for ‘‘the ratio of A to B equals that of 
C to D,” which, again, is generally abbreviated into ‘‘A is to B as 
C is to D.” 

Note 2, The propositions of the Fifth Book might be divided into 
four sections. Propositions 1 to 6 relate to the properties of equi- 
multiples. Propositions 7 to 10 and 13 and 14 connect the notion of 
the ratio of magnitudes with the ordinary notions of greater, equal, and 
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tess. Propositions 11, 12, 15, and 16 may be considered as introduced 
to shew that, ¢f four quantities of the same kind be proportionals they will 
_ also be proportionals when taken alternately. The remaining propositions 
shew that magnitudes are proportional by composrtion, by division, and 
ex equo. 

In this division of the Fifth Book propositions 13 and 14 are supposed 
| to be placed immediately after proposition 10; and they might be taken 
in this order without any change in Euclid’s demonstrations. 

The propositions headed A, B, C, D, F, and also the preceding 
| axioms, were supplied by Simson. 

Note 3. At the end of each proposition has been appended the 
corresponding algebraic theorem ; many of these theorems are so simple 
that they are self-evident. The others are proved in the Algebra for 
Beginners, new edition, Arts. 357-364 and 371. 


PROPOSITION 1. THEOREM. 


Tf any number of magnitudes be equimultiples of as many, each 
| of cach ; whatever multiple any one of them is of its part, the same 
multiple shall all the first magnitudes be of all the other. 

Let any number of magnitudes A, B, C be equimultiples 
of as many others H, }*, G, each of each: 
whatever multiple A is of Ki, the same multiple shall A, B, and C 
i together be of E, F, and G together. 
' For let A contain EK, B contain F, and C contain G any 
number of times, say m times. 
Then A=mE, B=mF, and C=mG; 
pA, B, and C together =mH, mF, and mG together 

=m times H, F, and G together. 


| Wherefore, 2f any number, etc. [Q.E.D. 
Algebraically. Ifa=me, b=m/f, and ¢=iqg, 
then atb+c=met+ftg). 


PROPOSITION 2, THEOREM. 


| Lf the first be the same multiple of the second that the third is of 
the fourth, and the fifth the same multiple of the second that the 
| sixth és of the IRE the first, together with the fifth, shall be the 
| re) i 


T. LE, 
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same multiple of the second that the third, together with the sixth, 
as of the fourth. 

Let the first magnitude A be the same multiple of B the 
second that C the third is of D the fourth, and let EK the 
fifth be the same multiple of B the second that F the sixth 
is of D the fourth: 
then A, together with 1, shall be the same multiple of B that C, 
together with FY, is of D. 

For let m be the first common multiple, so that 


A=mB, C=mD. 
Also, let n be the second common multiple, so that 
E=nB, F=a2D; 


*, A, together with E, =mB, together with nB, =(m+n)B, 
and C, together with F, =mD, together with nD, =(m+n)D. 


Coote: If A=mB, C=mD, 
H=7B 87D; 
and oreo, lola), 
then A, E, G together are the same multiple of B that C, 
IF, H together are of D. 


Wherefore, if the first, etc. | [Q.B.D. 
Algebraically. If a=mb, c=md, e=nb, and f=nd, 


PROPOSITION 3. THEOREM. 


If the first be the same multiple of the second that the third is of 
the fourth, and if of the first and the third there be taken equa- 
multiples, these shall be equimultiples, the one of the second, and the 
other of the fourth. 

Let A the first be the same multiple of B the second that 
C the third is of D the fourth; and of A and C let the equi- 
multiples nA, nC be taken: . 
nA. shall be the sume multiple of B that nC is of D, 
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For let A be m times B, and C m times D, so that 
A=mB, and C=mD. 
Then n times A=n times mB=mn times B, 
and n times C=n times mD=mn times D; 
-, nA is the same multiple of B that nC is of D. 


Wherefore, if the first, etc. [Q.B.D. 
Algebraically. Ifa—=mb and c= md, 

th lee 
en 7 = 


PRoOposITION 4. THEOREM. 


Lf the first have the same ratio to the second that the third has to 
the fourth, and if there be taken any equimultiples whatever of the 
Jirst and the third, and also any equimultiples whatever of the second 
and the fourth, then the multiple of the first shall have the same 
ratio to the multiple of the second that the multiple of the third has 
to the multiple of the fourth. 

Let A the first have to B the second the same ratio that 
© the third has to D the fourth; and of A and C let there 
be taken any equimultiples whatever mA and mC, and of B 
and D any equimultiples whatever »B and nD: 
mA. shall have'the same ratio to nB that mC has to nD. 

For of mA and mC take any equimultiple p, 

and of nB and nD take any equimultiple q; 
then mA has to nB the same ratio that mC has to nD, 

if pmA is greater, equal to, or less than gnB, 
according as pmC is greater, equal to, or less than gnD, 
that is, if A has to B the same ratio that C has to D, 
[V. Definition 5. 
since pmA, pmC are equimultiples of A and C, 
and gnB, gnD are equimultiples of B ane ib: 
Wherefore, if the first, ete. [Q.E.D. 


Algebraically. If a:b::¢:d, then ma:nb:: me: nd. 
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PROPOSITION 5. ‘THEOREM. 


If one magnitude be the same multiple of another that a magni- 
tude taken from the first is of a magnitude taken from the other, 
the remainder shall be the same multiple of the remainder that the 
whole is of the whole. 

Let A be the same multiple of B that C, taken from the 
first, is of D taken from the other: 
the remainder Ki shall be the same multiple of the remainder ¥ 
that the whole A is of the whole B. 

For let A=mB and C=mD. 

Then the difference between A and C 

=the difference between mB and mD, 
that is, H=the difference between mB and mD, 


that is, =m times the difference between B and D, 
that is, E=m times F. 
Wherefore, 2f one magnitude, ete. [Q.E.D. 


Algebraically. If a=mb and c=md, then a—-c=m(b-—d). 


PROPOSITION 6. THEOREM. 


If two magnitudes be equimultiples of two others, and if equi- 
multiples of these be taken from the first two, the remainders shall 
be either equal to these others, or equimultiples of them. . 

Let the two magnitudes A, B be equimultiples of the two 
C, D; and let E, F, taken from the first two, be equimultiples 
of the same C, D: 
the remainders G, H. shall be equimultiples of C and D. 

For let A=mC and B=mD, 
and let H=nC and F=nD. 

Then the difference between A and E 

=the difference between mC and 2, 
that is, G=(m-—n) times C; 
so H=(m-n) times D. 
Wherefore, 7f two magnitudes, etc. {Q.E.D. 


] 
[ 
} 
| 
| 
| 
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Algebraically. If a=mc, b=md, e=nc, and f=nd, 


Menon O28 wll) 


a 


PROPOSITION 4, THEOREM. 


Lf the first of four magnitudes have the same ratio to the second 
that the third has to the fourth, then, if the first be greater than the 
second, the third shall also be greater than the fourth ; and if equal, 
equal, and tf less, less. 

The four magnitudes being A, B, OC, and D, we know that 
if we take any equimultiples whatever mA, mC, xB, and xD, 
then as mA is greater, equal to, or less than 7B, 

so mC is greater, equal to, or less than nD;  [V. Def. 5. 
.. 1f we inake m and n each equal to unity, it follows that 
as A is greater, equal to, or less than B, 
so C is greater, equal to, or less than D. 
Wherefore, 7 the first, ete. [Q.E.D. 


Algebraically. Tf arbre :d, then a = according as c= d. 


PROPOSITION b. THEOREM. 


If four magnitudes be proportionals, they shall also be propor- 
tionals when taken inversely. ~ 
Let A be to B as C is to D: 
then also, inversely, B shall be to A as D is to C. 
Take mA, mC, any equimultiples of A and C, and nB, nD, 
any equimultiples of B and D. 
Then we are given that if mA is greater than 7B, 
then mC is greater than nD, 
that is, if ~B is less than mA, then xD is less than aw. 
Similarly, if nB is equal to, or greater than mA, 
then wD is equal to, or greater than mC; 
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*. 2B is less than, equal to, or greater than mA, according as 

wD is less than, equal to, or greater than mC; 

“. Bisto A as D to © [V. Definition 5. 
Wherefore, if four magnitudes, etc. [o.u.D. 


Algebraically. If a:b::c:d, then b:a::d:c. 


PROPOSITION C. THEOREM. 


If the first be the same multiple of the second, or the same part of 
it, that the third is of the fourth, the first shall be to the second as 
the third is to the fourth. 

Let A, B, C, D be the four magnitudes, 
and, firstly, let A and C be equimultiples of B and D, 
so that A=mB and C=mD, 
then shall A be to B as C to D. 

Take any multiples nA, nC of A and C, 

and any multiples »B, pD of B and D. 
Then A is to B as C to D, 

if nC is greater than, equal to, or less than pD, 

according as mA is greater than, equal to, or less than pB; 

that is, if mmD is greater than, equal to, or less than pD, 
according as nmB is greater than, equal to, or less than pB; 

that is, if nm is greater than, equal to, or less than 7, 
according as nm 1s greater than, equal to, or less than p, 
which is true. 

Neat, let A be the same part, or submultiple, of B that 
C is of D. 

Then B is the same multiple of A that D is of C; 
.. by the first part, B is to A as D to C; 
.. inversely, A is to B as C to D. Pass, 

Wherefore, if the first, etc. [Q.2.D. 


Algebraically. If a=mb and c=md, then a:b::¢:d. 
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PROPOSITION D. THEOREM. 


Uf the first be to the second as the third is to the fourth, and if the 
| first be a multiple, or a part, of the second, the third shall be the 
same multiple, or the same part, of the fourth. 

First, lei A=mB, and take the same equimultiple mD of 
D; then shall C=mD., 
| Since A, B, C, D are proportionals, 
_.*, according as A is greater, equal to, or less than mB, 

so C is greater, equal to, or less than mD. 

| But A=mB; .. C=mD. 
| Next, let A be a part of B. 


Because A is to B as C to D, 
.. Inversely, B is to A as D to C; 
.. B is the same multiple of A that D is of C, by the first 
case ; 
that is, A is the same part of B that C is of D. 
Wherefore, ¢f the first be, etc. [Q.8.D. 


Algebraically. If a@:0::¢:d, and if w=mb, then c=md. 


PROPOSITION 7. THEOREM, 


Equal magnitudes have the same ratio to the same magnitude ; 
and the same has the same ratio to equal magnitudes. 

Let A and B be equal magnitudes, and C any other 
magnitude : 
each of the magnitudes A and B shall have the same ratio to C; 
and C shall huve the same ratio to each of the magnitudes A and B. 

For it is clear, since A=B, 

that mA is greater than, equal to, or less than nC, 
according as mB is greater than, equal to, or less than nC; 
= Ay istto C aseb to C; 

*, inversely, C isto A as C to B. [V. B. 

Wherefore, equal magnitudes, ete. [Q.B.D. 


Algebraically. If a=b, then a:c::0:c¢ and ¢:a::c:5. 
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PROPOSITION 8. THEOREM. 


«Of unequal magnitudes, the greater has a greater ratio to the same 
than the less has; and the same magnitude has a greater ratio to the 
less than it has to the greater. 

Let A and B be unequal magnitudes, of which A is the 
greater ; and let C be any other magnitude whatever : 

A shall have a greater ratio to © than B has to C; and C shall 
have a greater ratio to B than it has to A. 

Let m be such a number that mB and m times A—-B are 
both greater than ©, and let nC be the least multiple of C 
which is just greater than mA ; 

*, nC-C is less than mA; that is, mA is >(n—1)C. 

Again, since 7C is greater than mA, 

but C is less than mA — mB, 
. (n-1)C is greater than mB; 

. mA is greater, but mB is less, than (n—1) times C; 

.'. the ratio of A to C is greater than that of B to C. [V. Def. 7. 

Again, since we have proved that (n—1) times C is less 
than mA, but greater than mB ; 

.. the ratio of C to A is less than that of C to B. [V. Def. 7. 

Wherefore, of unequal magnitudes, ete. [Q..D. 


Algebraically. If a>06, then a:¢>0:c¢, and c:b<c:a. 


PROPOSITION 9. THEOREM. 


Magnitudes which have the same ratio to the same magnitude are 
equal to one another; and those to which the sane magnitude has 
the same ratio are equal to one another. 

First, let A and B have the same ratio to C: 

A. shall be equal to B. 

For if not, A must be greater than B, or else B greater 
than A. 

A is not greater than B; for then the ratio of A to C would 
be greater than that of B to C. wily.8: 
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Neither is B greater than A; for then the ratio of B to C 
ees be greater than that of A to C; [V. 8 
. A must be equal to C. 
In a similar manner it may be shewn that, if C have the 
/same ratio to A or B, then A and B are equal. 
Wherefore, magnitudes which have, etc. [Q.E.D. 
Algebraically. If a:c::b:c, then a=). 
Also if a=), then @:¢::5:c. 


PROPOSITION 10. ‘THEOREM. 


That magnitude which has a greater ratio than another has to the 

same magnitude is the greater of the two; and that magnitude to 
—wiich the same has a greater ratio than tt has to another Te 
is the less of the two. 
First, let A have to C a greater ratio than B has to C: 

A shall be greater than B. 

Since the ratio of A to C is greater than that of B to C, 
two numbers m and » can be found, such that mA is greater 
than nC, and mB is less than ae [V. Definition 7. 
. mA is greater than mB; .°. A is greater than B. 

Next, if the ratio of C o B is greater than that of C to aN 
two numbers p and g can be found, such that pC is greater 
than gB, and pC is less than qA; 

*, gA is greater than gB; .°. A is greater than B. 

Wherefore, that magnitude, ete. [Q.B.D. 


Algebraically. If a:¢>0:c, then a>); 
malic: bs=o2a, then b< 4, . 


PROPOSITION 11. THEOREM. 


Ratios that are equal to the same ratio are equal to one another. 
Let A be to B as C is to D, and let C be to Das EistoF: 
A shall be to B as E is to F. 


218 EUCLID’S ELEMENTS. 


Take any equimultiples mA, mC, mE, and any equi- 
multiples 2B, xD, nF. 
Then, by hypothesis, 
mA is greater than, equal to, or less than nB, 
as mC is greater than, equal to, or less than nD, 
that is, as mE is greater than, equal to, or less than nF ; [Ayp. 
.. Aisto Bas E to F. 


Wherefore, ratios that are the same, ete. [Q.E.D. 
Algebraically. Ifa:b::c:d and ¢:d::e:f, then a:b::e:f. 


PROPOSITION 12. THEOREM. 


If any number of magnitudes be proportionals, as one of the 
antecedents is to its consequent, so shall all the antecedents be to all 
the consequents, . 

Let any number of magnitudes A, B, C, D, KE, F be pro- 
portionals ; namely, as A isto B, so let C be to D, and K to F: 
as A isto B, so shall A, C, E together be to B, D, F together. 

Take any equimultiples mA, mC, mE, 

and any equimultiples »B, nD, nF. 
Then, by hypothesis, if mA is greater than nB, 
mC is greater than nD, and mE is greater than nF ; 


. mA, mC, mE are together greater than the sum of 7B, 


nD, nF. 

Similarly, if mA is equal to, or less than 7B, 

mA, mC, mE together are equal to, or less than the sum of 

nB, nD, nF ; 

*, m times the sum of A, C, E is greater than, equal to, or 

less than n times the sum of B, D, F, 

according as mA is greater, equal to, or less than nB; 

.. A, C, E together are to B, D, F together as A to B. 
Wherefore, if any number, ete. [Q.E.D. 
Algebraically. If a:b::¢:d::e:f, 

then a:b::atcte:b+d4+f. 
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PROPOSITION 13. ‘THEOREM. 


If the first have the same ratio to the second which the third has 
to the fourth, but the third to the fourth a greater ratio than the 
jifth to the sixth, the first shall have to the second a greater ratio 
than the fifth has to the sixth. 

Let A have the same ratio to B that C has to D, but C a 
greater ratio to D than E to F: 

|A shall have to B a greater ratio than KE has to F. 

Because the ratio of C to D is greater than that of E to F, 


| there are two numbers m,n, such that mC >nD, but mE < nF. 
[V. Definition 7. 


But if mC > nD, then mA > nB; 

*. mA >nB, but mE < nF; 

_.’. the ratio of A to B is greater than that of E to F. 
Wherefore, if the first, ete. [Q.E.D. 
Algebraically. If a:6::¢:d and ¢:d>e:/f, thena:b>e:f. 


PROPOSITION 14. THEOREM. 


If the first have the same ratio to the second that the third has 
to the fourth, then tf the first be greater than the third the second 
shall be greater than the fourth ; and if equal, equal; and +f less, 
less. 

Let A have the same ratio to B that C has to D: 
af A be greater than C, B shall be greater than D; af equal, 
equal ; and if less, less. 

If A >C, then the ratio of A to B is greater than that 


of C to B, [V. 8. 
that is, the ratio of C to D is greater than that of C to B; 

[ Zypothesis, 

yu bigenn BF [V. 10. 


_Sumilarly, it may be shewn that if A=C, then B=D, 
and if A< C, then B < D. 
Wherefore, if the first, ete. [Q.E.D. 


Algebraically. If a:b::¢:d, then ac according as b=d. 
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PROPOSITION 15. THEOREM. 

Magnitudes have the same ratio to one another thai their equa- 
multiples have. 

Let A and B be any two magnitudes, and let any two 
equimultiples mA and mB be taken: 
the ratio of A to B shall be the same as that of mA to mB. - 

Since A is to B as A to B; 
.. A isto Bas A+A to B+B, 

thats, a5 qo be (Vv. 12) 

Again, since A is to B as 2A to 2B; 

~. A isto Blas A+2A to B+ 2B, 


that is, as 3A to 3B. [Vv. 12) 

Similarly, A is to B as 4A to 4B, [V. 12 
and so on whatever be the equimultiple m. 

Wherefore, magnitudes, ctc. [Q.B.D. 


Algebraically. a:b::ma: mb. 


PROPOSITION 16, ‘THEOREM. 


Tf four magnitudes of the same kind be proportionals, they shall 
also be proportionals when taken alternately. 

Let A, B, C, D be four magnitudes of the same kind which 
are proportionals ; namely, as A is to B so let C be to D: 
they shall also be proportionals when taken alternately, that 1s, 
A shall be to C as B is to D. 

Let any equimultiples mA, mB, and any equimultiples 2C, 
nD be taken. 

Then the ratio of mA to mB=the ratio of A to B[V. 15. 
=the ratio of C to D [ Typothesis. 
=the ratio of nC to nD; [Motos 

*, mA, mB, nC, nD are proportionals ; 
.. mA is greater than, equal to, or less than nC, according as 


mB is greater than, equal to, or less than nD ; [V. 14. 
.. A, C, B, D are proportionals. [V. Definition 5. 
Wherefore, ¢/ four magnitudes, ete. [Q.B.D. 


Algebraically. If a:0::¢:d, then a:c::0:d. 
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PRoposiTion 17. THEOREM. 


Tf four magnitudes be proportional, the difference between the first 
and second shall be to the second as the difference between the third 
and fourth ts to the fourth. 
Let A, B, C, D be four magnitudes, such that A is to B 
| as C to D: 
the difference between A, B shall be to B as the difference between 
0, D is to D. 
Take any equimultiples mA, mC, and any equimultiples 
nB, nD, and let p denote the difference between » and m. 
First, les mA >2B; then, by hypothesis, mC >nD. 
Since mA >nB, .. mA —mB> nB— mB, 
that is, m(A—-B)> pB. 
Similarly m(C-D)>pD; 
*, m(A —B)> pB, when m(C—D)>pD; 


SO m(A—B)=pB, when n(C—D)=pD; 
. A-B, B, C-D, and D are proportionals. [V. Definition 5. 
Wherefore, ¢f four magnitudes, ete. [Q.E.D. 


Algebraically. If a@:6::c:d, then a-0:b::c-d:d. 


PROPOSITION 18. THEOREM. 


If four magnitudes be proportionals, the sum of the first and 
| second is to the second as the sunr of the third and fourth is to the 
fourth. 

Let A, B, C, D be four magnitudes, such that A is to B 
as C to D: 
then shall the sum of A and B be to B as the sum of C and D 
to D. 

Take any equimultiples mA, mC, and any equimultiples 
nB, nD, and let p denote the sum of m and n. 

First, let mA > 7B; then, by hypothesis, mC > nb. 
Since mA >nB; .*. mA+mB > mB+nB, 

that is, m(A +B) > pB. 


—— 
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So since mC > aD, .. m(C+D) > pD; 

*. if m(A +B) > pB, then m(C+D) > pD. 
Similarly, it can be shewn that . 

if m(A +B)=SpB, then m(C+D)SpD; 

. A+B, B, C+D, D are proportionals. 
Wherefore, if four magnitudes, ete. [Q.E.D. 
Algebraically. If a:0b::¢c:d, then a+0:b::c+d:d. 


PROPOSITION 19. THEOREM. 


Lf a whole magnitude be to a whole as a magnitude taken from 
the first is to a magnitude taken from the other, the remainder shall 
be to the remainder as the whole is to the whole. 

Let A be to B as C to D: 
then shall A—C be to B-D as A to B. 

For since A is to B as C to D; 


*, A isto C as B to D; [V. i6. 

~. A-C isto C as B-D to D; [Va 

. A—C isto B—D as C to D, rv. 16. 
that is, as A to B. 

Wherefore, if a whole, ete. (eE.D. 


Algebraically. If a:b::¢:d, then a-c:b—d::a:). 


PROPOSITION EL. THEOREM. 


Tf four magnitudes be proportionals, they shall also be propor- 
tionals by conversion ; that is, the first shall be to its excess above the 
second as the third is to its excess above the fourth. 

Let A be to B as C is to D: 
then shall A be to A—B as C to C-D. 

Since A is to B as C to D; 

., Aisto C as B to a0; liv. 1G: 
~. A-B isto C—D as A to C; [V. 19. 
.. A-B isto A as C-D to C; [V. 16. 
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- A isto A—B as C to C-D. ee 8 

Wherefore, if four magnitudes, etc. [Q.B.D. 
Algebraically. If a:b::c:d, then a:a-—6::¢:¢-d. 


PROPOSITION 20. ‘THEOREM. 


Tf there be three magnitudes, and other three, which have the same 
ratio, taken two and two, then, if the first be greater than the third, 


the fourth shall be greater than the sixth ; and if equal, equal ; and 


of less, less. 

Let A, B, C be three magnitudes, and D, E, F other three, 
such that A is to B as D is to EK, and B to C as E to F: 
if A be greater than C, D shall be greater than F ; and if equal, 


, equal ; and if less, less. 


First, let A be greater than C, 


then A has to B a greater ratio than C has to B. [V. 8. 
But A isto B as D isto E; [ Hypothesis. 
.. D has to E a greater ratio than C has to B. vats 
Also because B is to C as E is to F, ( Hypothesis. 
| a by inversion, C is to B as F is to E; Vanes 
_.*. D has to E a greater ratio than F has to E; 
me. Dis greater than F. [V. 10. 
Secondly, let A=C; .*. A is to B as C is to B. hy. 7, 
But A is to B as D is to E, [ Hypothesis. 
and C isto B as F isto E; [Hypothesis, V. B. 
.. D isto E as F isto E; ieee 
es Weel, [V. 9. 


Lastly, lei A<C, then C>A; 
°*. as in the first case, C is to B as F isto E, 
and B isto A as E isto D; 
therefore, by the first case, F > D, that is, D<F. 
Wherefore, if there be three, ete. [Q.B.D. 
Algebraically. If a:0::d:¢ and b:c;:e:f, then aZc 
according as d= /f. 


224 EUCLID’S ELEMENTS. 


PROPOSITION 21. THEOREM. 


If there be three magnitudes, and other three, which have the same 
ratio, taken two and two, but in a cross order ; then, if the Jjirst be 
greater than the third, the fourth shall be greater than the sizth ; 
and if equal, equal ; and 7f less, less. 

Let A, B, C be three magnitudes, and D, E, F other three, 
such that A is to B as E is to F, and B to C as D to E: 
if A be greater than C, D shall be greater than F ; and if equal, 
equal ; and if less, less. 

First, let A >C; 


.. A has to B a greater ratio than C has to B. [V. 8. 
But A isto B as E to F; [ Hypothesis. 
... E has to F a greater ratio than C has to B. [ve Iss 
Also because B is to C as D to KE, [ Hypothesis. 
... by inversion, C isto B as E to D; [V. B. 
.. H has to F a greater ratio than HK has to D; 
aD that 1s, 1) ar. [V. 10. 
Secondly, lei A=C; .. A isto B as C to B. [Vee 
But A is to B as E to F, [ Hypothesis. 
and C isto B as E to D; [ypothesis, V. B. 
fat, igstoek as Beto 1D; [vei 
and therefore D=F. Vv. 9. 


Lastly, let A<C, then C>A; 
.’. as in the first case, C isto B as E to D, 
. and B isto A as F to E; 
.'. by the first case, F > D, that is, D< F. 
Wherefore, 2f there be three, ete. [Q.E.D. 
Algebraically. If a:0b::e:f and b:¢::d:e, then aZe 
according as d= f. 


PROPOSITION 22. THEOREM. 


If there be any number of magnitudes, and as many others, which 
have the same ratio, taken two and two in order, the first shall have 
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| to the last of the first magnitudes the same ratio which the first of 
| the others has to the last. 
[This proposition is usually cited by the words ex equal.) 
First, let there be three magnitudes A, B, C, and other 
three D, E, F, such that A is to B as D isto E, and B to 
Cas EKtoF: : 
A. shall be to C as D is to F. 

Of A and D take any equimultiples whatever mA, mD ; 
of B and E any equimultiples xB, nE; and of C and F any 
equimultiples pC, pF. 


Because A is to B as D to E; [ Hypothesis. 
*. mA isto nB as mD to nF. avy. 4. 
Similarly nB is to pC as nE to pF; lis 2 

. according as mA is greater, equal to, or less than pC, 
‘so is mD greater, equal to, or less than pF ; [V. 20. 
*. A isto C as D to F. [V. Definition 5. 


Next, let there be four magnitudes A, B, C, D, and other 
four E, F, G, H, such that A is to B as E to F, B to C 
as F to G, and C to D as G to H 
then shall A be to D as E to H. 

For, by the first case, A is to C as E to G. 
But C isto D as G to H; [ Hypothesis. 

‘. by the first case, A is to D as E to ne 

A similar demonstration applies whatever be the number of 
magnitudes. 

Wherefore, if there be any number, ete. [Q.E.D. 


Algebraically. Ifa:b::d:e and b:c::e:f, then a:e::d:f. 


PROPOSITION 23. THEOREM. 


| Lf there be any number of magnitudes, and as many others, which 

have the same ratio, taken two and two in a cross order, the first 
shall have to the last of the first magnitudes the same ratio which 
the first of the others has to the last. 


T.LE P 
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First, let there be three magnitudes, A, B, C, and other 
three E, F, G, such that Al is 3 to Bas F to a and B to C 
as E to F: 

A shall be to C as E to G. 

Of A and E take any equimultiples whatever mA, mE; 

of B and F any equimultiples xB, nF ; 
and of C and G any equimultiples nC, G. 


Because A is to B as F to G; [ Hypothesis. 

-, mA isto mB as nF to nG. [V. 15 and 11. 

Also since B isto C as E to F; [ Hypothesis. 
*, mB is to nC as mE to nF; rV. 16, 15, 11. 

*. according as mA is greater, equal to, or less than nC, so 
is mE greater, equal to, or less than 2G ; [V. 218 
TeAIshtOnG ace la tomt, [V. Definition 5. 


Next, let there be four magnitudes, A, B, C, D, and other 
four E, F, G, H, such that A is to B as G to H, Bto C § 
as F to G, and C to D as E to F: | 
then A isto D as E fo H. 

For, by the first case, A is to C as F to H. 
But C isto D as E to F; [ Typothesis, 
*, A isto D as EK to H, by the first case. 
Similarly, whatever be the number of the magnitudes. 


Wherefore, if there be any number, ete. [Q.E.D, 
Algebraically. Ifa:6b::f:g and b:c::e:f, 
then OC 0. 


Note. Propositions 22 and 23 may be included in one enunciation, 
thus :. Ratios which are compounded of equal ratios are equal, 


PROPOSITION 24. THEOREM. 


If the first have to the second the same ratio which the third has 
to the fourth, and the fifth have to the second the same ratio which 
the siath has to the fourth, then the first and fifth together shall have 
to the second the same ratio which the third and sixth together have 
to the fourth. 
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1 Let A beto B as C to D, and E to B as F to D: 

| then shall A and ¥ together be to B as C and F together to D. 
| Because E is to B as F to D; 

.. B isto E as D to F, by inversion. _[V. B. 


But A isto B as C to D; [ Hypothesis. 

*. ex equal, A isto Eas C to F; [¥. 22. 

.. A+E isto E as C+F to F. [V. 18. 

But E isto B as F to D; [ Hypothesis. 

*, ex equal, A+E isto B as C+F to D. Vn. 22: 

Wherefore, ¢f the first have, ete. [Q.E.D. 
Algebraically. If a:b::¢e:d and e:b::f:d, 

then ate:b::e+fid. 


PROPOSITION 25. THEOREM. 


Lf four magnitudes of the same kind be proportionals, the greatest 
nd least of them together shall be greater than the other two together. 
Let the four magnitudes A, B, C, D be proportionals ; 
namely, let A be to B as C to D; and let A be the greatest 
of them, and consequently D the least : iverAy ve 14 
A and D together shall be greater than B and C together. 
Since A is to B as C to D; 


v. A is to C as B to D, alternando ; Ve 16; 

.. A isto A-C as B isto B-D. [V. Z. 

But A is greater than B; [ Hypothesis. 

_.*, A-C is greater than B—D; [V. 14. 
.. A+D is greater than B+C. 

Wherefore, if four magnitudes, etc. i | [Q.E.D. 


Algebraically. If a@:0b::¢:d, and a be the greatest of the 
four quantities, then a+d>0+c. 
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DEFINITIONS. 


1. Two rectilineal figures are said to be equiangular when 
the angles of the first, taken in order, are respectively equal © 
to the angles of the second, taken in order. 


2. Similar rectilineal figures are those which have their 
several angles equal, each to each, and the sides about the 
equal angles proportionals. Also the corresponding sides of 
the two figures are said to be homologous. 


A 
D 


B Cc F G 


Thus, in the case of the two figures ABCD, EFGH, they will be similar 
if the angles at A, B, C, D are respectively equal to the angles E, F, 
G, H; and if 
AB isto BC as EF to FG, 
BC is to CD as FG to GH, 
and CD isto DA as GH to HE; 
and .. by Book V., DA to AB as HE to EF. 
Also AB and EF are homologous; also BC and FG, CD and GH, ete. 


3. Reciprocal figures, namely, triangles and parallelograms, 
have their sides about two of their angles proportionals in 
such a manner, that a side of the first figure is to a side of the 
other, as the remaining side of this other is to the remaining 
side of the first. 


DEFINITIONS. 229 


i Thus, if ABC, DEF be two triangles which have their sides about 
‘the angles A and D such that AB is to DE as DF to AC, they are 
|)reciprocal figures. 

) 4, A straight line is said to be cut in extreme and mean 
Sratio when the whole is to the greater segment as the greater 
segment is to the less. 

) Thus, in II. 11, the straight line AB is divided at H in extreme and 
)mean ratio. 

5. The altitude of any figure is the straight 

line drawn from its vertex perpendicular to 

Mthe base. 


[This definition is strictly applicable only to a triangle because no 
other figure has a point that can exclusively be called its vertex. The 
altitude of a parallelogram is the perpendicular drawn to its base from 
any point in the opposite side.] 


| 
| 
| 
| 
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PROPOSITION 1. THEOREM. 


Triangles and parallelograms of the same altitude are to one 
another as their bases. 

Let the triangles ABC, ACD, and the parallelograms EC, 
CF have the same altitude, namely, the perpendicular drawn 
from A to BD: 
as the base BC is to the base CD, so shall the triangle ABC be to 
the triangle ACD, and the parallelogram EC to the parallelogram 


OF. 
Ea Aer 


HeG Be D J Kee 


Construction. Produce BD both ways; 
take any number of straight lines BG, GH, each equal to BC, 
and any number DJ, JK, KL, each equal to CD, (1.33 
and join AG, AH, AJ, AK, AL. 

Proof. (1) Because CB, BG, GH are all equal, (Construction. 
the triangles ABC, AGB, AHG are all equal ; (I. 38 
.. the AAHC is the same multiple of the A ABC that HC 
is of BC. 

Similarly, the A ACL is the same multiple of the AACD 
that CL is of CD. 

And if HC=CL, the AAHC=the AACL; 
and if HC be greater than CL, the AAHC is greater than 
the AACL; and if less, then less. [I. 38. 

Then, since there are four magnitudes, namely, the two 
triangles ABC, ACD, and the two bases BC, CD; 
and of the first and the third any equimultiples have been 
taken, namely, the AAHC and the base HC; 
and of the second and fourth any equimultiples whatever have 
been taken, namely, the A ACL and the base CL; 
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and since it has been shewn that the AAAHC is greater, equal 
to, or less than the A ACL, according as HC is greater, equal 
to, or less than CL; 


the AABC : the AACD ::the base BC : the base CD. | 
[V. Definition 5. 


2) Because the parallelogram CE is double of the AABC, 
and the parallelogram CF is double of the AACD; [I 41. 
and that magnitudes have the same ratio which their equi- 
multiples have ; [V. 15. 
*. the parallelogram EC : the parallelogram CF 

:: the AABC : the A ACD, 
that is, :: the base BC : the base CD. he ih 
Wherefore, triangles, ete. [Q.E.D. 


Corollary. From this it is plain that triangles and parallelo- 
grams which have equal altitudes, are to one another as their 
bases. . 

For, let the figures be placed so as to have their bases in 
the same straight line, and to be on the same side of it, and 
let there be drawn perpendiculars from the vertices of the 
triangles to the bases; then the straight line which joins the 


vertices is parallel to that in which their bases are ; [il RE 
because the perpendiculars are both equal and parallel to_one 
another. on) 28. 


For, if the same construction be made as in the proposition, 
the demonstration will be the same. 


EXERCISES. 

1. The four triangles into which any quadrilateral is divided by its 
two diagonals are proportional. 

2. Perpendiculars are drawn from any point within an equilateral 
riangle on the three sides: shew that their sum is always the same. 

[Let O be any point within the equilateral A ABC; OP, OQ, OR 
the 1" upon the sides; AD, BE, CF the 1** from the angular points. 
Then we have A OBC: a ABC::OP:AD; A OCA: A ABC::0Q: BE, 
that is, as OQ: AD, ete.; «. sum of A* OBC, OCA, OAB: A ABC; 
. sum of OP, OQ, OR: AD; .. OP, OQ, OR together=AD.] 
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PROPOSITION 2. THEOREM. 


If a straight line be drawn parallel to one of the sides of a 
triangle, it shall cut the other sides, or those sides produced, pro- 
portionally. 

Conversely, if the sides, or the sides produced, be cut proportion- 
ally, the straight line which joins the points of section shall be parallel 
to the remaining side of the triangle. 

Let DE be drawn parallel to BC, one of the sides of the 
triangle ABC: 

BD shall be to DA as CE to EA. 


E D 
D 2 B C "= 
B Cc 


B Ga E 


Construction. Join BE, CD. 


Proof. The ABDE=the ACDE, because they are on the 
same base DE and between the same parallels DE, BC. [1. 37. 
Also ADE is another A, and equal magnitudes have the same 
ratio to the same magnitude ; [V. @ 

‘, the ABDE: the AADE:: the ACDE : the A ADE. 

But the ABDE: the AADE:: BD: DA, 

because they have the same altitude, namely, the perpendicular 


drawn from E to AB. ivL 
Similarly, the ACDE : the AADE:: CE: EA; 
. B® DA Oke hae ve 11, 


Conversely, let. BD be to DA as CE to EA, and join DE: 
DE shall be parallel to BC. 
For, the same construction being made, 


because BD : DA :: CE: EA, , [ Hypothesis. 
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and BD: DA :: the ABDE: the AADH, DG te 
and CE: HA ::the ACDE:the AADE; [VI.1 
*, the ABDE: the AADE:: the ACDE: the A ADE; [V. H1. 


~. the ABDE=the ACDE. [V. 9 

Also these triangles are on the same base DE and on the 

same side of it; therefore DI is parallel to BC. [I. 39. 

Wherefore, if a straight line, ete. . _ [Q.H.D. 
EXERCISES. 


1. The straight line joining the middle points of the sides of a tri- 
angle is parallel to the base and is one half the base. 

**2. A fixed point O is joined to all the points in a given straight 
line RS; prove. that all the points which divide the joining lines in 
the same ratio lie on a straight line which is parallel to RS. 

3. D is any point in the side BC of a triangle ABC; if BD, DC, 
BA, AC are bisected in E, F, G, H respectively, prove that EG is 
equal and parallel to FH. 

*#*4, If any two straight lines be cut by three parallel straight lines, 
the intercepts on the one are proportional to the corresponding inter- 
cepts on the other. 

**5. The diagonals of a trapezium cut one another proportionally, 
and any straight line drawn parallel to either of its parallel sides will 
cut the other sides in the same ratio. 

6. Shew that the diagonals of a quadrilateral, two of whose sides 
are parallel and one of them double of the other, cut one another at a 
point of trisection. 

7. From a point E in the common base of two triangles ACB, ADB, 
straight lines are drawn parallel to AC, AD, meeting BC, BD at 
F, G: shew that FG is parallel to CD. 

8. From any point in the base of a triangle straight lines are drawn 
parallel to the sides: shew that the intersection of the diagonals of 
every parallelogram so formed lies in a certain straight line. 

9. In a triangle ABC a straight line AD is drawn perpendicular to 
the straight line BD which bisects the angle B; shew that a straight 
line drawn from D parallel to BC will bisect AC. 

10. ABC is a triangle; it is required to draw from a given point P, 
in the side AB, or AB produced, a straight line to AC, or AC pro- 
duced, so that it may be bisected by BC. [Bisect PA in Q; draw QR 
to AC to meet BC in R; PR produced is the required line. ] 
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PROPOSITION 3. THEOREM. 


If the vertical angle of a triangle be bisected by a straight line 
which also cuts the base, the segments of the base shall have the 
same ratio which the other sides of the triangle have to one another. 

Conversely, if the segments of the base have the same ratio which 
the other sides of the triangle have to one another, the straight line 
drawn from the vertex to the point of section shall bisect the vertical 
angle. 

Let ABC be a triangle, and let the angle BAC be bisected 
by AD, which meets the base at D: 

BD shall be to DC as BA 1s to AC. 


Construction. Through C draw CH parallel to DA, [1 31. 
and let BA produced meet CE at E. 


Proof. (i.) Because AC meets the parallels AD, KC, 
the -CAD =the ~ ACH, and the .BAD=the -AEKC; [I. 29. 


But the -CAD=the ~BAD; [ Hypothesis. 

-, the cACK=the -AEC; [Aviom 1. 

~. AE=AC. [I. 6. 

Also, because AD is parallel to EC, [Construction. 
one of the sides of the ABCE ; 

oe BD DCE BA vhs (Vi. 2 


~. BD: DC:: BA: AC. 
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(ii.) Conversely, let BD : DC :: BA: AC, and join AD: 
the angle BAC shall be bisected by AD. 


Let the same construction be made. 


Then BD: DC :: BA: AC, [ Hypothesis. 

and BD: DC:: BA: AE, (VI. 2. 

because AD is parallel to EC; [Construction. 

pa DARA «=: BA AL: [vert 

fe — ee (Vv. 9. 

-, the .AEC =the ~ACE. [I. 5. 

But the . AEC =the exterior ~-BAD, ii29: 

and the .ACE=the alternate CAD : [I. 29. 

*, the .BAD=the CAD, [Axiom 1. 
that is, the 2 BAC is bisected by AD. 

Wherefore, 2f the vertical angle, ete. [Q.u.D. 
EXERCISES 


1. The side BC of a triangle ABC is bisected at D, and the angles 
ADB, ADC are bisected by the straight lines DE, DF, meeting AB, 
AC at E, F respeetively: shew that. EF is parallel to BC. 


2. If the bisectors of the angles A, C of a quadrilateral ABCD meet 
on the diagonal BD, prove that the bisectors of the angles B, D nieet 
on the diagonal AC. 
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PROPOSITION A. THEOREM. 


_ Lf the exterior angle of a triangle, made by producing one of its 
sides, be bisected by a straight line which also cuts the base produced, 
the segments between the bisector and the extremities of the base shall 
have the same vatio which the other sides of the triangle have to one 
another, 

Conversely, if the segments of the base produced have the same 
ratio which the other sides of the triangle have to one another, the 
straight line drawn from the vertex to the point of section shall 
bisect the exterior angle of the triangle. 

In the triangle ABC let one of its sides BA be produced 
to E; and let the exterior angle CAE be bisected by AD 
which meets the base produced at D: 

BD shall be to DC as BA is to AC. 


Boe Cc D 


Construction. Through C draw CF parallel to AD, [I. 31. 
meeting AB at F. 


Proof. (i.) Because AC meets the parallels CF, AD, 
the «CAD =the alternate ACF, 
and the exterior ~. DAK=the interior opposite -AIFC ; [I. 29. 


But the -CAD=the ~DAE; [ Construction. 
, the .ACF=the -AFC, and AF=AC. (I. 6. 
And because AD is parallel to FC, [Construction. 
one of the sides of the ABCF ; 
.. BD: DC: BA :: AF; [VI. 2. 
but AF=AC; 


-, BD DC; BX Ae. 
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(ii.) Conversely, let BD be to DC as BA to AC; and 
join AD: 
the exterior «CAE shall be bisected by AD. 


Let the same construction be made. 


Then BD: DC:: BA: AC, [ Hypothesis. 
and BD: DC:: BA: AF; [VI. 2. 
Reb AweeNG aA: Al ; [veoh 
.. AC= AF, [V. 9. 
and .*. the ACF =the 2 AFC. (I. 5. 
But the ~AFC =the exterior _DAE; [I. 29. 
and the ACF =the alternate ~.CAD; [I. 29. 
.. the -CAD=the -DAH, [Axiom 1. 
that is, the ~CAE is bisected by the straight line AD. 
Wherefore, if the exterior angle, etc. [Q.E.D. 


Note. Propositions 3 and A may be enunciated in one statement, 
thus: If the interior, or exterior, vertical angle of a triangle be bisected 
by a straight line which meets the base, the segments of the base [II. Def. 3] 
are to one another as the sides of the triangle. 


EXERCISES. 

1. In the circumference of the circle of which AB is a diameter, 
take any point P; and draw PC, PD on opposite sides of AP, and 
equally inclined to it, meeting AB at C and D: shew that AC is to 
BC as AD is to BD. 

2. AB isa straight line and C a point in it; find a point D in AB 
produced such that AD is to DB as AC to CB. [Use Ex. 1].] 

8. From the same point A straight lines are drawn making the 
angles BAC, CAD, DAE each equal to half a right angle, and they 
are cut by a straight line BCDE, which makes BAE an isosceles tri- 
angle: shew that BC or DE is a mean proportional between BE and 
CD. 

[By VI. 3, BD: DC:: BA: AC; 

.. BD-DC:BD+DC::BA-AC: BA+AC (V. 18, 17). 
‘But BD-DC=BD+0D -OC=B0+2 0D - OC =twice OD, 
and BD+DC=BC=twice OB; .. etc.] 

4, The angle A of a triangle ABC is bisected by AD which cuts 
the base at D, and O is the middle point of BC: shew that OD bears 
the same ratio to OB that the difference of the sides bears to their 
sum. 
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PROPOSITION 4. THEOREM. 


The sides about the equal angles of triangles which are equi- 
angular to one another are proportionals ; and those which are 
opposite to the equal angles are homologous sides, that is, are the 
antecedents or the consequents of the ratios. 

Let the triangle ABC be equiangular to the triangle DCH, 
having the angle ABC equal to the angle DCE, and the angle 
ACB equal to the angle DEC, and consequently the angle 
BAC equal to the angle CDE: 
the sides about the equal angles of the triangles ABC, DCE shall 


be proportionals, viz., 
AB to BC as DC to CE, 


BC to CA as CE to ED, 
and CA to AB as ED to DC. 


F 


B Cc E 
Proof. (1) Let the A DCE be placed so that CE may be 


contiguous to BC, and in the same straight line with it, and 


D and A on the same side of BCE. i 
Because the 2?A BC, ACB are together<two right 2°, [I. 32. 
and that the .ACB=the CED; [ Hypothesis. 
‘. the angles ABC, CED are together <two right angles ; 
.. BA and ED, if produced, will meet. [ Axiom 12. 
Let them be produced and meet at the point F. 
Then, because the .ABC=the ~DCH, [ Hypothesis. 
BF is parallel to CD : [I. 28. 
and because the .ACB=the 2~DEC, [ Hypothesis. 
AC is parallel to FE. [T.. 28, 


-, FACD isal@; .. AF=CD, and AC=FD. {I. 34. 
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(2) Because AC is parallel to FE, a side of the A FBE, 


*, BA: AF:: BC: CE; vale? 
— but AF=CD; sot 
pee ba Cet BCC :  % 
and, alternately, AB: BC :: DC: CE. [V. 16. 
(3) Again, because CD is parallel to BF, 
pees CH. Le, Di. va 2. 
but FD=AC; 
7 DOC AG: DE: 
and, alternately, BC : AC :: CH: DE. V. 16. 
Also it has been shewn that AB: BC :: DC: CE; 
therefore, ex equali, AB: AC :: DC: DE. [V. 22. 
Wherefore, the sides, etc. [Q.E.D. 


Corollary. Hence Triangles which are equiangular are also 
similar. This is not necessarily true of other rectilineal 
figures. 


ALTERNATIVE PROOF OF PROPOSITION 4. 


Let the side AB be greater than the corresponding side DE. 

Superpose the triangle DEF upon the triangle ABC, so that the angle 
E coincides with the angle B, and let X, Y be the points in BA, BC 
with which D and F coincide. 


A 
_% D 
B Vv Cc E F 
Then ED=BX, EF=BY, and .BXY=ZEDF; 
Peab NY = 7 BAC] [| Hypothesis. 
.. XY and AC are parallel ; : 
. AX isto XB as CY to YB; [Va 2: 
.. componendo, AB: BX ::CB: BY: [V. 18. 


.. alternately, AB: BC :: BX: BY, 
that is, :: DE: EF. 
Similarly, by applying the A DEF to the a ABC so that the angle F 
coincides with C, we can shew that BC :CA:: EF: FD; 
and therefore, ex equali, AB: AC:: DE: DF. 
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PROPOSITION 5. THEOREM. 


If the sides of two triangles taken in order, about each of their 
angles, be proportionals, the triangles shall be equiangular to one 
another, and shall have those angles equal which are opposite to the 
homologous sides. 

Let the triangles ABC, DEF have their sides proportional, 
so that AB is to BC as DE to EF; and BC to CA as EF 
to FD; and, consequently, ex «quali, BA to AC as ED to DF: 
the two triangles shall be equiangular, and shall have the ABC 
equal tothe LDEF, the BCA equal to the LEFD, and the BAC 
equal to the LEDF ; 


Construction, At E make the ~FEG equal to the -ABC, 
the points D and G being on opposite sides of EF; and at F 
make the LEFG equal to the -BCA. PE 


Proof. The remaining ~EGF =the remaining -BAC ; 
-. the A ABC is equiangular to the A GEF ; 


~. AB: BC:: GE: EF. yale 2 

But AB : BO =) DE IEF ; [ Hypothesis. 

~. DE: EF ~Gi ER [Vegi 
.. DE=GE. 


Similarly, DF =GF. 


BOOK VI. 5. 241 


Then, in the triangles DEF, GEF, 
prec 
because 4 and EF is common, 
and the base DF =the base GF ; 
the .DEF =the -GEF, 


and the _DFE=the GFE. (1. 8. 
But the .GEF=the zABC; [Construction. 
*. the .ABC=the . DEF. [Axiom 1. 

For the same reason, the .ACB=the ~DFE, 
and the 2 at A=the z at D; [is Ge 

.. the A ABC is equiangular to the A DEF. 
Wherefore, if the sides, ete. [Q.B.D. 


Vote. Each of the two propositions VI. 4 and VI. 5 is the converse 
of the other. They shew that if two triangles have either of the two 
properties involved in the definition of similar figures they will have 
the other also, that is, if two triangles are equiangular they have their 
sides proportional ; and if they have their sides proportional they are 
equiangular. This is a special property of triangles. In other figures — 
either of the properties may exist alone. For example, any rectangle 
and a square have their angles equal, but not their sides proportional ; 
while a square and any rhombus have their sides proportional, but not 
their angles equal. 


[For Exercises on Propositions 4 and 5, see Pages 243 and 244. ] 


T.L.E, Q 


242 EUCLID’S ELEMENTS. 


PROPOSITION 6. THEOREM. 


If two triangles have one angle of the one equal to one angle of 
the other, and the sides about the equal angles proportionals, the 
triangles shall be equiangular to one another, and shall have those 
angles equal which are opposite to the homologous sides. 

Let the triangles ABC, DEF have the angle BAC equal 
to the angle EDF, and the sides about those angles pro- 
portionals, namely, BA to AC as ED isto DF: 
the A ABC shall be equiangular to the LDEF, and shall have the 
LABC equal to the LDEF, and the ACB equal to the .DFE. 


A 
D 


B CE fi 


Construction. At D make the ~FDG equal to either of 
the angles BAC, EDF, the points G and E being on opposite — 
sides of DF; and at F make the ~DFG equal to the ACB. 


[I. 23. 
Proof. The remaining 2 at G=the remaining 4 at B- 
. the ADGF is equiangular to the A ABC; 
.. GD: DF: BA: AC, [VI. 4. 
thatis, +; Hb. DE: [Hyp. and V. 11. 
“. ED=GD [v. & 


Then, in the triangles EDF, GDF, 


ED=GD, 
because jena DF is common, 
and the included EDF =the included -GDF ; 
.. the base EF=the base GF, the ~_DFG=the -DFE, 
and the 2 at G=thez at E. [I. 4. 
But the 2DFG=the ACB; [Construction. 
.. the .ACB=the 2DFE. [Axiom 1. 
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Also the ~.BAC =the -EDF; [| Hypothesis. 
.. the remaining 2 at B=the remaining 4 at E; 


*, the AABC is equiangular to the ADEF. 


Wherefore, if two triangles, ete. [Q.u.D. 


EXERCISES ON PROPOSITION 4. 


*#*#1. Every straight line drawn parallel to the base of a triangle cuts 
off a similar triangle. 

2. If from a point A are drawn two straight lines, one to touch a 
circle in B, and the other to cut it in C and D, the triangles ABC, 
ADB are similar. 

8. The side BC of a triangle ABC is produced to D so that the 
triangles ABD, ACD are similar. Prove that AD touches the circum- 
circle of the triangle ABC. 

4. Two chords AB, CD of a circle are produced towards B and D 
to meet at E; CB is produced to meet at F a line through FE parallel 
to AD; prove that BF, EF and CF are proportional. 

5. Two circles intersect in A and the tangents at A to them meet 
the circles again in B and C; prove that AB is to AC in the ratio of 
the two radii. 

6. Two chords AB, CD of a circle intersect at a point E, either 
within or without a circle; prove that AEC, BED are similar 
triangles and also AED, BEC. 

7. ABC is a triangle having the angle C double of the angle B; if 
the bisector of C meet AB in D, prove that AC is a mean propor- 
tional between AD and AB. 

[The two triangles ACD, ABC are similar. ] 

8. ABCD is a parallelogram; through D a straight line is drawn 
to cut BA and BC produced in E and F. Show that EAD and DCF 
are similar triangles. 

9. D is a point in the base BC of a triangle ABC and EFG is a 
straight line parallel to BC which cuts AB, AD, AC in EK, F, G 
respectively ; prove that EF is to FG as BD to DC. 

**10. The diameters of the circles circumscribing the triangles 
formed by joining the vertex with any point in the base of a given 
, triangle are proportional to the sides of that triangle. 

_ 11. ABCD is a parallelogram, and through D is drawn a straight 
_ line to meet AB in E and BC in F'; prove that KA, AB, AD, and CF 


| are proportionals, 


SE ———— 
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EXERCISES ON PROPOSITIONS 5, 6. 


1. AB and CD are two parallel straight lines; E is the middle 
point of CD; AC and BE meet at F, and AE and BD meet at G: 
shew that FG is parallel to AB. 

2, A, B, C are three fixed points in a straight line; any straight 
line is drawn through C; shew that the perpendiculars on it from 
A and B are in a constant ratio. 

3. If the perpendiculars from two fixed points on a straight line 
passing between them be in a given ratio, the straight line must pass 
through a third fixed point. 

[This fixed point divides the line joining the two given points in the 
given ratio. ] 

4. Find a straight line such that the perpendiculars on it from three 
given points shall be in given ratios to each other. 

[Use Ex. 3, and assume the construction of Prop. 10.] 

5. C is the centre of a circle, and A any point within it; CA is 
produced through A to a point B such that the radius is a mean 
proportional between CA and CB: shew that if P be any point on the 
circumference, the angles CPA and CBP are equal. 

6. In the figure of I. 43 shew that if EG and FH be produced 
they will meet on AC produced. 

7. Two fixed circles touch at A and P and P’ are points, one on 
each circle, such that PAP’ is a right angle; prove that PP’ always 
meets the line joining the centres of the circles in a fixed point. 

[Let PP’ meet the straight line joining the centres O and O’ in Q; 
then ZQO’P’=twice ZQAP’=twice complement of 2PAO=2ZAOP; 
“. A& QO'P’, QOP are similar; .. OQ: QO’:: OP: O’P,, ete. ] 

s. ABCD is a parallelogram and DEF a straight line cutting AB 
in E and CB produced in F; prove that the triangle AEF is a inean 
proportional to the triangles AED, BEF. . 

[The A* AED, FEB are similar; «. ED: EF :: AE: EB, etc.] 

9. Through D, any point in the base of a triangle ABC, straight 
lines DE, DF are drawn parallel to the sides AB, AC, and meeting 
the sides at E, F: shew that the triangle AEF is a mean proportional 
between the triangles FBD, EDC. 
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log 


PROPOSITION 7. THEOREM. 


Tf two triangles have one angle of the one equal to one angle of 
the other, and the sides about another angle of each proportional, 
the sides opposite the equal angles being homologous, the third angles 
of the triangles shall be either equal or supplementary. 

Let the triangles ABC, DEF have the angles ABO, DEF 
equal, and the sides about the angles A and D proportional, 
so that BA is to AC as ED to DF: 
the angles ACB, DFE shall be equal or supplementary. 


A 
ns AN 
B C E F 


First, let the angles BAC, EDF be equal. 
Then the third .ACB=the third -DFE. [I. 32. 
Next, let BAC be the greater of the two angles BAC, EDF, 
At the point D make the ~EDG equal to the zBAC, 
and produce EF to meet DG in G; 


A 
LN AN 
B Cc E F G 


‘, the third -DGE of the A DGE=the third -ACB, 
and the triangles ABC, DEG are equiangular ; 
= BA : AC: ED ADG. ier 

ibub BA : AC;: ED: DF; [ Hypothesis. 
.. DG=DF, and the -DGF =the -DFG. 
But the ~_DGF =the 2 ACB, since ABC, DEG are equiangular; 
and DFG, DFE are supplementary angles ; 
'.. ACB and DFE are supplementary angles. 
| Wherefore, if two triangles, ete. [Q.E.D. 


| 
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PROPOSITION 8. 'THEOREM. 


In a right-angled triangle, if a perpendicular be drawn from the 
right angle to the base, the triangles on each side of it are similar to 
the whole triangle, and to one another. 

Let ABC be a triangle, having a right angle BAC, and let 
AD be drawn perpendicular to the base BC: 
the triangles DBA, DAC shall be similar to the triangle ABC, 


and to one another. 
A 


B D Cc 


Proof. The right ~BAC=the right ~BDA, [Aaiom 11. 
and the 2 at B is common to the two triangles ABC, DBA; 
*. the remaining ~ACB=the remaining 2 DAB. 
*. the triangles ABC, DBA are equiangular ; 
*, they are similar. [VI. 4, Corollary. 
Similarly, the ADAC is similar to the A ABC. 
*, the triangles DBA, DAC being both equiangular to the 
AABC, are equiangular to each other. 
*, they are similar. 
Wherefore, in a right-angled triangle, etc. [Q..D. 


Corollary. From this it is clear that the perpendicular drawn 
from the right angle of a right-angled triangle to the base 
is a mean proportional between the segments of the base, and 
that each of the sides is a mean proportional between the base 
and the segment of the base adjacent to that side. 

For, in the triangles DBA, DAC, 


BD: DA ::DA: DC; , (V1. 4. 
and in the triangles ABC, DBA, 
BO] BA = BAZBD: (VI. 4. 


and in the triangles ABC, DAC, 
BC : CA :: CA : CD. (VI. 4. 


| 
| 
| 
| 
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EXERCISES, 


**1. The three sides of a right-angled triangle and the perpendicular 
from the right angle on the hypotenuse are proportionals 

2. If one side of a right-angled triangle be double the other, prove 
that the perpendicular from the vertex on the hypotenuse divides it in 
the ratio 1 to 4. 

3. ABC is a triangle, and a perpendicular is drawn from A to the 
opposite side, meeting it at D between B and C: shew that if AD is 
a mean proportional between BD and CD, the angle BAC is a right 
angle. 

4. ABC is a triangle, and a perpendicular is drawn from A on the 
opposite side, meeting it at D between B and C: shew that if BA 
is a mean proportional between BD and BC, the angle BAC is a right 
angle. 

5. Two straight lines are drawn from a point A to touch a circle of 
which the centre is E; the points of contact are joined by a straight 
line which cuts EA at H; and on HA as diameter a circle ig 
described : shew that the straight lines drawn through E to touch this 
circle will meet it on the circumference of the given circle. 

6. ABU is a triangle, right-angled at A, and BP is drawn perpen- 
dicular to the tangent at A to the circumcircle of ABC; prove that 
BP, BA, and BC are proportionals. 
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PROPOSITION 9, PROBLEM. 


From a given straight line to cut off any assigned sub-multiple. 
Let AB be the given straight line : 
at 1s required to cut off any assigned sub-multiple. 


Construction. From the point A draw a straight line AG, 
making any angle with AB; . 
in AG take any point D, and take AC, the same multiple of 
AD, that AB is of the part which is to be cut off from it; 
join BC, and draw DE parallel to it. AE shall be the part 
required to be cut off. 


Proof. Because ED is parallel to the side BC of the 


AABC ; [Construction. 
-. BE: HA :: CD: DA, [VI. 2. 
and, by composition, BA: AE:: CA: AD; [V. 18. 


.. BA is the same multiple of AE that CA is of AD, [V. D. 


that is, AE is the required sub-multiple. 
Wherefore, from the given straight line AB the assigned sub- 


multiple has been cut off: [Q.E.F. 


EXERCISES. 


Trisect a given straight line. 
Cut off one-fifth of a given straight line. 
Cut off four-sevenths of a given straight line. 
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PROPOSITION 10. PROBLEM. 
To divide a given straight line similarly to a given divided straight 
line. 
Let AB be the straight line given to be divided, and AC 
the given divided straight line : 
it is required to divide AB similarly to AC. 


A 
we 
of __H/Ne 
B K C 


Construction. Let AC be divided at the points D, E; and 
let AB, AC be placed so as to contain any angle, and join 
BC; through D draw DF parallel to BC, and through E 


draw EG parallel to BC. ak eae 
AB shall be divided at F and G similarly to AC. 
Through D draw DHK parallel to AB. (30 
Proof. Each of the figures FH, HB is a parallelogram ; 
.. DH=FG, and HK =GB. [I. 34, 
Then, because HE is parallel to KC, [ Construction. 
~. KH: HD:: CE: ED. ivi. 2. 
But KH=BG, and HD=Gi'; 
~. BG: GF:: CH: ED. ee 
Again, because FD is parallel to GH, [ Construction. 
~. GF: FA:: ED: DA. (wit. 


And it has been shewn that BG : GF :: CEH: ED. 
Wherefore the given straight line AB is dwided similarly to the 
given divided straight line AC. [Q.E.e 


[For a note to this Proposition, see Page 329. ] 
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PROPOSITION 11. PROBLEM. 


To find a third proportional to two given straight lines. 
Let AB, AC be the two given straight lines: 
it ts required to find a third proportional to AB, AC. 


Construction. Let AB, AC be placed so as to contain any 
angle; produce AB, AC to D, E; and make BD equal to 
AC; [Lie 
join BC, and through D draw DE parallel to BC. [Ll 3s 
CE shall be a third proportional to AB, AC. 


Proof. Because BC is parallel to DE, a side of the 
AADE; [Construction. 
Oley EIDE eC) 2 CONDE (VI. 2. 
but BD=AC; [Construction. 

~, ABZ AG AC. Cr 
Wherefore, to the given straight lines AB, AC, a third propor- 
tional CK ts found. [Q.E.F, 
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PROPOSITION 12. PROBLEM. 


To find a fourth proportional to three given straight lines. 
Let A, B, C be the three given straight lines : 
it is required to find a fourth proportional to A, B, ©. 


Construction. Take two straight lines, DE, DF, contain- 
ing any angle EDF; and in these make DG equal to A, GE 


equal to B, and DH equal to C; (I. 3. 
join GH, and through E draw EF parallel to GH to meet 
DF in F. (I. 31. 


HF shall be a fourth proportional to A, B, C. 


Proof. Because GH is parallel to EF, a side of the A DEF, 


[ Construction. 
e. UG :GE >: DH: HE. ase 
But DG=A, GE=B, and DH=C; [ Construction. 


ae BC IE, 
Wherefore, to the three given straight lines A, B, C, a fourth 
proportional HE is found. [Q.E.F. 
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PROPOSITION 13. PROBLEM. 


Lo find a mean proportional between two given straight lines. 
Let AB, BC be the two given straight lines: 
at is required to find a mean proportional between them. 
D 


A B Cc 

Construction. Place AB, BC in a straight line, and on 
AC describe the semicircle ADC ; 
from B draw BD at right angles to AC. i 1 
BD shall be a mean proportional between AB and BC. 
Join AD, DC. 

Proof. The -ADGC, beingina semicircle, isaright2, [III. 31. 
and DB is drawn from the right 2 perpendicular to the base ; 
.', DB is a mean proportional between AB, BC, the segments 


of the base. [VI. 8, Corollary. 

Wherefore, between the two given straight lines AB, BC, a 

mean proportional DB is found. [Q.E.F. 
EXERCISES. 


*%*1. If two circles touch each other, and also touch a given straight 
line, the part of the straight line between the points of contact is a 
mean proportional between the diameters of the circles. 

[Let the circles, centres O and O’, touch one another in A and the 
straight line in P, P’; draw the tangent at A to meet PP’ in T. Then 
TP=TA=TP’. Also, OTO’ isa right 2, since OT, O’T bisect 2* PTA, 
PTA. .. TA isa mean proportional between AO, AO’, etc. ] 

2. The bisector of the angle A of a triangle meets the base BC in 
D and the straight line bisecting BC at right angles in E; prove that 
EB is a mean proportional between EA and ED. 

3. AB, AC are equal chords of a circle, and AED is any chord 
meeting BC in E; prove that AB is a mean proportional between 
AD and AE. 

4. Two circles intersect in A and B, and the tangents at A to the 
two circles meet the circumferences in C and D; prove that AB isa 
mean proportional between DB and BC. 
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PROPOSITION 14. THEOREM. 


Parallelograms of equal area, which have one angle of the one 
‘equal to one angle of the other, have their sides about the equal angles 
reciprocally proportional ; 

Conversely, parallelograms which have one angle of the one equal 
lito one angle of the other, and their sides about the equal angles reci- 
procally proportional, are equal in area. 

_ Let AB, BC be parallelograms of equal area, which have the 
angle FBD equal to the angle EBG: , E 

the sides of the parallelograms about the 

equal angles shall be reciprocally propor- = = = 
tional, that is, DB shall be to BE as GB 

to BE. 

_ Construction. Let the parallelo- G ¢ 
igrams be placed, so that the sides DB, BE may be in the 
same straight line ; 

*, also FB, BG are in one straight line. [I. 14, 
Complete the parallelogram FE. 

Proof. Because the |* AB and BC are equal, [Hypoth. 
and that FE is another parallelogram ; 
me AB: FE :: BC: FE. 

But AB: FE:: the base DB: the base BE, [VL 1. 
and BC : FE:: the base GB: the base BF; [VL 1. 
“. DB: BE:: GB: BF. [V. 1}. 

Conversely, let the angle FBD =the angle EBG, and let DB 
be to BE as GB to BF: 
the parallelograms AB and BC shall be equal in area. 

‘For, the same construction being made, 
because DB: BE:: GB: BF, [ Zypothesis. 
land that DB: BE:: the |AB : the |" FE, [VL 1. 
and that GB: BF :: the | BC : the |[™FE; [VL 1. 
| A ee Fone ok Bi [V. 11. 
.. the parallelogram AB=the parallelogram BC. 

Wherefore, equal parallelograms, ete. [Q.E.D. 
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PrRoposiTIon 15. THEOREM. 


Triangles of equal area, which have one angle of the one equal to 
one angle of the other, have their sides about the equal angles 
recyprocally proportional. 

Conversely, triangles which have one angle of the one equal to one 
angle of the other, and their sides about the equal angles reciprocally 
proportional, are equal in area. 

Let ABC, ADE be triangles of equal area which have the 
angle BAC equal to the angle DAE: 
the sides of the triangles about the equal angles shall be reciprocally 
proportional, that is, CA shall be to AD as EA to AB, 


Construction. Let the triangles be B D 
placed so that the sides CA, AD may be 
in the same straight line ; 
therefore also EA, AB are in one straight 
line ; (ea: 

join BD. C = 

Proof. Because the A ABC=the A ADE, [ Hypothesis. 

and that ABD is another A ; 


“. AABC: AABD :: AADE : A ABD. (V. @ 
But A ABC: AABD:: base CA : base AD, [VI. 1. 
and A ADE: AADB:: base EA : base AB; (VL a 

.. CA: AD:: EA: AB. [V. 11. 


Conversely, let the ~BAC=the DAH, 

and let CA be to AD as EA to AB: 

the triangles ABC, ADE shall be equal in area. 
For, the same construction being made, 


because CA: AD:: EA: AB, [ Hypothesis. 


and that CA.: AD:: A ABC : A ABD, (VL 1 
and that HA: AB:: AADE: AABD; [VL 
Pen ABE - AABD A ADE DUE lV. 2 
o. AABC=AADE. [V. 9. 


Wherefore, equal triangles, ete. [Q.E.D. 
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PROPOSITION 16. THEOREM. 


Tf four straight lines be proportionals, the rectangle contained by 


_ the extremes is equal to the rectangle contained by the means. 


Conversely, if the rectangle contained by the extremes be equal to 
the rectangle contained by the means, the four straight lines are pro- 
portionals, 

Let the four straight lines AB, CD, EF, GH be propor- 


 tionals, namely, AB to CD as EF to GH: 


the rectangle contained by AB and GH shall be equal to the 
rectangle contained by CD and EF. 
—E——_—_—_—_F 


G H 
K 
A B Cc D 
Construction. From the points A, C draw AK, CL at 
right angles to AB, CD; [I. 11. 
make AK equal to GH and CL to EF, ee 
and complete the parallelograms BK, DL. eres 
Proof. Because AB: CD :: EF : GH, [ Hypothesis, 
and that EF =CL, and GH=AK;; ‘ [ Construction. 


.. AB: CD:: CL: AK, 
that is, the sides of the parallelograms BK, DL about the 
equal angles are reciprocally proportional ; 
.. BK=DL. [VI. 14. 

But BK =the rect. AB, GH, since AK =GH, 
and DL=the rect. CD, EF, since CL=EF; 
.. the rect. AB, GH=the rect. CD, EF. 

Conversely, let the rectangle AB, GH=the rect. CD, EF: 
then shall AB be to CD as EF to GH. 

For, the same construction being made, 
because the rect. AB, GH=the rect. CD, EF, [ Hypothesis, 
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and that BK =the rect. AB, GH, since AK=GH, [Const. 
and that DL=the rect. CD, EF, since CL=EF; [Const. 

~. BK=DL. [Aatom 1. 
And these parallelograms are equiangular ; 

... the sides about their equal angles are reciprocally pro- 
portional, that is, AB: CD:: CL: AK. [VI. 14. 
But CL=EF, and AK=GH; 

f. AB CD: BE Gi. 

Wherefore, if four straight lines, ete. [Q.E.D. 


EXERCISES. 


1. Shew that the diagonals of any quadrilateral figure inscribed in a 
circle divide the quadrilateral into four triangles which are similar two 
and two; and deduce the theorem of ITI. 35. 

2. The exterior angle A of a triangle ABC is bisected by a straight 
line which meets the base in D and the circumcircle of the triangle in 
E; prove that the rectangle BA, AC=the rectangle EA, AD. 

3. ABC is a triangle. In AB, AC are taken points D, E so that 
AB isto AC as AE to AD. Prove that the diameter of the circum- 
scribing circle of the triangle ABC which passes through A is perpen- 
dicular to DE. 

[AE.AC=AB.AD. .. BDEC isa cyclic quad!. 

. ZAED=ZABC=rt. 2-ZEAO, 
where O is the circumcentre of A ABC. | 

4. A straight line meets two intersecting circles in P, Q, R, S and 
their common chord in O; prove that OP, OQ, OR, OS, taken in a 
suitable order, are proportionals. 

5. If two lines, AD and AE, be drawn through the vertex equally 
inclined to the bisector of the vertical angle of a triangle ABC to meet 
the hase and the circumcircle of the triangle in D and E, the rectangle 
contained by them is equal to the rectangle contained by the sides. 

[The A* ABD, AEC are similar. ] 

6. I is the incentre of the triangle ABC and I, the centre of the 
escribed circle opposite the angle A; prove that the rectangles 
Al, Al, and AB, AC are equal. 

[ACI,, AIB are similar A*.] 

**7, ABCD isa straight line; find a point P in A such that PA, 
PB, PC, PD are proportionals. 

[On AC, BD describe semi-circles; they meet in a point such that 
the foot of the perpendicular from it upon AD is the required point P. ] 
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PROPOSITION 17. THEOREM. 


Tf three straight lines be proportionals, the rectangle contained by 
the extremes is equal to the square on the mean. 

Conversely, 2f the rectangle contained by the extremes be equal to 
the square on the mean, the three straight lines are proportionals. 
_ Let the three straight lines A, B, C be proportionals, 
namely, let A be to B as B is to C: 
‘the rectangle contained by A and C shall be equal to the square 
on B. : 
| Take D equal to B. 


A 
B 
D 
Cu 
D 
[fe eS 
A BO, 
Proof. Then, because A: B::B:C, [ Hypothesis. 
and that B=D; 
Pee ee |) [V. 7. 
the rect. A, C=the rect. B, D. (VI. 16. 
But the rect. B, D=the square on B, since D=B; — [Const. 
the rect. A, C=the square on B. 


Conversely, let the rect. A, C=the square on B: 
shall be to B as B to C. 
For, the same construction being made, 
because the rect. A, C=the square on B, [| Hypothesis, 
nd that the square on B=the rect. B, D, since D=B; [Const. 


.*. the rect. A, C=the rect. B, D: 


| 


freee) 2 C= (VI. 16. 
thats; Agee BC) 
Wherefore, ¢f three straight lines, ete. [Q.E.D. 


T.L.E. R 
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PROPOSITION 18. PROBLEM. 


On a given straight line to describe a rectilineal figure sinular and 
similarly situated to a gwen rectilineal figure. 

Let AB be the given straight line, and CDEF the given 
rectilineal figure of four sides : 
it is required to describe on AB a rectilineal figure similar and 
similarly situated to CDEF. 


G Ee 
NJ 
A B Cc D 
Construction. Join DF; at the point A make the ~_BAG 
equal to the ~DCF; and at the point B make the ~ABG — 
equal to the -CDF ; [I. 28. 
.. the remaining -AGB=the remaining ~CFD, 
and the A AGB is equiangular to the A CFD. 
Again, at B make the ~GBH equal to the ~FDE, 
and at G make the ~-BGH equal to the ~DFE; [I. 238 
.. the remaining ~-BHG =the remaining ~ DEF, 


and the A BHG is equiangular to the A DEF. 
Then ABHG shall be the figure required. 


Proof. Because the LAGB=the ~CFD, 
and the .BGH =the ~ DFE, [Construction, — 
. the whole ~AGH =the whole CFE. © 
For the same reason the -ABH=the -CDE. 
Also the -BAG =the 2DCF, and the _BHG =the ~ DEF. 
.. the figure ABHG is equiangular to the figure CDEF. 

Also these figures have their sides about the equal angles 
proportionals. 
For, because the A BAG is equiangular to the ADCP, 

~. BA AG? DOMCE. [VI. 4, 


| 
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_ Also, for the same reason, AG : GB:: CF: FD, and 
| BG GE aD igh i. 


. ex equali, AG: GH:: CF : FE, [V. 22. 
Similarly, AB: BH :: CD : DE, 
and GH: HB:: FE: ED. [VI. 4. 


_.. ABHG and CDEF are equiangular, and have their sides 
| about the equal angles proportionals ; 
*, they are similar. [VI. Definition 1. 
The construction and proof would be similar to the above 
whatever be the number of sides that the given figure has. 


EXERCISES ON PROPOSITION 17. 


**1. If the tangents to a circle at P and Q meet in T, and if C be 
the centre and CT meet PQ in N and the circle in A, prove that 
_ the rect. CN, CT =the square on CA. 
| +2. If there be drawn two parallel tangents to a circle, and any 
| variable tangent touch the circle at B and meet the parallel tangents 
jin A and C, the rectangle AB, BC is equal to the square on the 
radius of the circle. 

3. If AD be the tangent at a point D of a circle, and DE be the 
diameter through D, and AE be joined to cut the circle in F, prove 
| that the rectangle AE, EF is the same for all positions of A. 

4. The straight line bisecting at right angles AC, one of the equal 

} sides of an isosceles triangle, meets the base BC produced in D. Prove 
that AC is a mean proportional between CB and CD. 

| =*%5. The rectangle contained by the perpendiculars from any point 

| P of a circle on any two tangents is equal to the square of the perpen- 

dicular from the same point upon their chord of contact. 

[Let B, C be the points of contact; PK, PL, PM the 1 from P 
upon the tangents at B, C, and on BC. Then PKBM and PLCM are 
cyclic quadrilaterals ; 

= EMP hbP=7PCM—7PbM, 
and ZPKM=zPBM=2ZPCL=zPML; 
*. the A*PKM, PLM are similar; .. etc.] 

**6. ABC is a straight line; find a point P in it such that PB may 
|be a mean proportional between PA and PC. 

[On AC describe a semi-circle; at B draw a str. line BQ such that 
,ABQ=half a right 2; let BQ meet the circle in Q; draw QP perpen- 
‘dicular to AB, etc.] 


i 


260 KUCLID’S ELEMENTS. 


PROPOSITION 19. ‘THEOREM. 

Similar triangles are to one another in the duplicate ratio of their 
homologous sides. 

Let ABC and DEF be similar triangles, having the anal 
B equal to the angle EH, and let AB be to BC as DE is to 
EF, so that the side BC is homologous to the side EF: 
the AL ABC shall be to the A DEF in the duplicate ratio of BC 
to KF A 


D 

B G CFE iS 
Construction. Take BG a third proportional to BC and 
EF, so that BC may be to EF as EF to BG, [VI. 11. 

and join AG. 

Proof. Because AB: BC :: DE: EF; [ Hypothesis. 
*, alternately, AB: DE:: BC : EF; [V. 16. 
butebC he bh akc. [Construction. 
TAS Di. Eh : BG, (Vv. 12 


that is, the sides of the triangles ABG and DEF, about their 
equal angles, are reciprocally proportional ; 
*. the A ABG is equal in area to the A DEF. [VI. 15. 
Also, because BC : EF :: EF : BG; 
‘. BC is to BG in the duplicate ratio of BC to EF. [V. Def. 10. 
But the A ABC : the A ABG :: BC: BG; (VI. 
the A ABC is to the A ABG in the duplicate ratio of BC 
to EF. 
But the A ABG was shewn equal to the A DEF; 
the A ABC is to the A DEF in the duplicate ratio of BC 
to EF. 
Wherefore, semzlar triangles, ete. [Q.E.D. 
Corollary. From this it is manifest, that if three straight 
lines be proportionals, as the first is to the third, so is any A 
described on the first to a similar and similarly described 
ZA on the second. 
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EXERCISES. 


[In the following examples the student may assume the result of Cor. 3 
to Prop. 20.] 


1. Make a triangle four times as large as a given triangle and 
similar to it. 

[If ABC be the given A, produce AB, AC to P, Q so that AP 
=twice AB and AQ=twice AC. Then APQ is the required A by 
VI. 19 and 20, Cor. 2.] 

2. Bisect the area of a triangle by a straight line drawn parallel to 
one of the sides. 

[Let the required line meet the sides AB, AC in P, Q; then by VI. 


moans Corse AP? :AB*;:172" 3 AB?-2AP2, To construct 
AP, on AB as diameter, describe a semicircle, and let R be its middle 
point ; then AB?=AR?+RB?=2AR*% .«. AP=AR. Hence the con- 


( struction. | 
| &. Construct a triangle twice as large as a given triangle and 
similar to it. [Here AP?=2 AB, Use I. 47.] 

4. Construct a triangle five times as large as a given triangle and 
similar to it. [Here AP?=5.AB?] 

5. ABC isa triangle and BE, CF are perpendiculars upon the sides 
AC, AB. Prove that the triangle ABE is to the triangle ACF as the 
square on AB to the square on AC. 

6. AB and OD are two chords of a circle intersecting in an external 
point E; prove that the triangle EAC is to the triangle EBD as 
| AC? to BD? 

7. O is a point without a circle, centre C, OT is a tangent aud 
OPCQ a straight line cutting the circle; PN is another tangent cutting 
OT in N; shew that the triangle OPN, OTC are to one another in 
the ratio OP to OQ. 

8. ABC is a triangle, and AD, BE, CF the perpendiculars on the 
opposite sides. Prove that the areas of the A* DBF, ABC are to one 
another as the squares on BD, AB. 

9. Prove that the area of the regular hexagon inscribed in a circle 1s 
three-quarters of the regular hexagon described about the same circle. 

10. Prove that similar triangles are to one another in the duplicate 
ratio of corresponding medians, and also in the duplicate ratio of the 
radii of their circumcircles. 
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PROPOSITION 20. THEOREM. 


Similar polygons may be divided into the same number of similar 
triangles, having the same ratio to one another that the polygons 
have ; and the polygons are to one another in the duplicate ratio of 
their homologous sides. 

Let ABCDE, FGHKL be similar polygons, and let AB be 
the side homologous to the side FG : 

(1) the polygons ABCDE, FGHKL may be divided into the same 
number of similar triangles, of which each shall have to each the 
same ratio which the polygons have ; and 

(2) the polygon ABCDE shall be to the polygon FGHKL in the 
duplicate ratio of AB to FG. 


D C 

Construction. Join BE, EC, GL, LH. 

Proof. (1) Because the polygon ABCDE is similar to the 
polygon FGHKL, [ Hypothesis. 
the .BAE=the -GFL, and BA: AE:: GF: FL; 

[VI. Definition 2. 


*, the A ABE is equiangular to the A FGL, [VI. 6. 
and therefore these triangles are similar ; [VI. 4. 
. the .ABE=the 2zFGL. 

But, because the polygons are similar, [ Hypothesis. 


-. the whole -ABC =the whole 2FGH; [VI. Definition 2. 
"ys. the remaining ~EBC=the remaining -LGH. — [Axiom 3. 
Also, because the triangles ABE and FGL are similar, 
1B SBA LG 2G i 
and also, because the polygons are similar, [ Hypothesis. 
fy AB? BU] FG 23G i+ [VI. Definition 2. 
*, ex equali, EB: BC :: LG : GH, [V. 22] 
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| that is, the sides about the equal angles EBC and LGH are 

| proportionals ; 

i. the AEBC is pe oe to the A LGH; [VI. 6. 
. these triangles are similar. [VI. 4. 

| For the same reason the A ECD is similar to the A LHK. 

| Therefore the similar polygons ABCDE, FGHKL may be 

_ divided into the same number of similar triangles. 

(2) Again, because the A ABE is similar to the AFGL, 

*, ABE is to FGL in the duplicate ratio of EB to LG. [VI. 19. 
For the same reason the A. EBC is to the A.LGH in the 
| duplicate ratio of EB to LG; 
} .. AABE: AFGL:: AEBC : ALGH. [aati 
: peel because the A. EBC is similar to the A LGH, 

. EBC is to LGH in the duplicate ratio of EC to LH. [VI 19. 
| For the same reason the A ECD is to the A LHK in the 
duplicate ratio of EC to LH; 

ee be WEGE en ECD A LHK, rv. tl. 
But it has been shewn that the A EBC: the A LGH 
: :: the A ABE: the AFGL; 
 VeABH: AKGL 3: A EB@e ALGH, 


and =. WECD: A LHK; iNore 
and therefore as one of the antecedents is to its consequent, so 
are all the antecedents to all the consequents ; [es 


that is, as A ABE: AFGL, 
:: the polygon ABCDE : the polygon FGHKL. 
But the AABE is to the AFGL in the duplicate ratio of 
| AB to FG; [VI. 19. 
*, the polygon ABCDE is to the polygon FGHKL in the 
duplicate ratio of AB to FG. 
Wherefore, similar polygons, etc. [Q.u.D. 


Corollary 1. In like manner it may be shewn that similar 
four-sided figures, or figures of any number of sides, are to one 
_ another in the duplicate ratio of their homologous sides ; and 
it has already been shewn for triangles; therefore, universally, 
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Similar rectilinear figures are to one another in the duplicate ratio 
of theer homologous sides. 


Corollary 2. If to AB and FG, two of the homologous 
sides, a third proportional M be taken, (VI. 1m 


B M 


—~ F 


D Cc K H 


then AB has to M the duplicate ratio of AB to FG. [V. De/. 10. 
But any rectilineal figure described on AB is to the similar 
and similarly described rectilineal figure on FG in the dupli- 


cate ratio of AB to FG. [Corollary 1. 
Therefore as AB : M :: the figure on AB : the figure on 
roe [V. 1i 
and this was shewn before for triangles. [VI. 19, Corollary. 


Wherefore, universally, [f three straight lines be proportionals, as 
the first 1s to the third, so is any rectilineal figure described on the 
first to a similar and similarly described rectilineal figure on the 
second, 


Corollary 3. If these similarly described figures be squares, 

it follows that the first : the third :: the square on the first 
: the square on the second. 
But the first is to the third in the duplicate ratio of the first 
to the second. [V. Definition 10. 
Hence, The duplicate ratio of two straight lines is equal to the ratio 
of the squares on the two straight lines. 

Propositions 19, 20 may therefore be. enunciated thus: 

Similar triangles, and polygons, are to one another as the squares 
on their homologous sides. 
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PROPOSITION 21. THEOREM. 


Rectilineal figures which are similar to the same rectilineal figure 
are also similar to each other. 

Let each of the rectilineal figures A and B be similar to the 
rectilineal figure C: 
the figure A shall be similar to the figure B. 


Proof. Because A is similar to C, [ Hypothesis. 
A is equiangular to C, and they have their sides about the 
equal angles proportionals. [VI. Definition 2. 
Again, because B is similar to C, [ Typothesis. 
B is equiangular to C, and they have their sides about the 
equal angles proportionals ; [VI. Definition 2. 


.. the figures A and B are each of them equiangular to C, 
and have the sides about the equal angles of each of them and 
of C proportionals ; 


.. A is equiangular to B, [Axiom 1. 
and they have their sides about the equal angles proportionals. 
ies 


.. the figure A is similar to the figure B. [VI. Definition 2. 
Wherefore, rectilineal figures, ete. [Q.E.D. 
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PROPOSITION 22. THEOREM. 


If four straight lines be proportionals, and a pair of similar 
rectilineal figures be similarly described on the first and second, 
and also a pair on the third and fourth, these figures shall be 
proportionals, 

Conversely, if a rectilineal figure on the first of four straight 
lines be to a similar and similarly described figure on the second as 
rectilineal figure on the third is to a similar and semilarly described 
Jigure on the fourth, these four straight lines shall be proportionals. 

Let the four straight lines AB, CD, EF, GH be propor- 
tionals, namely, AB to CD as EF is to GH; and on AB, 
CD let the similar rectilineal figures KAB, LCD be similarly 
described ; and on EF, GH let the similar rectilineal igures 
MF, NH i similarly described : 


the figure KAB shall be to the figure LCD as the figure MF is 
Zo the figure NH. 


K 
Van 
ex x 
A B OG > = 
M 
i) mi 
E 2 6 H nh: 


Construction. To AB and CD take a third proportional X, 
and to EF and GH take a third proportional O. 


Proof. Because AB: CD :: EF: GH, [ Hypothesis. 
and AB: CD:: CD: X, [Construction. 
and EF: GH::GH: 0; [Construction. 


CD: X ::GH: 0. [V. 11. 
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taal 


Also AB: CD :: EF :GH; 
ee Cgudlienie ees: HE: O, vee 22. 
But AB: X ::KAB:LCD; 
eye! Jif 2 (0) gc Quls Saels iV) 20; Cor. 2. 
AE sale Ole? co 2 Sal, [V. 11. 


Conversely, let KAB be to the similar figure LCD as MF 
to the similar figure NH: 


AB shall be to CD as EF to GH. 


Construction. Make EF to PR as AB to CD; _ [VI. 12. 
and on PR describe SR, similar and similarly situated to 
either of the figures MF, NH. [VI. 18. 


Proof. Because AB isto CD as EF to PR, and that 
on AB, CD are described the similar figures KAB, LCD, 
and on EF, PR the similar figures MF, SR; 


therefore, by the former part of this proposition, 
KAB: LCD :: MF: SR. 
But, by hypothesis, KAB: LCD :: MF: NH; 


fee ewe Some: VLEs Nilay: [V. 11. 
os Seale, 

But SR and NH are similar and similarly situated;  [Conser. 
5 ARSTEdEL, 


And because AB: CD :: EF : PR, and that PR=GH; 
pend Oe I eG He 
Wherefore, «f four straight lines, ete. [@E.D. 


[A note on this proposition will be found on Page 330.] 


’ 
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PROPOSITION 23. THEOREM. 


Parallelograms which are equiangular to one another have to one 
another the ratio which is compounded of the ratios of their sides. 
Let the parallelogram AC be equiangular to the parallelo- 
gram CF, having the ~BCD equal to the ~ECG: 
AC shall have to CF the ratio which 1s compounded of the ratios of 
their sides. 


K LM E ae 


Construction. Let BC and CG be placed in a straight line ; 
.. DC and CE are also in a straight line ; (IL. 14, 
complete the parallelogram DG ; 
take any straight line K, and make K to L as BC to CG, 


and L to M as DC to CE. [Vi. 14 
Proof. The ratio of K to M is that which is compounded 
of the ratios of K to L and of L to M; [V. Def. 12. 
that is, of BC to CG and DC to CE. 

Now, the ||" AC : the |™CH :: BC : CG, [VI. 1. 
that te ele = I (Constr. 

Again, the |"CH:the |"CF :: DC: CE, [Viale 
that is, :: L :M; [Constr. 

*, ex equali, the | AC: the [PCF :: K: M. [V.. 227 


But K has to M the ratio compounded of the ratios of the 
sides ; 
‘, also the parallelogram AC has to the parallelogram CF 
the ratio compounded of the ratios of the sides. 

Wherefore, parallelograms, etc. [Q.E.D. 


{An important note to this proposition will be found on Page 331.] 
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PROPOSITION 24. THEOREM. 
Parallelograms about the diameter of any parallelogram are similar 
to the whole parallelogram, and to one another. 
Let ABCD be a parallelogram, of which AC is a diameter ; 
and let EG and HK be parallelograms about the diameter : 
EG and HK shall be similar both to the whole parallelogram and 


to one another. 
A E B 


G H 


D K C 
Proof. Because DC and GF are parallel, 


the zADC =the zAGF. [I. 29. 
Because BC and EF are parallel, 
*. the -ABC=the 2 AEF. 

Also each of the angles BCD and EFG is equal to the oppo- 
site angle BAD, [I. 34. 
and therefore they are equal ; 

.. the parallelograms ABCD and AEFG are equiangular. 
Again, because the ~ABC=the -AEF, and the ~BAC is 
common to the two triangles BAC and EAF ; 
.. these triangles are equiangular ; 
Pee Der Ni Ee [VI. 4. 
Also the opposite sides of parallelograms are equal ; [I. 34. 
Pe Abe AD 2 AE ; AG, 
and OCs CBs. Gr < HE, 
and CD: DA:: FG: GA. : [Ved 
.. the sides of ABCD and AEFG about their equal angles 
are proportional, and they are therefore similar. [VI. Def. 1. 
So also the parallelograms ABCD and FHCK are similar ; 
. each of the parallelograms EG and HK is similar to BD; 
EG is similar to HK. aL BAL 
Wherefore, parallelograms, etc. [Q.mp. 
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PROPOSITION 25. PROBLEM. 


To describe a rectilineal figure which shall be similar to one given 
rectiineal figure and equal to another given rectilineal figure. 
Let ABC and D be the two given rectilineal figures : 
it is required to describe a rectilineal figure similar to ABC and 
equal to D. 
A 


B C F 


L E M G H 


Construction. On BC describe the parallelogram BE equal 
to the figure ABC. 
On CE describe the parallelogram CM equal to D, and 
having the ~FCE equal to the ~CBL; [I. 45, Corollary. 
therefore BC and CF will be in one straight line, and LE 
and EM will be in one straight line. 
Between BC and CF find a mean proportional GH, [VI 13. 
and on GH describe the figure KGH, similar and similarly 


situated to the figure ABC. [VI. 18. 
KGH shall be the figure required. 

Proof. Because BC : GH :: GH: CF, [ Construction. 

BOY Che ARC er [VI. 20, Corollary 2. 

But BC : CF :: the |@ BE: the "CM; (vi 

ABC: KGH:: BE :CM. fiV. 1: 

Also, the figure ABC=the |"BE; [ Construction. 

*. the figure KGH =the | CM, [V. 14. 

that is, =D, [ Construction. 

and it is similar to the figure ABC. [Construction. 


Wherefore the rectilineal figure KGH has been described similar 
to the figure ABC, and equal to D. [Q.B.F. 
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PROPOSITION 26. THEOREM. 


Lf two similar parallelograms have a common angle, and be 
similarly situated, they are about the same diagonal. 

Let the parallelograms ABCD, AEFG be similar and simi- 
larly situated, and having the common angle BAD: 
ABCD and AEFG shall be about the same diagonal. 


Construction. For, if not, let, if possible, the parallelogram 
BD have its diagonal AHC in a different straight line from 
AF, the diagonal of the parallelogram EG ; 
let GF meet AHC at H, and draw HK parallel to AD. [I. 31. 


Proof. The parallelograms ABCD and AKHG are about 


the same diagonal, and.are therefore similar ; (vane 

*, DA: AB:: GA: AK. 

But because ABCD and AEFG are similar, [ Hypothesis. 

= DA: AB::GA: AR;  [VIL. Definition 2. 

*; GA: AK::GA: AE; [V. 11. 
mak — Aly 


the es to the greater, which is impossible ; 


. ABCD and AEFG must have their diagonals in Bi same 
ae i, line, that is, they are about the same diagonal. 


Wherefore, if two similar parallelograms, etc. [Qin Ds 


Note. Prop. 26 is the converse of Prop. 24. 
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EXERCISES. 


1. In the figure of VI. 24 shew that EG and KH are parallel. 

2. Prove also that the parallelograms EG, BF, FD, and HK are 
proportionals. 

8. Construct a square equal to a given equilateral triangle. 

4. Construct an equilateral triangle equal to a given square. 

5. Construct an equilateral triangle equal to a given hexagon. 

6. Through a given point draw a chord in a given circle so that it 
shall be divided at the point in a given ratio. 

[The rect. contained by the segments is known ; for it is equal to the 
rect. contained by the segments of any chord through the given point. 
Thus, the ratio of the segments being given, we have to construct a 
rectangle of given area, whose sides are in a given ratio, so that the 
required rectangle is to he similar to a given one. ] 


PROPOSITION 30. PROBLEM. 


To cut a given straight line in extreme and mean ratio. 
Let AB be the given straight line: 


it is required to cut it in extreme and mean ratio. 
A C B 
Construction. Divide AB at the point C, so that the 
rectangle AB, BC may be equal to the square on AC. [II. 11. 
Proof. Because the rectangle AB, BC 

=the square on AC, (Construction. 
= AB VAG =sA0 = CB, La i, 
Wherefore AB is cut in extreme and mean ratio at the point C. 
fa.e.F. WI. Definition 4. 


e 


| 
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PROPOSITION 31. THEOREM. 


In any right-angled triangle, any rectilineal figure described on 
the side subtending the right angle is equal to the similar and 
similarly described figures on the sides containing the right angle. 

Let ABC be a triangle, right-angled at A: 
the rectilineal figure described on BC shall be equal to the similar 
and similarly described figures on BA and CA. 


Construction. Draw the perpendicular AD. [I. 12. 
Let K, L, M be the similar and similarly described figures 
on BC, CA, and AB. 


Proof. Because AD is drawn from the right angle A per- 
pendicular to BC, 


the ACBA is similar to the A ABD; Gets: 
Peep DAs] ba? BD: [Vile Depaez! 
meebo: beak: M- [VI. 20, Cor. 2. 
and inversely, BD: BC :: M :K, [V. B. 


Similarly, CD:BC:: L :K; 
-, as BD and CD together are to BC so are L. and M 


together to Kk. [V. 24. 

But BD and CD together = BC; 

*. the figure K =the figures L and M. [V. A. 
Wherefore, in any right-angled triangle, etc. [Q.B.D. 


Note. Of this general proposition I. 47 is a particular case. 
T.L.E, 8 
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PROPOSITION 32. THEOREM. 


If two triangles, which have two sides of one proportional to two 
sides of the other, be joined at one angle so as to have their homologous 
sides parallel, the remaining sides shall be in a straight line. 

Let ABC and DCE be two triangles which have BA to 
AC as CD is to DE, and let -AB nk parallel to DC and AC 
parallel to DE: : 

BC and Ci shall be in one straight line. 


Proof. Because AC meets the parallels AB, DC, [ Hyp. 


the alternate angles BAC, ACD are equal ; [I. 29. 

Similarly, the angles ACD, CDE are equal ; 
. the .BAC=the ~-CDE. [Axiom 1. 

Again, because the 2 at A=the + at D, 
and that BA: AC:: CD : DH, [ Hypothesis. 
. the A ABC is equiangular to the ADCE; [VI. 6. 

*, the 2LABC=-DCE. 

Also the zBAC = ZLACD; - [Shewn. 


. the whole ~ACEK= the - angles ABC opt BAC. [Az.2. 
oa the ACB to each of these equals ; 
*, AACE, ACB together=z*ABC, BAC, ACB, 


that is, = two right angles ; fit, See 
BC and CE are in one straight line. [I. 14. 
"Wherefore, if two triangles, ete. [Q.E.D. 


[For a note on this proposition, see Page 331. ] 
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PROPOSITION 33. THEOREM.” 


In equal circles, angles, whether at the centres or at the circumfer- 
ences, have the same ratio which the arcs on which they stand have to 
one another ; so also have the sectors. 

Let ABC and DEF be equal circles, and let BGC and EHF 
be angles at their centres, and BAC and EDF angles at their 
circumferences: then shall 

(i.) the BGC be to the LEHF as the are BC to the are KF; 
(il.) the LBAC be to the LEDF as the arc BC to the arc EF; 
and (iii.) the sector BGC be to the sector EHF as the are BC to 
the are EF. 

D 


Construction. Take any number of ares CK, KL, each 
equal to BC, and also any number of arcs FJ, JM, MN each 
equal to EF; and join GK, GL, HJ, HM, HN. 


Proof. (i.) Because the ares BC, CK, KU are all equal, 
the angles BGC, CGK, KGL are also all equal ; gs 2 
.. the are BL is the same multiple of the are BC that the 
LBGL is of the ~BGC. 

Similarly, the are EN is the same multiple of the are EF 
that the EHN is of the -EHF. 

And if the are BL =the are EN, the .BGL =the 2 EHN ; [III. 27. 
and if the arc BL be greater than the arc EN, the ~BGL is 
greater then the .EHN ; and if less, then less. 

Therefore, since there are four magnitudes, the two arcs 


BC, EF, and the two angles BGC, EHF; 
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L N 
B E M 
a at 

and of the first and third have been taken any equimultiples 
whatever, namely, the are BL and the .BGL; 
and of the second and fourth have been taken any equimultiples 
whatever, namely, the arc EN and the ~HHN; 

and since the -BGL is >, =, or < the -EHN, 
according as the are Bl. is >, =, or < the are EN; 
~ are BO: are Higa BGO 2 ho. [V. Definition 5. 


fii.) But BGC : -EHF :: ~BAC : -EDF, [V. 15. 
for each is double of each ; [III. 20. 
... the arc BC: the are EF :: the -BGC: the -EHF, 

and :: the ~_BAC: the EDF. 


(iii.) Join BC, CK, and tn he ares BC, CK take any points 
X, O, and join BX, XC, CO, OK. 


Then, in the triangles BGC, CGK, 


| BC Ce 
because GC=CK, 
I and 2BGC=zCGK ; 


, the base BC =the base CK, and ABGC=ACGK. [LL 4 
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Also because the are BC =the are CK, [Construction 
*, the remaining arc BAC =the remaining are CAK ; 
wthe 2bxXO = the 2COK ;- [lie 27, 


*, the segments BXC, COK are similar, [IIl. Definition 11. 
and they are on equal chords BC, CK; 
‘, the segment BXC=the segment COK. [III. 24. 
Also the A.BGC was shewn to be equal to the ACGK; 
the whole sector BGU=the whole sector CGK. [Axiom 2. 
Similarly, the sector KGL=each of the sectors BGC, CGK. 
In the same manner the sectors EHF, FHJ, JHM, MHN 
may be shewn to be equal , 
.. whatever multiple the arc BL is até the arc BC, dhe same 
multiple is the sector BGL of the sector BGC; 
and, similarly, whatever multiple the are EN is of the arc EF, 
the.same multiple is the sector EHN of the sector EHF. 
Also if are BL=the are EN, the sector BGL =the sector EHN ; 
and if the arc BL be greater than the arc EN, the sector BGL 
is greater than the sector EHN; and if less, then less. 
Therefore, since there are four magnitudes, the two arcs BC, 
EF, and the two sectors BGC, EHF; 
and that of the first and third have been taken any equi- 
multiples whatever, namely, the arc BL and the sector BGL; 
and of the second and fourth have been taken any equimultiples 
whatever, namely, the arc EN and the sector EHN ; 
and since the sector BGL is >, =, or < the sector EHN, 
according as the arc BL is >, =, or < the arc EN; 
. the arc BC: the arc EF 
the sector BGC: sector EHF. [V. Definition 5. 
Wherefore, uf equal circles, ete. [Q.5.D. 


Note. In VI. 33 Euclid implicitly gives up the restriction, which 
he seems to have adopted hitherto, that no angle is to be considered 
greater than two right angles. For in the demonstration the angle 
BGL may be any ee whatever of the angle BGC, and so may Pe 
greater than any number of right angles. 
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PROPOSITION B&B. THEOREM. 


If the vertical angle of a triangle be bisected by a straight line 
which also cuts the base, the rectangle contuined by the sides of 
the triangle 1s equal to the rectangle contained by the segments of 
the base, together with the square on the straight line which bisects 
the angle, 

Let ABC be a triangle, and let the angle BAC be bisected 
by AD; 
the tangle BA, AC shall be equal to the rectangle BD, DC, 
together with the square on AD. 


Construction. Describe the circle ACB about the triangle; 


= (Ve 5 
produce AD to meet the circumference at E, ‘and j join EC. 
Proof. Because the ~BAD=the LEAG, [ Hypothesis. 


and the .ABD=the ~AEC, in the same segment. __[III. 21. 
*, the ABAD is equiangular to the A HAC; 


o, BA + AD] EA: AGE [Via 
., the rect. BA, AC=the rect. EA, AD, (VI. 16. 
that is, =rect. ED, DA, and the square on AD (ees 
But the rect. ED, DA=the rect. BD, DC; (III. 35. 


-, the rect. BA, AC=the rect. BD, DC, together with 
the square on AD. 
Wherefore, if the vertical ungle, etc. [OE Ds 
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PROPOSITION C. THEOREM. 


If from the vertical angle of a triangle a straight line be-drawn 
perpendicular to the base, the rectangle contained by the sides of the 
triangle is equal to the rectangle contained by the perpendicular and 
the diameter of the circle described about the triangle. 

Let ABC be a triangle, and let AD be the perpendicular 
from A to the base BC: . 
the rect. BA, AC shall be equal to the rect. contained by AD and 
the diameter of the circle described about the triangle. 


Construction. Describe the circle ACB about the triangle ; 
[IV. 5. 
draw the diameter AK, and join EC. 
Proof. Because the right angle BDA 
=the LECA inasemi-circle; | [IIT. 31. 
and the .ABD=the ~AEC in the same segment; - [III. 21. 
‘, the A ABD is equiangular to the A AKC; 


pe Are AL) +: BAu AC; alee 
*, the rect. BA, AC=the rect. EA, AD. vas iG: 
Wherefore, ¢f from the vertical angle, ete. [Q.E.D. 


EXERCISES ON PROPOSITIONS B, C., 


1. If the exterior angle of BAC of a triangle ABC be bisected by 
a straight line AE which cuts the base in F, and the circle in E, prove 
that the rectangle BF, FC =the rectangle BA, AC+the square on AF. 

[The A®’ BAF, EAC are similar.] - 

2. Construct a triangle, having given the base, the vertical angle, 
and the rectangle contained by the sides. 
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PROPOSITION D, THEOREM. ‘ 

The rectangle contained by the diagonals of a quadrilateral 
inscribed in a circle is equal to the swm of the two rectangles 
contained by tts opposite sides, 

Let ABCD be any quadrilateral inscribed in a circle, and 
join AC, BD: 
the rect. AC, BD shall be equal to the two rectungles contained by 
AB, CD and by AD, BC. 


B 


Construction. Make the ABE equal to the ~DBC. [I. 23. 


Proof. Add to each of these equals the -EBD ; 
then the zABD=the ZEBC. [Axiom 2. 
Also the .BDA=the ~BCH, in the same segment; _[II1. 21. 
‘*, the A ABD is equiangular to the A EBC; 


25 AIO) IDE) oO) = (Oise [VL 4. 
‘, the rect. AD, CB=the rect. DB, EC. [VI. 16. 
Again, because the cABE=the -DBC, [Construction 


and the ~BAE=the -BDC in the same segment ; fit. 21 
*, the A ABE is equiangular to the A DBC; 


mebaAy AK 2 BD Dee INGE és 
‘, the rect. BA, DC=the rect. AK, BD. [VI. 16. 
But the rect. AD, CB=the rect. DB, EC; [Shewn. 


‘, the rectangles AD, CB and BA, DC together 
-= the rectangles BD, EC and BD, AE; 
that is, =the rectangle BD, AC. [1I. 1. 
Wherefore, the rectangle contuined, ete. [Q.E.D. 
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EXERCISES. 

1. The sum of the rectangles contained by opposite sides of a quadri- 
lateral is greater than that contained by the diagonals except when the 
quadrilateral can be inscribed in a circle, and then it is equal to the 
rectangle contained by the diayonals. 

Let ABCD be a quadrilateral not inscribable in a circle. 

Make the ABE=2DBC, and the 2BAE=2z BDC. 

[Since ABCD is not inscribable in a circle, the 4BAC does not 
=/BDC, and .. AE does not fall on AC as it does in Proposition D.] 

The AsABE, DBC are thus equiangular; .. AB: AK:: DB: DC. 

. AB. DC=AK. DB. 
Again, since 4ABD=2EBC, and that 
AB: BE:: BD: BC, since ASABE, DBC are similar, 
i.e. AB: BD:: BE: BC. 
A*ABD, EBC are similar, and 
.. AD: DB:: CE: CB, 7c. AD. CB=CE. DB 
. AB. DC+AD.CB=AE.DB+CE. DB 
=rectangle contained by DB and the sum of AE, EC, 
and .. >rectangle contained by DB, AC. (aie 20. 

2. A circle is described round an equilateral triangle, and from any 
point in the circumference straight lines are drawn to the angular 
points of the triangle; shew that one of these straight lines is equal to 
the sum of the other two. 

3. From the extremities B, C of the base of an isosceles triangle 
ABC, straight lines are drawn at right angles to AB, AC respectively, 
and intersecting at D; shew that the rectangle BC, AD is double of 
the rectangle AB, DB. 

4. If the diagonals of a quadrilateral inscribed in a circle be at right 


-angles, the sum of the rectangles contained by opposite sides is equal | 


to twice the area of the quadrilateral. 

5. Prove that the product of the perpendiculars drawn from any 
point on a circle upon a pair of opposite sides of an inscribed quadri- 
lateral is equal to the product of the perpendiculars from the saine 
point on the other pair of sides, and also to the product of the perpen- 
diculars upon the diagonals of the quadrilateral. 

[If O be the point, and OF, OG, OH, OK, OL, OM the perpendiculars 
on the sides AB, BC, CD, DA and the diagonals AC, BD of the 
quadrilateral ABCD, then, by Prop. C, 

OF x diamt = OA.OB; OH x diamt = OC. OD, 
OLx diam? = OA.OC; OM x diamt = OB. OD; 
« OF .OH=OL.OM. So OG.OK=OL.OM.] 
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DEFINITIONS. 


1. A solid is that which has length, breadth, and thickness. 

2. That which bounds a solid is a superficies. 

3, A straight line is perpendicular, or at right angles, to a 
plane, when it is at right angles to every straight line meeting 
it in that plane. Such a straight line is often called a normal 
to the plane. ‘ 

4. A plane is perpendicular to a plane when the straight 
lines drawn in one of the planes perpendicular to the common 
section of the two planes are perpendicular to the other plane. 
5, The inclination of a straight line to a plane is the 
acute angle contained by that straight line, and another drawn 
from the point at which the first line meets the plane to the 
point ‘at which a perpendicular to the plane drawn from any 
point of the first line above the plane meets the same plane. 

6, The inclination of a plane to a plane is the acute angle 
contained by two straight lines drawn from any the same 
point of their common section at right angles to it, one in one 
plane, and the other in the other plane. 

7. Two planes are said to have the same or a like inclination 
to one another which two other planes have, when the said 
angles of inclination are equal to one another. 

8. Parallel planes are such as do not meet one another 
though produced. 

A straight line is said to be parallel to a plane when ae 
do not meet if produced. 
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9, A solid angle is that which is made by more than two 
plane angles, which are not in the 
same plane, meeting at one point. 

A solid angle contained by three 
plane angles is called a trihedral 
angle; one contained by more than 
three plane angles is called a poly- 
hedral angle. 

10. The angle made by two straight lines, which do not 
meet, is the angle contained by two straight lines’ parallel to 
them and drawn through any point. 


Ti. Similar solid figures are such as have all their solid 
angles equal, each to each, and are contained by the same 
number of similar planes. : 


12. A polyhedron is a solid figure all of whose bounding 
surfaces are planes. 

It is said to be regular when its bounding surfaces are equal 
and regular polygons. 


13. A pyramid is a polyhedron which has 
for one face a triangle or polygon, and for 
the other faces triangles whose bases are the 
sides of the polygon, and a point which does 
not lie in the plane of the polygon as the 
common vertex. 


14. A prism is a polyhedron con- 
tained by plane figures, of which two 
that are opposite are equal, similar 
and parallel to one another, and the 
others are parallelograms. 


15, A sphere is a solid figure described by the revolution 
of a semicircle about its diameter, which remains fixed. 
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16, The axis of a sphere is the fixed straight line about 
which the semicircle revolves. . 

17. The centre of a sphere is the same as that of the semi- 
circle. 

The diameter of a sphere is any straight line which passes 
through the centre, and is terminated both ways by the super- 
ficies of the sphere. 

18. A right circular cone is a solid figure described by 
the revolution of a right-angled 
triangle about one of the sides 
containing the right angle, which 
side remains fixed. 

If the fixed side be equal to the 
other side containing the right 
angle, the cone is called a right- 
angled cone; if it be less than the , £// 
other side, an obtuse-angled cone ; 
and if greater, an acute-angled cone. 

19. The axis of a cone is the fixed straight line about which 
the triangle revolves. 


20. The base of a cone is the circle described by that side 
containing the right angle which revolves. 


21, A right cireular cylinder is a solid 
figure described by the revolution of a 
rectangle about one of its sides which 
remains fixed. 

22. The axis of a cylinder is the fixed 
straight line about which the rectangle 
revolves. 


23, The bases of a cylinder are the circles 
described by the two revolving opposite sides of the rectangle, 

24. Similar cones and cylinders are those which have their 
axes and the diameters of their bases proportionals. 
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25, A cube is a solid figure contained by 
six equal squares. 


sh 
i 


26, A tetrahedron is a solid figure con- 
tained by four triangles; when these bound- 
ing triangles are all equal and equilateral, 
the tetrahedron is said to be regular. 


27. A regular octahedron is a solid figure contained by eight 
equal and equilateral triangles. 


28. A regular dodecahedron is a solid figure contained by 
twelve equal pentagons which are equilateral and equiangular. 


29, A regular icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 


OCTAHEDRON. . DODECAHEDRON, 


30. A parallelepiped is a 
solid figure contained by six 
quadrilateral figures, of which 
every opposite two are parallel, 
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31. The projection of a line 
on a plane is the line joining 
the feet of the perpendiculars 
let fall from the points in that 
line upon the plane. Thus abe 
is the projection of ABC upon 
the plane MN. 


PROPOSITION 1 THEOREM. 
One part of a straight line cannot be in a plane, and another part 
without tt. 
If it be possible, let AB, part of the straight line ABC, be 
in a plane, and the part BC without it. 


Construction. Since the straight line AB is in the plane, 
it can be produced in that plane; let it be produced to D; 
and let any plane pass through the straight line AD, and be 
turned about until it pass through the point C. 


Proof. Because the points B and C are in this plane, the 
straight line BC is in it. [I. Definition 7. 


Therefore there are two straight lines ABC, ABD in the same 
plane that have a common segment AB ; 


but: this is impossible. [I. Axiom 10. 
Wherefore, one part of a straight line, ete. . [Q.B.D. 
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PROPOSITION 2. THEOREM. 


Two straight lines which cut one another are in one plane; and 
three straight lines which meet one another are in one plane. , 
_ Let the two.straight lines AB, CD cut one another at I: 
AB and CD shall be in one plane; and the three straight lines 
EC, CB, BE, which meet one another, shall be in one plane. “ 


A D 


c B 


Construction. Let any plane pass through the straight 
line EB, and let the plane be turned about EB, produced if 
necessary, until it pass through the point C. 


Proof. Because the points EH and C are in this plane, the 
straight line EC is in it; [I. Definition 7. 
for the same reason, the straight line BC is in the same plane; 
“uel by eee EB is in it; 

. EC, CB, BE are in one plane. 

But AB, CD are in the plane in which EB, EC are; [XI. 1. 
. AB and CD are in one plane. 

Wherefore, f two straight lines, ete.  [@.B.D. 


Note. A plane is determined when it is given that it passes through 
(1) two straight lines, intersecting or parallel ; [Cf XI. 7. 
or (2) three points which are not ina straight line ; 
or (3) a given straight line and a given point not lying on this straight 
line, 


288 EUCLID’S ELEMENTS. 


PROPOSITION 3. THEOREM. 


If two planes cut one another, their common section is a straight 


line. 
Let two planes AB, BC cut one another, and let BD be 


their common section : 


BD shall be a straight line. 


Construction. If it be not, from B to D, draw in the plane 
AB the straight line BED, and in the plane BC the straight 
line BFD. [ Postulate 1. 


Proof. The two straight lines BED, BFD have the same 
extremities, and therefore include a space between them ; 
but this is Impossible. [Aziom 10. 
Therefore BD, the common section of the planes AB and BC, 
cannot but be a straight line. 
Wherefore, if two planes, ete. [Q.B.D. 


BOOK XI. 4. 289 


PROPOSITION 4, 'THEOREM. 


Tf a straight line stand at right angles to each of two straight 
lines at the point of their intersection, it shall also be at right angles 
to the plane which passes through them, that is, to the plane in 
which they are. = 

Let the straight line EF stand at right 
angles to each of the straight lines AB, 

CD at EH, the point of their intersection: 


EF shall also be at right angles to the plane 
passing through AB, CD. B 


Construction. Produce FE to G, es 
making EG equal to FE; through E > 
draw any straight line EH, meeting 
BD in H, and join FD, FH, FB, GD, A 
GH, GB. 
Proof. (1) In the triangles BEF, BEG, 
= EG, [ Construction. 
because + and EB is common, 
and the _BEF = - the LBEG, both being right angles; 
fo, Jen, oes 
Similarly, DF=DG. 
The triangles F DB, GDB are therefore equal in all respects, 
and therefore the LFBD =the zGBD. 
(2) In the triangles FBH, GBH, 
FB= BG, [Proved. 
because ~ and BH is common, 
and the ZF BD =the LGBD ; [ Proved. 
*, the base FH =the base GH. 


(3) Lastly, in the triangles FEH, GEH, 
FE 


} 
| 


=GH, [ Construction. 
| because { and EH is common, 

and the base FH = ie base GH; [Proved in (2). 
m:. the <CGEH= he LFEH; .:. eachisa right L3 [L. Def. 10. 


» EE is perpendicular to EH. 
Similarly, it may be shewn to be 1” to every other 
Eien line which meets it in the plane through AB and CD; 
. EF is 1” to the plane in which are AB and CD. [XI. Def 3. 
“Wherefore, if a straight line, ete. [Q.E.D. 


Note. This is not the proof as given by Euclid, but is much easier. 
TLE. T 
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EXERCISES. 


%**1, The angle between two planes is equal to the angle between two 
perpendiculars, one to one plane and one to the other, which intersect. 

2. Prove that three planes, in general, meet in a point. What are 
the exceptions ? 

**3, Of all the straight lines that can be drawn from a given point 
to a given plane, the least is that which is perpendicular to the given 
plane; and of other such lines that one, whose intersection with the 
plane is nearer to the foot of the perpendicular, is less than one whose 
intersection is farther from this foot. 

**4, The sum of the squares on any two opposite edges of a tetra- 
hedron is less than the sum of the squares on the other four edges. 

{Let ABCD be the tetrahedron, E and F the middle points of AB 
and CD. Then by Ex. 1, page 109, we have 
AC?+ AD? =2AF?+2EFD? and BC?+ BD? = 2BF? + 2FD2, 

“ AC?+ AD? + BC?+ BD? = 2AF?+2BF? + 4FD? 

=4¥E?+4BE?+4FD?, by the same theorem, 

= 4FE?+ AB?+CD?, 
that is, the sum of the squares on AB, CD is less than the sum of the 
squares on the other four edges by four times the square on the line 
oining the middle points of AB and CD.] 

**5. In a tetrahedron the sum of the squares on the six edges is 
always equal to four times the sum of the squares on the straight lines 
joining the middle points of opposite edges. [Use Ex. 4.] 


| 
| 
| 
| 


| 
| 


i 
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PROPOSITION 5. THEOREM. 


Df three straight lines meet all at one point, and a straight line 
be perpendicular to each of them at that point, the three straight 
lines shall be in one and the same plane. 

Let the straight line AB stand at right angles to each of 
the straight lines BC, BD, BE, at B the point where they 
meet: 


BC, BD, BE shall be in one and the same plane. 
A 


B D 
E 


Construction. For, if not, let, if possible, BD and BE be 
in one plane, and BC without it; let a plane pass through 
AB and BC; the common section of this plane with the plane 
in which are BD and BE isa straight line ; Pro, Bi, 
let this straight line be BF. 

Proof. The three straight lines AB, BC, BF are all in one 
plane, namely, the plane which passes through AB and BC. 

Because AB is perpendicular to both BD and BH, [Ayp. 

‘, it is perpendicular to the plane through them ; [XI. 4. 

‘, it is perpendicular to the straight line BF which meets it, 

and is in that plane; [XI. Definition 3. 
*, the -ABF is a right cz. 


| But the -ABC is, by hypothesis, a right z ; 


-, the .ABC =the 2 ABF, Dgeya N. 


and they are in one plane, which is impossible ; [Awiom 8. 


. the straight line BC is not without the plane in which are 


BD and BE, 
, that is, BC, BD, BE are in one and the same mire! 


Wherefore, if three straight lines, etc. [Q.B.D. 
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PROPOSITION 6. THEOREM. 


If two straight lines be at right angles to the same plane, they 
shall be parallel to one another. 

Let the straight lines AB, CD be at right angles to the 
same plane : 


AB shall be parallel to CD. 


A Cc 
B D 
E 
Construction. Let them meet the plane at B, D; join BD; 
and in the plane draw DE at right angles to BD; [isit 


make DE equal to AB; and join BE, AE, AD. 

Proof. Because AB is perpendicular to the plane, [Hyp. 
it is at right angles to BD and BE, which meet it and are 
in that plane ; (XI. Definition 3. 

*, each of the angles ABD, ABE is a right angle. 
Similarly, each of the angles CDB, CDE is a right angle. 

Also, because ABE is a right z, 

*, sq. on AH=sum of the sqs. on AB, BE [I. 47. 
=sum of the sqs. on AB, BD, DE, since BDE is a right ¢, 
=sum of the squares on AD, DE, since ABD is a rt. 2; 


.. the .ADE is a right angle. [I. 48. 
But the angles EDB, EDC are also right angles; 
.. DB, DA, DC are all in the same plane. [XI. 5. 
But AB is in the plane in which are BD, DA; (x1 3 


.. AB, BD, CD are in one plane. 
Also each of the angles ABD, CDB is a right 2; 
.*. AB is parallel to CD. [I. 28. 
Wherefore, ¢f two straight lines, ete. [Q.B.D. 
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PROPOSITION 7. THEOREM. 


If two straight lines be parallel, the straight line drawn from 
any point in one to any point in the other is in the same plane with 
the parallels. 

Let AB, CD be parallel straight lines, and take any point 
I. in one and any point F in the other: 
the straight line which joins K and F shall be in the same plane 
with the parallels AB and CD. 


For, if not, let it be, if possible, without the plane, as 
EGF; and in the plane ABCD, in which the parallels are, 
draw the straight line HHF from E to F, 


Then, since EGF is also a straight line, [ Hypothesis. 
the two straight lines EGF, EHF include a space between 
them, which is impossible ; [Axiom 10. 


.. the straight line joining the points E and F is not without 
the plane in which the parallels AB, CD are; 
. it is in that plane. 
Wherefore, if two straight lines, ete. [Q.E.D. 


EXERCISES. 


**1. If a straight line be parallel to a second straight line it is 
parallel to any plane passing through the second straight line. 

**2,. If the perpendiculars drawn from two points to a plane be 
equal, the straight line joining the two points is parallel to the plane. 
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PROPOSITION 8 THEOREM. 


If two straight lines be parallel, and one of them be at right 
angles to a plane, the other also shall be at right angles to the same 
plane. 

Let AB, CD be two parallel straight lines; and let one of 
them AB be at right angles to a plane: 
the other CD shull be at right angles to the same plane. 


A Cc 


5 


Construction. Let AB, CD meet the plane at the points 
B, D; join BD; then AB, CD, BD are in one plane. [XI. 7. 
In the plane to which AB is at right angles, draw DE at 
right angles to BD; [1. 1 


make DE equal to AB; and join BE, AE, AD. 


Proof. (1) Because AB is at right angles to the plane, [Hyp. 
it is at right angles to every straight line meeting it in that 
plane ; [XI Definition 3. 


.. each of the angles ABD, ABE is a right angle. 
And because BD meets the two parallels AB, CD, 
the angles ABD, CDB together = two right angles. [I. 29% 
But the ABD is a right 2; [ Hypothesis, 
*, the LCDB is a right z, 
that is, CD is at right angles to BD. 


. 
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(2) Because ABE is a right 2; 
-, the sq. on AH=the squares on AB, BE [I. 47. 
=the squares on AB, BD, DE, since BDE is a right 2, 
=the squares on AD, DE, since ABD isa right 2; 


.. the -ADE is a right angle, [I. 48. 
that is, ED is at right angles to AD. 
But ED is at right angles to BD; [Construction. 
.. ED is at right angles to the plane which passes through 
BD, DA. [XI 4. 


But CD is in the plane passing through BD, DA, because all 
three are in the plane in which are the parallels AB, CD ; 


.. ED is at right angles to CD; [XI. Def. 3. 
.. CD is at right angles to ED. 
But CD was shewn to be also at right angles to BD ; 
.. CD is at right angles to the plane passing through BD, 


ED, (xd, 
that is, to the plane to which AB is at right angles. 
Wherefore, if two straight lines, etc. [Q.E.D. 
EXERCISE. 


From a point A a perpendicular is drawn to a plane meeting it at B; 
from B a perpendicular is drawn to a straight line DK in the plane 
meeting itat C: shew that AC is perpendicular to the straight line DE. 

[Through B draw BK ||! to DE; then BK is in the plane and ABK 
is a right Z since AB is |" to the plane; .. KBA, KBC are right 2°; 
.. KB is |* to the plane through BC, BA; .. the |! line DE is 1* to 
the plane through BC, CA; .. 2DCA is a right 4, etc. ] 
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PROPOSITION 9. THEOREM. 


Two straight lines which are each of them parallel to the same 
straight line, and are not in the same plane with it, are parallel to 
one another. 

Let AB and CD be each of them parallel to EF, and not 
in the same plane with it: 


AB shall be parallel to CD. 
A_H B 


Cc K D 


Construction. In EF take any point G; 
in the plane passing through EF and AB, draw from G the 
straight line GH at right angles to EF; 
and in the plane passing through EF and CD, draw from G 
the straight line GK at right angles to EF. (x. 1 
Proof. Because EF is at right angles to GH and GK, [Conser. 
EF is at right angles to the plane HGK passing through 


them. pS. 

Also EF is parallel to AB and also to CD; [ Zy pothesis. 

... AB and CD are each of them at right angles to the plane 

HGK ; [XI. 8. 

.. AB is parallel to CD. [XI. 6. 

Wherefore, 2f two straight lines, etc. [Q.E.D. 
EXERCISE. 


**The middle points of two pairs of opposite edges of a tetrahedron 
are in one plane and form a parallelogram. 

[Let ABCD be the tetrahedron ; P and Q the middle points of the 
opposite edges AB, CD, and R, S the middle points of the other edges 
AD, BC. Then QR is || to and half of AC ; so PSis ||! to and half of AC; 
“. QR and PS are |! and equal; .. etc.] 
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PROPOSITION 10. ‘THEOREM. 


If two straight lines meeting one another be parallel to two others 
that meet one another, and are not in the same plane with the first 
two, the first two and the other two shall contain equal angles. 

Let the two straight lines AB, BC, which meet one another, 
be parallel to the two straight lines DE, EF, which meet one 
another, and are not in the same plane with AB, BC: 
the angle ABC shail be equal to the angle DEF. 


B 


D Bp 


Construction. Take BA, BC, ED, EF all equal to one 
another, and join AD, BE, CF, AC, DF. 


Proof. Because AB is equal and parallel to DE, 
. AD is equal and parallel to BE. (oa. 
Similarly, CF is equal and parallel to BE; 
*, AD and CF are each of them equal and parallel to BE; 
*, AD is equal and parallel to CF; [Axiom 1 and XI. 9. 
*, AC is equal and parallel to DF. [L. 33. 
Also because AB, BC are equal to DE, EF, each to each, 
and the base AC=the base DF; 
*, the .ABC=the 2DEF. ae 
Wherefore, if two straight lines, ete. [Q.u.D, 
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PROPOSITION 11. PROBLEM. 
To draw a straight line perpendicular to a given plane from a 
given point without it. 
Let A be the given point without the plane BH: 
it is required to draw from A. a straight line perpendicular to the 
plane BH. 


B D Cc 


Construction. Draw any straight line BC in the plane BH, 
and from A draw AD perpendicular to BC. [I. 123 
Then, if AD be also perpendicular to the plane BH, the thing 
required is done. But, if not, from D draw, in the plane BH, 


the straight line DE at right angles to BC, [1. 1 
and from A draw AF perpendicular to DE: fl. 123 
AF shall be perpendicular to the plane BH. 

Through F draw GH parallel to BC. (L.13u 


Proof. Because BC is at right angles to LD and DA, [Couser. 
BC is at right angles to the plane through ED, DA. [XI 4. 


ae GH is parallel to BC; [Construction 
. GH is at right angles to the plane ai through ED 
i DA. [XI. 8. 


But AF meets GH, and is in this plane ; 
. GH is at right angles to AF; [XI. Definition 3. 
*, AF is at right angles to GH. 


But AF is also at right angles to DE; [Construction. 
. AF is perpendicular to the plane through GH and DE, 
that is, to the plane BH. (XI. 4. 


Wherefore, from the given point A, without the plane BH, the 
straight line AF has been drawn perpendicular to the plune. [a.5.¥. 
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PROPOSITION 12. PROBLEM. 


To draw a straight line perpendicular to a gwen plane, from a 
gwen point in the plane. 
Let A be the given point in the plane: 
it is required to draw from A a straight line perpendicular to the 
plane. | 
D; B 


Construction. From any point B without the plane, draw 
BC perpendicular to the plane ; pene 


and from A draw AD parallel to BC: BBB 
AD shall be the streaght line required. 


Proof. Because AD and BC are two parallel straight 


lines, [ Construction, 
and that one of them BC is perpendicular to the given plane, 
[ Construction. 


the other AD is also perpendicular to the given plane. [XI. 8. 
Wherefore a straight line has been drawn perpendicular to a 
gwen plane, from a given point in 2. [Q.E.F. 


EXERCISES. 


**1, Shew that equal straight lines drawn from a given point toa 
given plane are equally inclined to the plane. 

2. If two straight lines in one plane be equally inclined to another 
plane, they will be equally inclined to the common section of these 
planes. 

#**8, P and Q are two points on the same side of a given plane ; find 
a point R in the plane which is such that the sum of PR, RQ is the 
least possible. 
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4. OA, OB, OC are three equal straight lines meeting in O which 
are not in the same plane; prove that the’perpendicular from O upon 
the plane ABC meets it in the centre of the circumcircle of the 
triangle ABC. [Use Ex. 1.] 

**K5. Give a geometrical construction for drawing a straight line 
which shall be equally inclined to three straight lines meeting at a 
point. [Use Exs, 1 and 4.] 

6. Perpendiculars are drawn from a point to a plane, and to a 
straight line in that plane; shew that the straight line joining the feet 
of the perpendiculars is perpendicular to the former straight line. 

7. If O is the centre of the circumcircle of a triangle ABC and OP 
be drawn perpendicular to the plane of the triangle, prove that any 
point in OP is equidistant from the vertices A, B, C. 

**8, Show how to construct the straight line which is perpendicular to 
two straight lines which are not parallel and do not intersect ; shew also 
that the common perpendicular is the shortest distance between the two 
given lines. 


Let AB and CD be the two given straight lines; throngh AB draw 
the plane AEB, which contains AB and a straight line AE parallel to 
CD; this plane is therefore parallel to CD. Draw DF perp? to this 
plane and let the plane CDF cut the plane AKB in the straight line 
FG. Let FG meet AB in G and draw GH perp to CD. Then GH 
is the line required, that is, it shall also be 1? to AB. For CD, being 
parallel to the plane AEB, does not meet GF which is in this plane. 
Also CD and GF are in the same plane CDF; .«. CD and GF are 
parallel; .. DF, which is 1" to GF, is 1* to CD, and is .. ||| to HG; 
“. HG is L* to the plane AEB, and .. is |” to the straight line AB. 

Also HG is the shortest distance between the two given lines. For 
let DK be any other line joining two points on them. Since DF is 
i* to the plane EAB; «. 4DFK is a right 4; .. in the A DKF, 
DK > DP, t.e. >HG. 
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PROPOSITION 13. THEOREM. 


From the sume point in a given plane there cannot be two straight 
lines at right angles to the plane on the same side of it ; and there 
can be but one perpendicular to a plane from a point without the 
plane. 

For, if it be possible, let the two straight lines AB, AC be 
at right angles to a given plane, from the same point A in the 
plane, and on the same side of it. 


B C 


D A E 


Let a plane pass through BA, AC; 


the common section of this with the given plane is a straight 


line ; ; [XI. 3. 
let this straight line be DAE. 
Proof. AB, AC, DAE are all in one plane. [Const. 


Because CA is at right angles to the given plane, [/ypothesis. 
it is at right angles to every straight line meeting it in the 
plane. [XI. Definition 3. 
But DAE meets CA, and is in that plane ; 
.. the -CAE is a right 2. 
For the same reason the ~BAE is a right 2; 
.. the ,-CAEK=the ~zBAE, 
and they are in one plane, which is impossible. [Axiom 8. 
Also, from a point without the plane, there can be but one 
perpendicular to the plane. 
For if there could be two, they would be parallel [XI. 6. 
which is absurd. 
Wherefore, from the same point, ete. [Q.E.D. 
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PROPOSITION 14. THEOREM. 


Planes to which the same straight line is perpendicular are parallel 


to one another. 
Let the straight line AB be perpendicular to each of the 


planes CD and EF: 
these planes shall be parallel to one another. 


Gk 


D F 
Construction. For, if not, they will meet when produced ; 
let them meet; their common section will be a straight line ; 
let GH be this straight line; in it take any point K, and join 
AK, BK. 


Proof. Because AB is perpendicular to the plane EF, [Hyp. 
it is perpendicular to the straight line BK which is in that 
plane ; [XI. Definition 3. 

*. the -ABK is a right 4. 
For the same reason the -BAK is a right 2; 
.. the two angles ABK, BAK of the AABK are equal to 
two right angles, which is impossible. [Li Ve 
.. the planes CD and EF, though produced, do not meet, 
that is, they are parallel. [XI. Definition 8. 
Wherefore, planes, etc. > (9.5. 
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PROPOSITION 15. THEOREM. 


If two straight lines, which meet one another, be parallel to two 
other straight lines which meet one another, but are not in the same 
plane with the first two, the plane passing through these 1s parallel 
to the plane passing through the others. 

Let AB, BC, two straight lines which meet one another, be 
parallel to two other straight lines DE, EF, which meet one 
another, but are not in the same plane with AB, BC: 
the plane passing through AB, BC shall 


be parallel to the plane passing through : 
DE, EF. B 
K 
Construction. From B draw BG Cc 
perpendicular to the plane passing 
through DE, EF, paeme D 


and let it meet that plane at G ; 
through G draw GH || to ED, and GK |[ to EF. (test 


Proof. Because BG is perpendicular to the plane passing 


through DE, EF, [ Construction. 

it is perpendicular to each of the straight lines GH and GK, 

which meet it, and are in that plane ; [XI. Definition 3. 
*, each of the angles BGH and BGK is a right c. 

Now, because BA is parallel to ED, [ Hypothesis. 

and GH is parallel to ED, [ Construction. 

‘*. BA is parallel to GH; [XI. 9. 


*, the angles ABG and BGH together = two right angles. [I. 29. 
Also the angle BGH has been shewn to be a right angle ; 
*, the .ABG is a right 2 
For the same reason the ~CBG is a right 2; 
*. GB is perpendicular to the plane through AB, BC. [XI. 4. 
And GB is also 1” to the plane through DE, EF; = [Constr. 
*, the plane passing through AB, BC is parallel to the plane 
passing through DE, EF. [XI. 14. 
Wherefore, ¢/ two straight lines, etc. [Q.E.D. 
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PROPOSITION 16. THEOREM. 


If two parallel planes be cut by another plane, their common 
sechions with it are parallel. 

Let the parallel planes AB, CD be cut by the plane EFHG, 
and let their common sections with it 
be EF, GH: 

EF shall be parallel to GH. 


Construction. For if not, EF and 
GH, being produced, will meet either 
towards F, H or towards E, G. Let 
them be produced and meet towards 
F, H at the point K. 


Proof. Since EFK is in the plane AB, every point in 
EFK is in that plane ; [XI 1. 
.. K isin the plane AB. 

For the same reason K is in the plane CD ; 

.. the planes AB, CD, being produced, meet one another. 
But they do not meet, since they are parallel by hypothesis ; 
.. EF and GH, being produced, do not meet towards F, H. 

In the same manner it may be shewn that they do not 
meet towards E, G; | 
.. EF is parallel to GH. [I. Definition 29. 

Wherefore, if two parallel planes, ete. [Q.E.D. 


EXERCISES. 


1. Draw two parallel planes, one through one straight line, and the 
other through another straight line which does not meet the former. 

*%2, If two planes which are not parallel be cut by two parallel 
planes, the lines of section of the first two by the last two will contain 
equal angles. 

8. Polygons formed by cutting a pyramid by parallel planes are 
similar. 

**4, Polygons formed by cutting a prism by parallel planes are equal. 

5. From the extremities of the two parallel straight lines AB, CD 
parallel straight lines Aa, Bb, Ce, Dd are drawn meeting a plane at 
a, b, c, d: shew that AB is to CD as ab is to cd. 
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PROPOSITION 17. ‘THEOREM. 


Lf two straight lines be cut by parallel planes, they shall be cut im 


the same ratio. 

Let the straight lines AB and CD be cut by the parallel 
planes GH, KL, MN at the points A, E, B and C, F, D: 
AE shall be to EB as CF to FD. 


Construction. Join AC, BD, AD; let AD meet the plane 
KL at the point X; and join EX, XF, 
Proof. Because the parallel planes KL, MN are cut by the 


plane EBDX, the common sections EX, BD are parallel ; 
[XI. 16, 


and because the parallel planes GH, KL are cut by the plane 
AXFC, the common sections AC, XF are parallel. [XI. 16. 
Also because EX is parallel to BD, a side of the AABD, 


eri, Rly ACK: ull), [VI. 2. 
Again, because XF is parallel to AC, a side of the AADC, 
2, AOS SO 2 (CD [vie 2) 
> ALR nS: CE = RD, ie vl 
Wherefore, if two straight lines, ete. [Q.E.D 


T.L.B. U 
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PROPOSITION 18. THEOREM. 


Lf a straight line be perpendicular to a plane, cvery plane which 
passes through ut shall be perpendicular to that plane. 

Let the straight line AB be perpendicular to the plane CK: 
every plane which passes through AB shall be perpendicular to the 
_ plane CK. 

D G A H 


Cc 5 B E 


Construction. Let any plane DE pass through AB, and 
let CE be the common section of the planes DE, CK; [XI.3. 
take any point F in CH, from which draw FG, in the plane 


DE, at right angles to CE. [esis 
Proof. Because AB is perpendicular to the plane CK, 

[ Hypothesis. 

.. It is perpendicular to CB which meets it, and is in that 

plane ; [XI. Definition 3. 
.. the -ABF isa right 2. 

But the -GFB is also a right 2; [Construction. 

.. FG is parallel to AB. [I. 28. 

Also AB is at right angles to the plane CK ; [ Hypothesis. 

.. FG is also at right angles to the same plane, [XI. 8. 


that is, any straight line FG drawn in the plane DE, at right 
angles to CE, the common section of the planes DE and CK, 
is at right angles to the plane CK ; 
., the plane DE is at right angles to the plane CK. 
[XI. Definition 4. 

Similarly, any other plane which passes through AB is at 
right angles to the plane CK. 

Wherefore, if a straight line, ete. [9.E.D. 
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Proposition 19. THEOREM. 


Tf two planes which cut ne another be each of them perpendicular 
to a third plane, their common section shall be perpendicular to the 
same plane. 

Let the two planes BA, BC be each of them perpendicular 
to a third plane, and let BD be the common section of the 
planes BA, BC: 

BD shall be perpendicular to the third plane 


B 


vars 


A Cc 

Construction. For, if not, from the point D, draw in the 
plane BA the straight line DE at right angles to AD, the 
* common section of the plane BA with the third plane; [I. 11. 
and from D, draw in the plane BC the straight line DF at 
right angles to CD, the common section of the plane BC with 
the third plane. fI. 11. 

Proof. Because the plane BA is perpendicular to the third 
plane, and DE is drawn in the plane BA at right angles 
to AD their common section ; [Construction. 
.. DE is perpendicular to the third plane. [XI. Definition 4. 

Similarly, DF is perpendicular to the third plane ; 
.. from D two straight lines are drawn at right angles to the 
third plane, on the same side of it, which is impossible; [XI. 13. 
.. from D there cannot be drawn any straight line at right 
angles to the third plane, except BD the common section of 
the planes BA, BC; 
.. BD is perpendicular to the third plane. 

Wherefore, 1f two planes, ete. [Q.E.D. 
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PROPOSITION 20. THEOREM. 


Tf a solid angle be contained by three plane angles, any two of 
them are together greater than the third. 

Let the solid angle at A be contained by the three plane 
angles BAC, CAD, DAB: 
any two of them shall be together greater than the third. 


D 
LASS 
B E gc 
If the angles BAC, CAD, DAB be all equal, it is evident 
that any two of them are greater than the third. 
If they are not all equal, let BAC be that angle which is 
not less than either of the other two, and is greater than one 
of them, BAD. 


Construction. At the point A, in the straight line BA, 
make, in the plane which passes through BA, AC, the angle 
BAE equal to the angle BAD ; il 233 

make AE equal to AD; [I. 3. 
through E draw BEC, cutting AB, AC at the points B, C, 
and join DB, DC. 


Proof. In the triangles BAD, BAE, 


AD = AE, [Construction. 
because {nd AB is coramon, 

and the ~BAD=the ~BAE, [Construction. 

.'. the base BD=the base BE. [I. 4. 


Also because BD, DC are together greater than BC, [I. 20. 
and one of them BD has been shewn equal to BE, a part 
of DC: 

.. the other, DC, is greater than the remaining part HC. 
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Also because AD = AE, [Construction. 
and AC is common to the two A*’ DAC, EAC, 
but the base DC > the base EC; 

.. the «DAC > the -EAC. 11. 25. 
Also, by construction, the ~BAD=the -BAE; 
. the angles BAD, DAC are together greater than the 
angles BAE, EAC, that is, than the angle BAC. 

Again, the BAC is not less than either of the angles 
BAD, DAC ; 
. the BAC together with either of the other angles is 
greater than the third. 

Wherefore, 2f a solid angle, etc. [Q.E.D. 


EXERCISES ON PROPOSITIONS 18 and 19, 


1, From a point A in one of two planes are drawn AB at right 
angles to the first plane, and AC perpendicular to the second plane, 
and meeting the second plane at B, C; shew that BC is perpendicular 
to the line of intersection of the two planes. 

[By Prop. 18 the plane ABC is perpendicular to each of the given 
planes, and .. by Prop. 19 is at right angles to their intersection ; 

*. their intersection is |" to BC which is in the plane ABC. ] 

2. Perpendiculars AE, BF are drawn to a plane from two points A, 
B above it; a plane is drawn through A perpendicular to AB; shew 
that its line of intersection with the given plane is perpendicular to EF, 

[Let EF meet the line of intersection OC in O. Then the plane 
AOE is 17 to the plane AOC, since it goes through AB the perpen- 
dicular to AOC (XI. 18). Similarly it is 1* to the plane EOC; .. it 
is |* to their intersection OC; .«. OC is L™ to the plane AOE, and 
-. to OE.] 
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PROPOSITION 21. THEOREM. 


Every solid angle is contained by plane angles, which are together 
less than four right angles. 

(i.) Let the solid angle at A be contained by the three plane 
angles BAC, CAD, DAB: 
these three shall be together less than four right angles. 


DS 


8 C 
Construction. In the straight lines AB, AC, AD take any 
points B, C, D, and join BC, CD, DB. 
Proof. Because the solid angle at B is contained by the 
three plane angles CBA, ABD, DBC; 
the angles CBA, ABD are together > the ~DBC. [XTI. 20. 
Similarly, the 27 BCA, ACD are together > the ~DCB. 
and the angles CDA, ADB are together > the ~BDC; 
the six angles CBA, ABD, BCA, ACD, CDA, ADB are 
together > the three angles DBC, DCB, BDC, 


that is, > two right angles. [ls zt 
Also because the three angles of each of the triangles ABC, 
ACD, ADB together = two right angles, [I. 32. 


therefore the nine angles of these triangles, namely, the angles 
CBA, BCA, BAC, ACD, CDA, CAD, ADB, ABD, DAB 
= six right angles ; 
and of these, the six angles CBA, BCA, ACD, CDA, ADB, 
ABD are greater than two right angles ; 
.. the remaining three angles BAC, CAD, DAB, which con- 
tain the solid angle at A, are together < four right 2° 

(ii.) Let the solid angle at A be contained by any number 
of plane angles BAC, CAD, DAE, EAF, FAB: 
these shall be together less than four right angles. 


BOOK XI. 21. oil 


Construction. Let the planes, in which the angles are, be 
cut by a plane, and let the common sections of it with these 


planes be BC, CD, DE, EF, FB. 


A 


© 
m 


D 


Proof. Because the solid angle at B is contained by the 
three plane angles CBA, ABF, FBC; 
*, the angles CBA, ABF are together > the ~FBC. [XI. 20. 

Similarly, at each of the points C, D, EH, F, the two plane 
angles which are at the bases of the triangles having the 
common vertex A, are together > the third 4 at the same 
point, which is one of the angles of the polygon BCDEF ; 
*, all the angles at the bases of the triangles are together 
greater than all the angles of the polygon. 

Now all the angles of the triangles together 
= twice as many right angles as there are triangles, 
that is, as there are sides in the polygon BCDEF; [I 32. 
and all the 2* of the polygon, together with four right 2°, also 
= twice as many right angles as there are sides in the 


polygon ; [I. 32, Corollary 1. 
‘, all the angles of the triangles = all the angles of the 
polygon, together with four right angles. [Aviom 1. 


But it has been shewn that all the angles at the bases 
of the triangles are together greater than all the angles of 
the polygon ; . 

.. the remaining 2’ of the triangles, namely, those at the vertex, 
which contain the solid angle at A are <four right angles. 

Wherefore, every solid angle, ete. [Q.5.D. 
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Note i. Inthe second case of the foregoing proposition it is assumed 
that the polygon BCDEF has no re-entrant angle. [See note to I. 32.] 
Otherwise the proposition will not be true. 


Note 2. There cannot be more than five regular polyhedra. 

For we require not less than three plane angles to form a solid angle. 
Also by the preceding proposition the angles forming any solid angle 
are together less than four right angles. 

Now three times the angle of a regular hexagon equals four right 
angles; and three times the angle of a polygon, with a number of sides 
larger than six, is greater than four right angles. The faces of a 
regular polyhedron must thus have less than six sides each, and must 
therefore be triangles, squares, or pentagons. 

It is therefore only possible that a solid angle of a regular polyhedron 
should be formed by 

(1) three equilateral triangles, 

(2) four equilateral triangles, 

(8) five equilateral triangles, 

(4) three squares, or 

(5) three pentagons. 

For any higher number such as six equilateral triangles, or four 
squares, or four pentagons, would make the plane angles at each solid 
angle together not less than four right angles. 

The solids corresponding to the above five cases are 

(1) a tetrahedron formed by four equilateral triangles, 

(2) an octahedron formed by eight equilateral triangles, 

(3) an icosahedron formed by twenty equilateral triangles, 

(4) a cube formed by six squares, and 

(5) a dodecahedron formed by twelve pentagons. 

There are no other regular polyhedra besides these five. 


BOOK XII. 


LEMMA. 


[This lemma is the First Proposition of the Tenth Book. 


Tf from the greater of two unequal magnitudes there be taken 
more than its half, and from the remainder more than its half, 
and so on, there shall at length remain a magnitude less than the 
smaller of the proposed magnitudes, 

Let AB and C be two unequal magnitudes, of which AB 
is the greater : 
if from AB there be taken more than its half, and from the 
remainder more than its half, and so on, there shall at length 
remain a magnitude less than C. D 

For C may be multiplied so as to become greater 
than AB. . K. 

Let it be so multiplied, and let DE its multiple ie 
be greater than AB, and be divided into DF, FG, y- 

GH, each equal to C. G 

From AB take BH greater than its half, and 
from the remainder AH take HK greater than its 
half, and so on, until there be as many divisionsin 8 © & 
AB asin DE; and let the divisions in AB be AK, KH, HB. 

Then, because DE> AB, 
and that EG taken from DE is not > its half, 
but BH taken from AB > its half; 

.. the remainder DG > the remainder AH. 
Again, because DG > AH, and that 
GF is not > the half of DG, but HK > the half of AH; 

. the remainder DF > the remainder AK. 

But DF=C; ... C>AK; thatis, AK<C. [Q.B.D. 
Also if only the halves be taken away, the same thing may in 
the same way be demonstrated. 
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PROPOSITION 1. THEOREM. 


Similar polygons inscribed in circles are to one another as the 
squares on their diameters. 

Let ABCDE, FGHKL be two circles, and in them the 
similar polygons ABCDE, FGHKL; and let BM, GN be the 
diameters of the circles: 
the polygon ABCDE shall be to the polygon FGHKL as the square 
on BM is to the square on GN. 


H K 


Construction. Join AM, BE, FN, GL. 


Proof. Because the polygous are similar 
. the .BAE=the 2zGFL, 
and BA : AE::GEF: FL; [VI. Definition 2. 
. the ABAE is equiangular to the AGFL; [VI. 6. 
.. the .AEB=the cFLG. 
But -AEB=2AMB, and zFLG=zFNG; _ [IIl. 21. 
.. the -AMB=the cFNG. 
Also, the ~.BAM=the -GFN;; for each isa right 2; [III. 31. 
.. the remaining angles in the triangles AMB, FNG are 
equal, and the triangles are equiangular ; 


a BA. 3B Mie CG Ne [VI. 4. 

and, alternately, BA: GF :: BM: GN; [V. 16: 
But the polygon ABCDE is to the polygon FGHKL 

in the duplicate ratio of BA to GF, [VI. 20. 


that is, in the duplicate ratio of BM to GN, 
that is, in the ratio of the sq. on BM to the sq. on GN. [VI. 20. 
Wherefore, similar polygons, etc. [Q.E.D. 
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PROPOSITION 2. ‘THEOREM. 


Circles are to one another as the squares on thew diameters. 

Let ABCD, EFGH be two circles, and BD, FH their 
diameters : 
the circle ABCD shall be to the circle EFGH as the square on BD 
as to the square on FY. 

For, if not, the square on BD must be to the square on FH 
as the circle ABCD is to some space either less than the circle 
EFGH, or greater than it. 

First, if possible, let it be as the circle ABCD is to a space 
S less than the circle EFGH. 

In the circle EFGH inscribe the square EFGH. [IV. 6. 
This square shall be > half of the circle EFGH. 


For the square EFGH 1s half of the square which can be 
formed by drawing straight lines to touch the circle at the 
points E, F, G, H; 
and the square thus formed > the circle ; 

.. the square EFGH > half of the circle. 

Bisect the arcs EF, FG, GH, HE at the points K, L, M, N; 
and join EK, KF, FL, LG, GM, MH, HN, NE. Then each 
of the triangles EKF, FLG, GMH, HNE shall be > half of 
the segment of the circle in which it stands. 

For the triangle EKF is half of the parallelogram which 
can be formed by drawing a straight line to touch the circle at 
K, and parallels through E and F, 
and the parallelogram thus formed > the segment FEK ; 
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*, the AHKF > half of the segment. 

Also similarly for the other triangles ; 

.. the sum of all these triangles together > half of the sum of 
the segments of the circle in which they stand. 

Again, bisect HK, KF, etc., and form triangles as before ; 
then the sum of these triangles > half of the sum of the seg- 
ments of the circle in which they stand. 

If this process be continued, and the triangles be supposed 
to be taken away, there will at length remain segments of 
circles which are together < the excess of the circle EFGH 
above the space 8, by the preceding Lemma. 

Let then the segments EK, KF, FL, LG, GM, MH, HN, 
NE be those which remain, and which are together < the 
excess of the circle above 8S; 

-. the rest of the circle, namely, the polygon EKFLGMHN, 
> the space S. 

In the circle ABCD describe the polygon AXBOCPDR 
similar to the polygon EKFLGMHN. 

Then the polygon AXBOCPDR is to the polygon 


EKFLGMHN as the square on BD to the square on FH, 
Pxiiae 


that is, as the circle ABCD is to the space S. [Hyp., V. 11. 
But the polygon AXBOCPDR < the circle ABCD in which 


it is inscribed ; 

. the polygon EKFLGMEHN < the space 8; [V, 14. 
= it is also greater, as has been shewn, 
which is impossible ; 
‘, the square on BD is not to the square on FH as the circle 
ABCD is to any space less than the circle EFGH. 


In the same way it may. be shewn that the square on FH is 
not to the square on BD as the circle EFGH is to any space 
less than the circle ABCD. 
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Neat, if possible, let the square on BD be to the square on 
FH as the circle ABCD is to any space greater than the circle 
EFGH. 

For, if possible, let it be as the circle ABCD is to a space T 
greater than the circle EFGH. 

Then, inversely, the square on FH is to the square on BD as 
the space T is to the circle ABCD. 

But as the space T is to the circle ABCD, so is the circle 
EFGH to some space, which must be less than the circle 
ABCD, because, by hypothesis, the space T is greater than 
the circle EFGH ; [V. 14. 


.. the square on FH is to the square on BD as the circle 
EFGH is to some space less than the circle ABCD, 

which has been shewn to be impossible ; 

.". the square on BD is not to the square on FH as the circle 
ABCD is to any space greater than the circle EFGH. 

Also it has been shewn that the square on BD is not to the 
square on FH as the circle ABCD is to any space less than 
the circle EFGH ; 

_.*. the square on BD is to the square on FH as the circle 
ABCD is to the circle EFGH. 
Wherefore, cércles, cic. [Q.E.D. 


NOTES ON EUCLID’S ELEMENTS. 


THE article ‘‘Kucleides,” in Dr. Smith’s Dictionary of Greek and Roman 
Biography, was written by Professor De Morgan; it contains an acceunt 
of the works of Euclid, and of the various editions of them which have 
been published. To that article we refer the student who desires full 
information on these subjects. Perhaps the only work of importance 
relating to Euclid which has been published since the date of that 
article is a work on the Porisms of Euclid, by Chasles. Paris, 1860. 

Euclid appears to have lived in the time of the first Ptolemy, B.c. 
323-283, and to have been the founder of the Alexandrian mathematical 
school, The work on Geometry known as The Elements of Huclid 
consists of thirteen books; two other books have sometimes been 
added, of which it is supposed that Hypsicles was the author. Besides 
the Zlements, Euclid was the author of other works, some of which have 
been preserved and some lost. 

We will now mention the three editions which are the most valuable 
for those who wish to read the Hlements of Huclid in the original Greek. 

(1) The Oxford edition in folio, published in 1703, by David Gregory, 
under the title EvxXeidov 7a cwlbueva. ‘As an edition of the whole of 
Euclid’s works, this stands alone, there being no other in Greek.”— 
De Morgan. 

(2) Euclidis Elementorum Libri sex priores, edidit Joannes Gulielmus 
Camerer. This edition was published at Berlin in two volumes octavo, 
the first volume in 1824 and the second in 1825. It contains the first 
six books of the Hlements in Greek, with a Latin translation, and very 
good notes, which form a mathematical commentary on the subject. 

(3) Huclidis Elementa ex optimis libris in usum tironum Grece, edita 
ab Ernesto Ferdinando August. This edition was published at Berlin 
in two volumes octavo, the first volume in 1826 and the second in 1829, 
It contains the thirteen books of the Hlements in Greek, with a collec- 
tion of various readings. A third volume, which was to have contained 
the remaining works of Euclid, never appeared. ‘‘'To the scholar who 
wants one edition of the Hlements we should decidedly recommend 
this, as bringing together all that has been done for the text of Euclid’s 
greatest work.” —De Morgan. 


NOTES. BOOK I. 319 


An edition, in five volumes, of the whole of Euclid’s works in the 
original has been issued by Teubuer, the well-known German publisher, 
as one of his series of compact editions of Greek and Latin authors. 

Robert Simson’s edition of the Hlements of Huclid, which we have in 
substance adopted in the present work, differs considerably from the 
original. The English reader may ascertain the contents of the original 
by consulting the work entitled The Elements of Euclid with disserta- 
tions, by James Williamson. This work consists of two volumes 
quarto; the first volume was published at Oxford in 1781, and the 
second at London in 1788. Williamson gives a close translation of the 
thirteen books of the Elements into English, and he indicates by the use 
of italics the words which are not in the original, but which are required 
by our language. : 

For the history of Geometry the student is referred to Montucla’s 
Histoire des Mathématiques, and to Chasles’s Aperen historique sur 
Vorigine et le devéloppement des Mcethodes en Géometrie. 


BOOK I. 


Definitions. The first seven definitions have given rise to consider- 
able discussion, on which however we do not propose to enter. Sucha 
discussion would consist mainly of two subjects, both of which are 
unsuitable to an elementary work, namely, an examination of the 
origin and nature of some of our elementary ideas, and a comparison 
of the original text of Euclid with the substitutions for it proposed 
by Simson and other editors. For the former subject the student may 
hereafter consult Whewell’s History of Scientific Ideas and Mill’s Logic, 
and for the latter the notes in Camerer’s edition of the Elements of Euclid. 

We will only observe that the ideas which correspond to the words 
point, line, and surface, do not admit of such definitions as will really 
supply the ideas to a person who is destitute of them. The so-called 
definitions may be regarded as cautions or restrictions. 

Thus a point is not to be supposed to have any size, but only position; 
a line is not to be supposed to have any breadth or thickness, but only 
length ; 

a surface is not to be supposed to have any thickness, but only length 
and. breadth. 

The eighth definition seems intended to include the cases in which an 
angle is formed by the meeting of two curved lines, or of a straight line 
and a curved line; this definition however is of no importance, as the 
only angles ever considered are such as are formed by straight lines. 
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Some writers object to such definitions as those of an equilateral 
triangle, or of a square, in which the existence of the object defined is 
assumed when it ought to be demonstrated. They would present them 
in such a form as the following: if there be a triangle having three 
equal sides, let it be called an equilateral triangle. 

Moreover, some of the definitions are introduced prematurely. Thus, 
for example, take the definitions of a right-angled triangle and an 
obtuse-angled triangle; it is not shewn until I. 17 that a triangle 
cannot have both a right angle and an obtuse angle, and so cannot be 
at the same time right-angled and obtuse-angled. And before Axiom 
11 has been given, it is conceivable that the same angle may be greater 
than one right angle, and less than another right angle, that is, obtuse 
and acute at the same time. 

On the method of superposition we may refer to papers by Professor 
Kelland in the Transactions of the Royal Society of Edinburgh, Vols. 
XxI. and XXIII. 

The first book is chiefly devoted to the properties of triangles and 
parallelograins. 

We may observe that Euclid himself does not distinguish between 
problems and theorems except by using at the end of the investigation 
phrases which correspond to Q.E.F, and Q.E.D. respectively. 

I. 2. This problem admits of eighé cases in its figure. For it will be 
found that the given point may be found with either end of the given 
straight line; there the equilateral triangle may be described on eather 
side of the straight line which is drawn, and the sides of the equilateral 
triangle which are produced may be produced through ezther extremity. 
These various cases may be left for the exercise of the student, as they 
present no difficulty. . 

There will not however always be eight different straight lines 
obtained which solve the problem. For example, if the point A falls 
on BC produced, some of the solutions obtained coincide ; this depends 
on the fact which follows from I. 32, that the angles of all equilateral 
triangles are equal. 

I. 5. ‘Join FC.” Custom seems to allow this singular expression 
as an abbreviation for ‘‘ draw the straight line IC,” or for ‘‘ join F to 
C by the straight line FC.” 

It has been suggested to demonstrate I. 5 by superposition. Conceive 
the isosceles triangle ABC to be taken up, and then replaced so that 
AB falls on the old position of AC, and AC falls on the old position of 
AB. Thus, in the manner of I. 4, we can shew that the angle ABC is 
equal to the angle ACB. 
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I. 6. This proposition is not required by Euclid before he reaches 
II. 4; so that I. 6 might be removed from its present place and 
demonstrated hereafter in other ways if we please. For example, 
I. 6 might be placed after I. 18, and demonstrated thus. Let the angle 
ABC be equal to the angle ACB; then the side AB shall be equal to 
the side AC. For if not, one of them must be greater than the other ; 
suppose AB greater than AC. Then the angle ACB is greater than 
the angle ABC, by I. 18. But this is impossible, because the angle 
ACB is equal to the angle ABC, by hypothesis. Or I. 6 might be 
placed after I. 26, and demonstrated thus. Bisect the angle BAC by a 
straight line meeting the base at D. Then the triangles ABD and 
ACD are equal in all respects, by I. 26. 

I. 12, Here the straight line is said to be of unlimited length, in 
order that we may ensure that it shall meet the circle. 

Kuclid distinguishes between the terms a¢ right angles and perpen- 
dicular. He uses the term at right angles when the straight line is 
drawn from a point in another, as in I. 11; and he uses the term 
perpendicular when the straight line is drawn from a point without 
another, asin I. 12. This distinction, however, is often disregarded by 
modern writers. 

I. 20. ‘‘Proclus, in his Commentary, relates, that the Epicureans 
derided Prop. 20, as being manifest even to asses, and needing no 
demonstration; and his answer is, that though the truth of it be 
manifest to our senses, yet it is science which must give the reason 
why two sides of a triangle are greater than the third: but the right 
answer to this objection, against this and the 21st, and some other plain 
propositions, is, that the number of axioms ought not to be increased 
without necessity, as it must be if these propositions be not demon- 
strated.” —Simson. 

I, 21. Here it must be carefully observed that the two straight lines 
are to be drawn from the ends of the side of the triangle. If this 
condition be omitted the two straight lines will not necessarily be less 
than two sides of the triangle. 

I, 22. “Some authors blame Euclid because he does not demonstrate 
that the two circles made use of in the construction of this problem 
must cut one another: but this is very plain from the determination 
he has given, namely, that any two of the straight lines A, B, C, must 
be greater than the third. 

The condition that B and C are greater than A, ensures that the 
circle described from the centre G shall not fall entirely within the 
circle described from the centre F; the condition that A and B are 

T.L.E. x 
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greater than C, ensures that the circle described from the centre F 
shall not fall entirely within the circle described from the centre G; 
the condition that A and C are greater than B, ensures that one of 
these circles shall not fall entirely without the other. Hence the 
circles must meet. 

I. 26. It will appear after J. 32 that two triangles which have two 
angles of the one equal to two angles of the other, each to each, have 
also their third angles equal. Hence we are able to include the two 
cases of I. 26 in one enunciation thus; if two triangles have all the 
angles of the one respectively equal to all the angles of the other, each to 
each, and have also a side of the one, opposite to any angle, equal to the 
side opposite to the equal angle in the other, the triangles shall be equal in 
all respects. 

Besides the cases of I. 4, 8, 26 there are two other cascs which will 
naturally occur to a student to consider, namely, 

(1) when two triangles have the three angles of the one respectively 
equal to the three angles of the other ; 

(2) when two triangles have two sides of the one equal to two sides 
of the other, each to each, and an angle opposite to one side of one 
triangle equal to the angle opposite to the equal side of the other 
triangle. 

In the first of these two cases the student will easily see, after 
reading J. 29, that the two triangles are not necessarily equal. In the 
second case also the triangles are not necessarily equal, as will be seen 
from a proposition which we shall now demonstrate. 

Tf two triangles have two sides of the one equal to two sides of the other, 
each to each, and have also the angles opposite to one pair of equal sides 
equal, the angle opposite the other pair of equal sides shall be either equal 
or supplementary. 

Let ABC, DEF be two triangles having AB=DE, AC=DF, and 
the ABC opposite AC=the 4DEF 
opposite the equal side DF. 


Let the AABC be applied to the 
ADEE so that AB coincides with DE 
and the ZABC with the zDEF. Then 


E ar Game Cc 
the side BC falls on the side EF. 
The point C then coincides with F, or falls in EF, or in EF 
produced. 
If CG coincides with F, the triangle ABC coincides with the triangle 
DEF, and they are equal in all respects. 
Tf not, let C fall on the point G in EF, or EF produced. 
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The AsABC, DEG then coincide arid are equal in all respects, so 
that ZDGEH=2ZACB, and the side DG =the side AC. 

Butea DE DG = Die ANG 7 DEG, [I. 6. 

But the 42DFG, DFE =two right angles. 

.. the SDGE, DFE =two right angles ; 
.. the 42ACB, DFE =two right angles ; 
that is, the 42ACB, DFE are supplementary. 

The student who wishes to examine the attempts that have been made 
to avoid the assumption made in Euclid’s twelfth Axiom may consult 
Camerer’s Huclid, Gergonne’s Annales de Mathématiques, Volumes Xv. 
and xvi., the work by Colonel Perronet Thompson entitled Geometry 
without Axioms, the article ‘‘ Parallels” in the English Cyclopedia, a 
memoir by Professor Baden Powell in the second volume of the Memoirs 
of the Ashmolean Society, an article by M. Bouniakofsky in the Bulletin 
de l’ Académie Impériale, Volume v., St. Petersburg, 1863, articles in 
the volumes of the Philosophical Magazine for 1856 and 1857, and a 
dissertation entitled Sur un point de histoire de la Géométrie chez les 
Grecs, par A. J. H. Vincent, Paris, 1857. 

I. 32. If two triangles have two angles of the one equal to two 
angles of the other, each to each, they shall also have their third angles 
equal. This is a very important result, which is often required in the 
Elements. The student should notice how this result is established on 
Euclid’s principles. By Axioms 11 and 2 one pair of right angles is 
equal to any other pair of right angles. Then, by I. 32, the three 
angles of one triangle are together equal to the three angles of any 
other triangle. Then, by Axiom 2, the sum of the two angles of one 
triangle is equal to the sum of the two equal angles of the other ; and 
then, by Axiom 3, the third angles are equal. 

After I. 32 we can draw a straight line at right angles to a given 
straight line from its extremity, without producing the given straight 
line. 

Let AB be the given straight line. It is required to D 
draw from A a straight line at right angles to AB. 

On AB describe the equilateral triangle ABC.  Pro- 
duce BC to D, so that CD may be equal to CB. Join C 
AD. Then AD shall be at right angles to AB. For the 
ZCAD=the ZCDA, and the .CAB=the ZCBA, by I. 5. . 

.. the .BAD=the two angles ABD, BDA, by Axiom 2. B A 
Therefore the BAD isa right Z, by I. 32. 

I. 35. The equality of the parallelograms in I. 35 is an equality of 

area, and not an identity of figure. Legendre proposed to use the word 
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equivalent to express the equality of area, and to restrict the word equal 
to the case in which magnitudes admit of superposition and coincidence. 
This distinction, however, has not been generally adopted, probably 
because there are few cases in which any ambiguity can arise ; in such 
cases we may say especially, equal in area, to prevent misconception. 

Cresswell, in his Treatise of Geometry, has given a demonstration of 
I. 35, which shews that the parallelograms may be divided into pairs 
of pieces admitting of superposition and coincidence; see also his 
Preface, page x. 

I. 38. An important case of I. 38 is that in which the triangles are 
on equal bases and have a common vertex. 

I. 40. We may demonstrate I. 40 without adopting the indirect 
method. Join BD, CD. The triangles DBC and DEF are equal, by 
I. 38; the triangles ABC and DEF are equal, by hypothesis; therefore 
the triangles DBC and ABC are equal, by the first Axiom. Therefore 
AD is parallel to BC, by I. 39. 


THE SECOND BOOK. 


The second book is devoted to the investigation of relations between 
the rectangles contained by straight lines divided into segments in 
various ways. 

II. 2 and II. 3 are particular cases of IT. 1. 

II. 11. The student should notice that II. 11 gives a geometrical 
construction for the solution of a particular quadratic equation. 

For if AB=a, and AH, the part to be found, =a, then HB=a—z, 
and the relation given, namely, rect. AB, BH =sq. on AH, says that 


eG —Wi=as ee aa =O 
2 2 Rae 
; a a 5a 
that is, ae ORE = ORs eo 


Taking the square root, we have 


5 


Tha £G that is, #= 


ie 1. —_ sa 1 A 
The first value of x corresponds to the position of H found in the pro- 
position, The second value corresponds to the position found in the 
first exercise following the proposition. 

II. 12, II. 13. These are interesting in connection with I. 47; and, 
as the student may see hereafter, they are of great importance in 
Trigonometry ; they are however not required in any of the parts of 
Euclid’s Elements which are usually read. The converse of I. 47 is 
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proved in I. 48; and we can easily shew that converses of IJ. 12 and 
II. 13 are true. 

Take the following, which is the converse of II. 12: if the square 
described on one side of a triangle be greater than the sum of the squares 
described on the other two sides, the angle opposite to the first side ts 
obtuse. 

For the angle cannot be a right angle, since the square described on 
the first side would then be equal to the sum of the squares described 
on the other two sides, by I. 47; and the angle cannot be acute, since 
the square described on the first side would then be less than the sum 
of the squares described, on the other two sides, by II. 13; therefore the 
angle must be obtuse. 

Similarly, we may demonstrate the following, which is the converse 
of II. 13: if the square described on one side of a triangle be less than the 
sum of the squares described on the other two sides, the angle opposite to 
the first side is acute. 

II. 14. This is not required in any of the parts of Euclid’s Hlements 
which are usually read; it is included in VI. 22. 


THE THIRD BOOK. 


The third book of the Hiements is devoted to properties of circles. 

III. 1. In the construction, DC is said to be produced to E; this 
assumes that D is within the circle, which Tuclid demonstrates in 
J es 

III. 3. This consists of two parts, each of which is the converse of 
the other; and the whole proposition is the converse of the corollary 
in IIT. 1. 

The following proposition is analogous to ITI. 7 and III. 8. 

If any point be taken on the circumference of a circle, of all the straight 
lines which can be drawn from it to the circumference, the greatest is that 
in which the centre is; and of any others, that which is nearer to the 
straight line which passes through the centre is always greater than one 
more remote ; and from the same point there can be drawn to the cir- 
cumference two straight lines, and only two, which are equal to one another, 
one on each side of the greatest line. 

The first two parts of this proposition are contained in III. 15; all 
three parts might be demonstrated in the manner of ITI. 7. 

III. 9. Euclid has given three demonstrations of III. 9, of which 
Simson has chosen the second. Euclid’s other demonstration is as 
follows. Join D with the middle point of the straight line AB; then 
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it may be shewn that this straight line is at right angles to AB; and 
therefore the centre of the circle must lie in this straight line, by III. 1, 
Corollary. In the same manner it may be shewn that the centre of the 
circle must lie in the straight line which joins D with the middle point 
of the straight line BC. The centre of the circle must therefore be at 
D, because two straight lines cannot have more than one common point. 

Ill. 10. Euclid has given two demonstrations of III. 10, of which 
Simson has chosen the second. Euclid’s first demonstration resembles 
his first demonstration of III. 9. He shews that the centre of each 
circle is on the straight line which joins K with the middle point of 
the straight line BG, and also on the straight line which joins K with 
the middle point of the straight line BH; therefore K must be the 
centre of each circle. 

The demonstration which Simson has chosen requires some additions 
to make it complete. For the point K might be supposed to fall 
without the circle DEF, or on its circumference, or within it; and of 
these three suppositions Euclid only considers the last. If the point K 
be supposed to fall without the circle DEF we obtain a contradiction of 
III. 8; which is absurd. If the point K be supposed to fall on the 
circumference of the circle DEF we obtain a contradiction of the pro- 
position which we have enunciated at the end of the note on III. 7 and 
Tf. 8: which is absurd. 

What is demonstrated in III. 10 is that the circumference of two 
circles cannot have more than two common points; there is nothing in 
the demonstration which assumes that the circles cué one another, but 
the enunciation refers to this case only because it is shewn in III. 13 
that if two circles touch one another, their circumference cannot have 
more than ove common point. 

III. 11 may be deduced from JIT. 7. For GH is the least line that 
can be drawn from G to the circumference of the circle whose centre is 
¥, by III. 7. Therefore GH is less than GA, that is, less than GD; 
which is absurd. Similarly, III. 12 may be deduced from III. 8. 

III, 18. It does not appear that III. 18 adds anything to what we 
have already obtained in ITI. 16. For in III. 16 it is shewn that there 
is only one straight line which touches a given circle at a given point, 
and that the angle between this straight line and the radius drawn to 
the point of contact is a right angle. 

III. 20. An important extension may be given to III. 20 by intro- 
ducing angles greater than two right angles. For, in the first figure, 
suppose we draw the straight lines BF and CF. Then, the -BEA is 
double of the angle ZBFA, and the ZCEA is double of the <CFA; 
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”. the sum of the angles BEA and CEA is double of the BFC. The 
sum of the angles BEA and CEA is greater than two right angles; 
we will call the sum the re-entrant ZBEC. Thus the re-entrant 2BEC 
is double of the ZBFC. (See note on I. 32.) If this extension be used 
some of the demonstrations in the third book may be abbreviated. 
Thus III. 21 may be demonstrated without making two cases ; III. 22 
will follow immediately from the fact that the sum of the angles at the 
centre is equal to four right angles; and III. 31 will follow immediately 
from ITI. 20. 

III. 21. In III. 21 Euclid himself has given only the first case; the 
second case has been added by Simson and others. In either of the 
figures of IIT. 21 if a point be taken on the same side of BD as A, 
the angle contained by the straight lines which join this point to the 
extremities of BD is greater or less than the angle BAD, according as 
the point is within or without the circle BAD; this follows from I. 21. 

III. 32. The converse of III. 32 is true and important; namely, ¢f a 
straight line meet a circle, and from the point of meeting a straight line be 
drawn cutting the circle, and the angle between the two straight lines be 
equal to the angle in the alternate segment of the circle, the straight line 
which meets the circle shall touch the circle. 

This may be demonstrated indirectly. For, if possible, suppose that 
the straight line which meets the circle does not touch it. Draw 
through the point of meeting a straight line to touch the circle. Then, 
by IIT. 32 and the hypothesis, it will follow that two different straight 
lines pass through the same point, and make the same angle, on the 
same side, with a third straight line which also passes through that 
point ; but this is impossible. 

III. 35, III. 36. The following proposition constitutes a large part of 
the demonstrations of III. 35 and III. 36. Jf any point be taken in the 
base, or the base produced, of an isosceles triangle, the rectangle contained 
by the segments of the base is equal to the difference of the square on the 
straight line joining this point to the vertex and the square on the side of 
the triangle. 

This proposition is in fact demonstrated by Euclid, without using 
any property of the circle; if it were enunciated and demonstrated 
before ITI. 35 and ITI. 36 the demonstrations of these two propositions 
might be shortened and simplified. 


THE FOURTH BOOK. 


The fourth Book of the Hlements consists entirely of problems. The 
first five propositions relate to triangles of any kind; the remaining 
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propositions relate to polygons which have all their sides equal and all 
their angles equal. 

IV. 3. We can also describe a triangle equiangular to a given tri- 
angle, and such that one of its sides and the other two sides produced 
shall touch a given circle. For, in the figure of IV. 3, suppose AK 
produced to meet the circle again; and at the point of intersection 
draw a straight line touching the circle; this straight line, with parts 
of NB and NC, will form a triangle, which will be equiangular to the 
triangle MLN, and therefore equiangular to the triangle EDF; and 
one of the sides of this triangle, and the other two sides produced, will 
touch the given circle. 

It was first demonstrated by Gauss in 1801, in his Disqwisitiones 
Arithmetice, that it is possible to describe geometrically a regular 
polygon of 2”+1 sides, provided 2”+1 be a prime number; the demon- 
stration is not of an elementary character. As an example, it follows 
that a regular polygon of seventeen sides can be described geometri- 
cally ; this example is discussed in Catalan’s T’héorémes et Problémes de 
Géométrie Elémentaire. 


THE FIFTH BOOK. 


The fifth Book of the Hlements is on Proportion. Much has been 
written respecting Euclid’s treatment of this subject; besides the 
Commentaries on the Elements to which we have already referred, 
the student may consult the articles ‘‘Ratio” and ‘‘ Proportion” in the 
Hnglish Cyclopedia, and the tract on the Connexion of Number and 
Magnitude by Professor De Morgan. 

The fifth Book relates not merely to length and space, but to any 
kind of magnitude of which we can form multiples. 

V. Def. 3. Simson considers that the definitions 3 and 8 are ‘‘ not 
Euclid’s, but added by some unskilful editor.” Other commentators 
also have rejected these definitions as useless. The last word of the 
third definition should be quantuplicity, not quantity; so that the 
definition indicates that ratio refers to the number of times which one 
magnitude contains another. See De Morgan’s Differential and In- 
tegral Calculus, page 18. 

Compound Ratio. The definition of compound ratio was supplied by 
Simson. The Greek text does not give any definition of compound 
ratio here, but gives one as the fifth definition of the sixth Book, which 
Simson rejects as absurd and useless. 

V. Defs. 18, 19, 20. The definitions 18, 19, 20 are not presented 
by Simson precisely as they stand in the original, The last sentence in 
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definition 18 was supplied by Simson. Euclid does not connect defini- 
tions 19 and 20 with definition 18. In 19 he defines ordinate propor- 
tion, and in 20 he defines perturbate proportion. Nothing would be 
lost if Euclid’s definition 18 were entirely omitted, and the term ex 
equali never employed. Euclid employs such a term in the enuncia- 
tions of V. 20, 21, 22, 23; but it seems quite useless, and is accordingly 
neglected by Simson and others in their translations. 


THE SIXTH BOOK. 


The sixth Book of the Hlements consists of the application of the 
theory of proportion to establish properties of geometrical figures. 

VI. Def. 3. The third definition is useless, for Euclid makes no 
menticn of reciprocal figures. 

VI. 2. The enunciation of this important proposition is open to 
objection, for the manner in which the sides may be cut is not sufii- 
ciently limited. Suppose, for example, that AD is double of DB, and 
CE double of EA ; the sides are then cut proportionally, for each side 
is divided into two parts, one of which is double of the other ; but DE 
is not parallel to BC. It should therefore be stated in the enunciation 
that the segments terminated at the vertex of the triangle are to be homo- 
logous terms in the ratios, that is, are to be the antecedents or the 
consequents of the ratios. 

VI. A. This proposition was supplied by Simson. 

VI. 4 By superposition we might deduce VI. 4 immediately from 
R2. 

VI. 10. The most important case of this proposition is that in which 
a straight line is to be divided either internally or externally into two 
parts which shall be in a given ratio. 

The case in which the straight line is to be divided internally is given 
in the text ; suppose, for example, that the given ratio is that of AE 
to EC; then AB is divided at G in the given ratio. 

Suppose, however, that AB is to be divided externally in a given 
ratio; that is, suppose that AB is to be produced so that the whole 
straight line made up of AB and the part produced may be to the part 
produced in a given ratio. Let the given ratio be that of AC to CE. 
Join EB; through C draw a straight line parallel to EB; then 
this straight line will meet AB, produced through B, at the required 
point. 

VI. 11. This is a particular case of VI. 12. 
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VI. 14. The following is a full exhibition of the steps which lead to 
the result that FB and BG are in one straight line. 

The ZDBF=the 2GBE; add to each the 4FBE; 

.. the 48 GBE, FBE=the z* DBF, FBE=two rt. 2s, 
.. FB and BG are in one straight line. [I. 14. 

VI. 15. This may be inferred from VI. 14, since a triangle is half of 
a parallelogram with the same base and altitude. 

It is not difficult to establish a third proposition conversely connected 
with the two involved in VI. 14, and a third proposition similarly con- 
versely connected with the two involved in VI. 15. These propositions 
are the following. 

Equal parallelograms which have their sides reciprocally proportional, 
have their angles equal, each to each. 

Equal triangles which have the sides about a pair of angles reciprocally 
proportional, have also angles equal or together equal to two right angles. 

We will take the latter proposition. 

Let ABC, ADE be equal triangles; and let CA be to AD as AE is 
to AB: either the angle BAC shall be equal to the angle DAE, or the 
angles BAC and DAE shall be together equal to two right angles. 

[The student can construct the figure for himself. ] 

Place the triangles so that CA and AD may be in one straight line ; 
then if EA and AB are in one straight line the 2BAC=ZDAKE, [I. 15. 
If HA and AB are not in one straight line, produce BA through A to 
F, so that AF may=AE; join DF and EF. 


Then because CA is to AD as AE to AB, [Hypothesis. 
and AF= AK, [ Construction. 
.. CA isto AD as AF to AB. 

. the ADAT =the a BAC= 4 DAE. [VI. 15 and Az, 1. 
.. EF is parallel to AD. [I. 39. 

Suppose now that the Z DAE> the 2 DAF. 

Then the ZCAE= the ZAEF=ZAFE=2ZBAC. [I. 29. 


*, the angles BAC and DAE together =two right angles. [I. 29and 5, 

Similarly, if the 2 DAE is less than the 2 DAF. 

VI. 16. This is a particular case of VI. 14. 

VI. 17. This is a particular case of VI. 16. 

VI. 22. There is a step in the second part of VI. 22 which requires 
examination. After it has been shewn that the figure SR is equal to 
the similar and similarly situated figure NH, it is added “therefore PR 
is equal to GH.” In the Greek text reference is here made to a lemma 
which follows the proposition. The word Jemma is occasionally used in 
mathematics to denote an auxiliary proposition. From the unusual 
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' circumstance of a reference to something following, Simson probably 


' concluded that the lemma could not be Euclid’s, and accordingly he 


takes no notice of it. The following is the substance of the lemma. 

If PR be not equal to GH, one of them must be greater than the 
other ; suppose PR greater than GH. 

Then, because SR and NH are similar figures, PR is to PS as GH 


is to GN. [VI. Definition 1. 
But PR>GH; .. PS>GN. [ Hypothesis. 
. theARPS> thea HGN. [I. 4, Axiom 9. 


But, because SR and NH are similar, the A RPS=the AHGN; [VI. 20. 
which is impossible. .. PR=GH. 

VI. 23. In the figure of VI. 23 suppose BD and GE drawn. Then 
the A BCD is to thea GCE as AC tothe |" CF. Hence the result may be 
extended to triangles, and we have the following theorem; Z'riangles 
which have one angle of the one equal to one angle of the other have to one 
another the ratio which is compounded of the ratios of their sides. 

Then VI. 19 is an immediate consequence of this theorem. For let 
ABC and DEF be similar triangles, so that AB is to BC as DE to 
EF ; and therefore, alternately, AB is to DE as BC to EF. Then by 
the theorem, the A ABC has to the A DEF the ratio which is com- 
pounded of the ratios of AB to DE and of BC to EF, that is, the 
ratio which is compounded of the ratios of BC to EF and of BC to 
EF. And, from the definitions of duplicate ratio and of compound 
ratio (V. Def. 11), it follows that the ratio compounded of the ratios 
of BC to EF and of BC to EF is the duplicate ratio of BC to EF. 

We have omitted in the sixth Book Propositions 27, 28, 29, and the 
first solution which Euclid gives of Proposition 30, as they appear now 
to be never required, and have been condemned as useless by various 
modern commentators. Some idea of the nature of these propositions 
may be obtained from the following statement of the problem proposed 
by Euclid in VI. 29. AB is a given straight line; it has to be 
produced through B to a point O, and a parallelogram described on 
AO subject to the following conditions; the parallelogram is to be 
equal to a given rectilineal figure, and the parallelogram on the base 
BO which can be cut off by a straight line through B is to be similar 
to a given parallelogram. 

VI. 32. This proposition seems of no use. Moreover the enunciation 
is imperfect. For suppose ED to be produced through D to a point 
F, such that DF is equal to DE; and join CF. Then the triangle 
CDF will satisfy all the conditions in Euclid’s enunciation, as well as 
the triangle CDE; but CF and CB are not in one straight line. It 
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2. Two equal triangles are on the same base and on opposite sides of 
it; the straight line joining their vertices is bisected by the base, or the 
base produced. 

Let ABC, DBC be the equal triangles, and 
let AD meet BC in G. 

Then shall AG=GD., 

Draw AE, DF 1' to BC and produce DF 
to D’ making FD’=DF. Then from the 
A® DCF, D’CF it is easily seen that D’/C=CD; 
so D’B=BD. 

“. the A’ DBC, D’BC are equal in all respects. 

. area A D’/BC=area ADBC=area A ABC. 


[ Hypothesis. 
.. AD’, BC are parallel (I. 39), and «. AEFD’ 
isa lem «. AK=D’F=FD. [I. 34. 
. inthe As AGE, DGF we have 2 AGE=z DGF, rt. Z AEG=rt. 2 DFG, 
and side AE=FD._ .«. AG=GD. [Q.E.D. 


The same proof holds if AD cuts BC produced. 
Corollary. It follows that all triangles with ecnal areas and equal 
bases have eqnal heights. 


" 8. Any medium of a triangle bisects all lines which are parallel to the 
base to which it is drawn and which are intercepted by the sides. — A 
Let PQ, |/ to BC, meet the median AD through 
A in R. 
Then shall PR=RQ. 
Since BD=DC, .., by I. 38, AABD=a ADC, 
and A PBD= A QDC. 
.., by subtraction, A APD= aA AQD. 
ve, the A* APD, AQD on the same base AD are equal. 
.., by the previous theorem, PQ is bisected by AD. 
Also PQ is any straight line |! to the base. .. etc. [Q.E. D. 


4. To divide a given straight line into any number of given parts. 


A P @ »~RowS "Ee 
Let AB be the given straight line, and let it be required to divide it 
into five given parts. 
Through A draw a straight line AT’, making any angle with AB. 
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On it take any point P’ and cut off portions P’Q’, Q’R’, R’S’, S’T’ 
each equal to AP’. 
| Join T’B, and draw P’P, Q’Q, R’R, S'S all |! to TB to meet AB 
| in P, Q, R, S respectively. 
Then AB shall be divided at P, Q, R, S as required. 
Draw P’L, Q’M, R’N, 8’O |! to AB to meet Q’Q, R’R, S'S, and 
| I’YB in L, M, N, O. 
| Then ALO? =2 be A, 
and 2Q’P’L=z P’AP. (deez; 
. since AP’=P’Q’, the a* APP’, P’LQ are equal in all respects. 
Similarly with the As Q’MR’, R’/NS’, S’OT"’. 
woe oO M—R N=s © 
me AP=PQ—QOR— ho = er. [I. 34. 
The method is the same whatever be the number of parts into which 
AB is to be divided. 


5. The straight lines drawn at right angles to the sides of a triangle 
from the points of bisection of the sides meet in a point. 


c. 
Let ABC bea A; bisect BC, CA, and AB at D, EH, F respectively. 
' Draw DO perp" to BC and EO perpt to CA, and let them meet in O. 
Join OA, OB, OC, OF. 

In the A* BDO, CDO we have BD=CD, DO common, and the 


rt. £BDO=the rt. zCDO; [I. 4. 
 BO=€Gr 
Similarly, i the A§ CEO. AKO we have CO=AO; 
. AO=BO. 


Thus the A* AFO, BFO hare ings sides Pesrecevely equal ; 

| -. the 2° AFO, BFO are equal, and -. each isart. 2; [I. 8 and Def. 10. 
'.. FO bisects AB at rt. 28; .. ete. 

_ Corollary. Since AO=BO=CO, the point O is a from the 


|) angular points of the A. 


When three straight lines, such as OA, OB, OC (or DO, EO, FO), 
, meet in a point they are said to be concurrent. 
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6. The straight lines drawn from the angles of a A to bisect the opposite 
sides meet in @ point. 


Let ABC be a A; D, EH, F the middle points of its sides; let BE, 
CF meet in G. 


Join AG, GD; they shall be in the same straight line. 
The ABEA=aA BEC, and AGEA=aGEC; 
.. by subtraction, ABGA=a BGC. 
Similarly, ACGA=ABGC; 
Pe BGA = ACCA 
Also ABGD=ACGD; [I. 38. 
‘. the a* BGA, BGD together= as CGA, CGD; 
. the As BGA, BGD together=half the A ABC 
= ABDA. [I. 38. 


.. G must fall on the straight line AD, otherwise the whole 
would be equal to its part; 


(I. 38. 


that is, AG, GD are in one straight line. 


(I. 38. 
7. To prove AG=2GD, BG=2 GE, and CG=2 GF. 
By the previous article, AAGB=aA BGC, 

and A BGC=sum of a* BGD, CGD=twice a BGD. [I. 38. 


*.. AAGB=twice A BGD. 
If K be the middle point of AG, we then have, by I. 38, 
A ABK=AKBG= AGBD; 
* AK=KG=GDe) 2 AG—ZGD. 
Similarly BG=2GE, and CG=2GF. 


This point G is called the Centroid of the A ABC, and AD, BE, CF 
are the Medians. 
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8. The perpendiculars drawn from the vertices of a triangle upon the 
opposite sides meet in a point. 

Let ABC bea A, O the point in which meet the perp* to the sides 
through the middle points, G the point in which meet the straight 
lines joining the vertices to opposite sides. [Arts.5, 6. 

Let D be the middle point of BC and AD’ the perp™ from A on BC. 


Let OG meet AD’ in O’, and let U, V be the middle points of AG, 
AO’. 


Then UV is parallel to, and one-half of, GO’. (Art. 1. 

Because AD’, OD are parallel, both being perp™ to BC, [I. 28. 

: . ZADO=ZUAV. [I. 29. 
Also, since UV, GO’ are parallel, »«. 2 AUV=ZAGO’=zOGD. 

Also, AU=4AG=GD; [Art. 7. 

. the A* AUV, DGO are equal in all respects ; [T. 4. 


UG —UY TCO GO’ —2 0G) 

The point in which OG meets the perp' trom A on BC is thus a 
fixed point on OG produced ; similarly the perp™s from B on CA, and 
from C on AB pass through this same fixed point O’ ; 

Hence the three perpendiculars from A, B, and C, upon the opposite 
sides meet in a point O’ which lies on OG produced, and is such that 
GO’=2 0G. 

This point O’ is called the Orthocentre. 


Corollary. Since the triangles AUV, DGO are equal, 
OD=AV=3 AO’; 
. AO’=2 OD. 
T.L.E. Y 
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\ 9. The straight lines which bisect the angles of a triangle meet in a 
point. 


Let ABC be a triangle; bisect the angles at B and C by straight 
lines meeting at I; join AI: 
then AI shall bisect the angle at A. 

From I draw ID perpendicular to BC, IE perpendicular to CA, and 
IF perpendicular to AB. 

In the A* BIF, BID we have BI common, .DBI=zFBI, and the 


rt. Z2BDI=rt. zBFI; (Construction. 
cal — ns [I. 26. 
Similarly from the A*CID, CIE we have ID=IE; 
2 JURE INN, 


Then since H, F are right 28, we have AF?+ FI?= AI?= AE?+ TE? (1. 47. 
. AF=AH, and the a*AEI, AFT are equal in all respects ; 
Seth =2U a: 
Corollary. Since ID=IE=IF, the point I is such that its perpen- 
dicular distances from the three sides of the A are equal. 


10. Let two sides of a triangle be produced through the base ; then the 
straight lines which bisect the two exterior angles thus formed, and the 
straight line which bisects the vertical angle of the triangle, meet at the 
same point. 


This may be shewn in the same manner as the last theorem. 


11. If two medians of a triangle be equal, the angles through which 
they are drawn shall be equal. 
In the figure of Art. 6, let BE=CF. Then, by Art. 7, GB=GC. 
Hence, since BD=DC, the A* GDB, GDC have their sides respectively 

equal. 
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Hence they are equal in all respects, 


and .«. 2 GDB=2 GDC. [I. 8. 
“. GDB, GDC are both right zs [Def. 10. 
Hence from the A* ADB, ADC we have 
AB=AC. [Ax. ll, and I. 4. 
* £ ABC=z ACB. ies 
_ EXERCISES. 


1. The sides AB, AC of a triangle ABC are bisected at D, E; BE 
and CD are drawn and produced to F and G so that EF=BE and 
DG=DC; prove that AF and AG are in the same straight line. 

[Use Art. 1.] 

2. The middle points of the sides BC, CA, and AB of a triangle are 
D, E, F; FG is drawn parallel to BE to meet DE in G. Prove that 
the sides of the triangle CFG are equal to the medians of the triangle 
ABC, and hence that the sum of any two medians of a triangle is 
always greater than the third. 

3. Prove that the sum of the medians of a triangle is less than the 
perimeter, but greater than three quarters of the perimeter, of the 
triangle. 

[(GB+ GC>BC, i.e. 3BE+2CF > BC, ete. 
Also AD<AE+ED, 1.e. <$AC+4AB, etc. (Fig. Art. 6)]. 

4. An angle of a triangle is right, acute, or obtuse according as the 
median drawn through it is =, >, or < half the side it bisects. 

5. If one side of a triangle be longer than another, the corresponding 
median is shorter. 

[Apply I. 25 to the As ADB, ADC (Fig. Art. 6), and then I. 24 to 
the a* GDB, GDC.] 

6. Of the two angles formed by a median with the two adjacent 
sides, that made with the shorter side is the greater. 

7. If G be the centroid of a triangle ABC, the triangle BGC is equal 
in area to the quadrilateral AEGF. [Fig. Art. 6.] 
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ON GEOMETRICAL ANALYSIS. 


12. The substantives analysis and synthesis, and the corresponding 
adjectives analytical and synthetical, are of frequent occurrence in 
mathematics. In general analysts means decomposition, or the 
separating a whole into its parts, and synthesis means composition, or 
making a whole out of its parts. In Geometry, however, these words 
are used in a more special sense. In synthesis we begin with results 
already established, and end with some new result; thus, by the aid of 
theorems already demonstrated, and problems already solved, we 
demonstrate some new theorem, or solve some new problem. In 
analysis we begin with assuming the truth of some theorem or the 
solution of some problem, and we deduce from the assumption conse- 
quences which we can compare with results already established, and 
thus test the validity of our assumption. 


218. The propositions in Euclid’s Elements are all exhibited syntheti- 
cally ; the student is only employed in examining the soundness of the 
reasoning by which each successive addition is made to the collection 
of geometrical truths already obtained; and there is no hint given as to 
the manner in which the propositions were originally discovered. Some 
of the constructions and demonstrations appear rather artificial, and we 
are thus naturally induced to enquire whether any rules can be dis- 
covered by which we may be guided easily and naturally to the 
investigation of new propositions. 


14. Geometrical analysis has sometimes been described in language 
which might lead to the expectation that directions could be given 
which would enable a student to proceed to the demonstration of any 
proposed theorem, or the solution of any proposed problem, with con- 
fidence of success ; but no such directions can be given. We will state 
the exact extent of these directions. Suppose that a new theorem is 
proposed for investigation, or a new problem for trial. Assume the 
truth of the theorem or the solution of the problem, and deduce conse- 
quences from this assumption combined with results which have been 
already established. If a consequence can be deduced which contra- 
dicts some result already established, this amounts to a demonstration 
that our assumption is inadmissible ; that is, the theorem is not true, 
or the problem cannot be solved. If a consequence can be deduced 
which coincides with some result already established, we cannot say 
that the assumption is inadmissible; and it may happen that by 
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starting from the consequence which we deduced, and retracing our 
steps, we can succeed in giving a synthetical demonstration of the 
theorem, or solution of the problem. These directions, however, are 
very vague, because no certain rule can be prescribed by which we are 
to combine our assumption with results already established ; and more- 
over no test exists by which we can ascertain whether a valid con- 
sequence which we have drawn from an assumption will enable us 
to establish the assumption itself. That a proposition may be false 
and yet furnish consequences which are true, can be seen from a simple 
example. Suppose a theorem were proposed for investigation in the 
following words; one angle of a triangle is to another as the side opposite 
to the jirst angle is to the side opposite to the other. Tf this be assumed 
to be true we can immediately deduce Euclid’s result in I. 19; but 
from Euclid’s result in I. 19 we cannot retrace our steps and establish 
the proposed theorem, and in fact the proposed theorem is false. 

Thus the only definite statement in the directions respecting 
geometrical analysis is, that if a consequence can be deduced from an 
assumed proposition which contradicts a result already established, 
that assumed proposition must be false. 


15. We may mention, in particular, that a consequence would 
contradict results already established, if we could shew that it would 
lead to the solution of a problem already given up as impossible. 
There are three famous problems which are now admitted to be beyond 
the power of Geometry ; namely : 


To find a straight line equal in length to the circumference of a 
given circle, 


To trisect any given angle, and 


To find two mean proportionals between two given straight 
lines. 


The grounds on which the geometrical solution of these problems is 
admitted to be impossible cannot be explained without a knowledge of 
the higher parts of mathematics; the student may, however, be content 
with the fact that innumerable attempts have been made to obtain 
solutions, and that these attempts have been made in vain. 

The first of these problems is usually referred to as the Quadrature 
of the Circle. For the history of it the student should consult the 
article in the Hnglish Cyclopedia under that head, and also a series 
of papers in the Atheneum for 1863 and subsequent years, entitled a 
Budget of Paradoxes, by Professor De Morgan. 
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The third of the three problems is often referred to as the Duplica- 
tion of the Cube. 
We will now give some examples of geometrical analysis. 


\/ 16. From two given points it is required to draw to the same point in a 
given straight line two straight lines equally inclined to the given straight 
line. 

Let A and B be the given points, and CD the given straight line. 
Suppose AE and EB to be the two straight lines equally inclined to 
CD. Draw BF perpendicular to CD, and produce AE and BF to 
meet at G. 
Then the 4 BED=the Z AEC, by hypo- 
thesis ; and 
the 2AEC=the DEG. [I. 15. 
Hence the A* BEF and GEF are equal é - Si 
in all respects ; [I. 26. 7 
pom — STs “s 
This result gives the required \ 
Construction. Draw BF perpendicular 
to CD, and produce it to G, so that FG may be equal to FB; then 
join AG, and AG will intersect CD at the required point. 
For the A* BEF, GEF are equal in all respects, and 
. £BEF=2GEF=2 AKC. 
If A be on the opposite side of CD from B, join GA, and let it be 
produced to meet CD in K. Then AK, BK are equally inclined to BD. 


A 


17. To dinde a given straight line into two parts such that the difer- 
ence of the squares on the parts may be equal to a given square. 
Let AB be the given straight line, and suppose C the required point. 
Then AC?-—CB?=given sq.;_ .. AC?=CB?+ given square. 
Erect at B a perpendicular BD, so that 


BD?= given sq. D. 
. AC?=CB?+ BD?=CD?; [I. 47. 
AC=CD, and the A ACD is isosceles. 
The ZCAD therefore=the 2 ADC. A C B 


Hence we have the following 


Construction. At B draw BD 1 to AB and equal to the side of 
the given sq. Join AD, and make the 2 ADC equal to the 2 BAD, 
and let DC meet AB in C. Then C is the required point. 

For AC?=CD?=CB?+ BD* (I. 47. 

It is obvious that the given square must not exceed the square on 
AB, in order that the problem may be possible. 
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There are two positions of C, if it is not specified which of the two 
segments AC and CB is to be greater than the other; but only one 
position, if it is specified. 

In like manner we may solve the problem, to produce a given straight 
line so that the square on the whole straight line made up of the given 
straight line and the part produced, may exceed the square on the part 
produced by a given square, which ts not less than the square on the given 
straight line. For, in this case, BD > BA; .. 4BDA <zBAD, and 
DC therefore meets AB produced. 

The two problems may be combined in ove enunciation thus, to divide 
a given straight line internally or externally so that the difference of the 
squares on the segments may be equal to a given square. 


18. Given two intersecting straight lines, OA and OB, and any point 
P between them; to draw through P a straight line such that the portion 
of it intersected between OA and OB is bisected at P. 

Let QPR be the required line. Join OP 
and produce to § so that OP=PS. Then 
QR and OS bisect one another at P, and 
this is a property of the diagonals of a, ||". 
Hence 

Construction. Join OP and produce it 
to S so that OP=PS. Draw |/* SQ, SR Q 
as in the figure. Then SQOR isa ||"; 

.. 50, QR bisect one another. 
But P is the middle point of OS. 

.. P is the middle point of QR. 

.. QPR is drawn as required. 


al 
V 19. Bisect a triangle ABC by a straight line drawn through a given 
point P in the base BC. 

Let PE be the required straight line. A 
Then area ABPE=half thea ABC. 


But, if D be the middle point of BC, 
AADB=half the AABC. ([LI. 38. 


. ABPE= a ADB. ‘ 
*. subtracting AABP from each, we have 
AEP= : at 
A AEP= A ADP aue D - 


.. AP, DE are parallel. [1. 39. 
Hence the construction required: Join AP; through D, the middle 
point of BC, draw DE | to PA to meet AC in E; then PE is the re- 
quired straight line. 
For AEPB= A AEP+ A ABP=A ADP+ A ABP 
= A ADB=half of A ABC. [aga 
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“ 20. Construct a triangle, given its perimeter and its base angles. 


X B Cc Y 


Suppose that ABC is the required A ; produce CB to X and BC to 
Y, so that BX=BA and CY=CA. Then XY is equal to the given 
perimeter, and zBXA=/BAX, and .. .ABC=twice zAXY. > ae 

. LAXY=half 2 ABC, and similarly AY X=half 2 ACB. 

Hence the construction required ; Let XY equal the given perimeter ; 
at X make 2YXA=half one given base Z, and at Y make 2X YA=half 
the other given base 4. At A make 4XAB=/AXB and ZYAC=ZAYC 
where AB, AC lie between AX, AY and meet XY in B, C. Clearly 
ABC is now the required A. 


EXERCISES. 


1. Construct an isosceles triangle having given the base and the 
perpendicular on it from the opposite angle. 

Construct a right-angled triangle having given 

2. the hypotenuse and an acute angle ; 

8. the hypotenuse and a side ; 

4. the hypotenuse and the sum of the remaining sides ; 

5. the hypotenuse and the difference of the other sides ; 

6. the hypotenuse and the perp on it from the right angle. [Use 
Page 60, Ex. 8.] 

7. asideand the perpendicular on the hypotenuse from the right angle; 

8. the perimeter and an acute angle. [Use Art. 20.] 

9. Construct a triangle having given the middle points of its sides. 

10. Construct a triangle, given its three medians. 

[Let ABC bea A, G its centroid and AD the median through A; 
complete the |" BGCO; then GO is bisected at D and GCO is a a 
having its sides respectively equal to two-thirds of the medians. Hence 
the construction. ] 

11, Construct a triangle, given the base, the difference of the angles 
at the base, and the difference of its sides. 

[Let BC be the given base; make .BCD=34 the given diff. of the 
base 45, and take D on CD such that BD=the given difference of 
the sides; produce BD to A, making zACD=zADC. Then ABC is 
the required A.] 
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12. Construct a triangle, given its base, one of its base angles, and 
(1) the sum, (2) the difference of its sides. 

13. Bisect a parallelogram by a straight line drawn through a given 
point in its plane. 

14. Trisect a right angle. 

15. Bisect a quadrilateral by a straight line drawn through (1) an 
angular point, (2) a point in one of the sides. 

((1) Let ABCD be the quad!, B being nearer to AC than D; through 
H, the middle point of BD draw a line |! to AC to meet DC in G; then 
AG bisects the quad!. (2) Let the given point be P in AB; draw DE 
|! to AC to meet BA in E; through F, the mid-point of BE, draw FQ 
|: to CP to meet CD in Q; then [’Q bisects the quad!.] 

16. Construct a parallelogram, given one side and the two diagonals. 

17. Trisect a given straight line. [On the given straight line AB 
describe an equilateral A ABC, and through its centroid G draw 
GX, GY {| to AC, CB to meet AB in X, Y.] 

18 Trisect a triangle by a straight line through an angular point. 

[Use Ex. 17.] 

19. Trisect a triangle by a straight line drawn through a point in 
one side. [Let P be the point in the side BC, and X, Y the points of 
trisection of BC (Ex 17); draw XR, YS |! to AP to meet the sides in 
R and 8; then, as in Art. 19, PR and PS divide the A as required. ] 

20. On the side AB of a parallelogram ABCD describe a triangle 
equal in area to ABCD and having the z at A common. 

21. Construct a triangle of given area with two sides of given length. 

22. Inscribe a square of given magnitude in a given square. 

23. Trisect a parallelogram by straight lines drawn through one 
angular point. [By Ex. 17 trisect the sides of the parallelogram 
opposite the given angular point. | 

24, Describe a A equal to a given quadrilateral. [See Page 68, 
Ex. 2.] 

25. Describe a A equal in area to a given rectilineal figure. [Use 
Kix. 24, or see page 79. | 
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ONO 


21. A locus consists of all the points which satisfy certain conditions 
and of those points alone. Thus, for example, the locus of the points in 
a fixed plane which are at a given distance from a given point is the 
circumference of the circle described from the given point as centre, 
with the given distance as radius ; for all the points on the circle, and 
no others, are at. the given distance from the given point. 

Again, the locus of all- points which are at a given distance from a 
given straight line is one or other of the two straight lines parallel to 
the given straight line and at the given distance from the given straight 
line, one on one side and the other on the other side of it. 

We shall restrict ourselves to loci which are situated in a fixed 
plane, and which are properly called plane loci. 


Several of the propositions in Euclid furnish good examples of 
loci. Thus the locus of the vertices of all triangles which are on 
the same base and on the same side of it, and which have the same 
area, is a straight line parallel to the base; this is shewn in I. 37 and 
I. 39. 


22. We will now give some examples. In each ‘example we ought to 
shew not only that all the points which we indicate as the locus do 
fulfil the assigned conditions, but that no other points do. This second 
part however we shall generally leave to the student. 


23. Required the locus of points which are equidistant from two given 
points. . 

Let A and B be the two given points. Join AB, and bisect it at Ce 
Draw DCE at right angles to AB. Then DCE shall be the required 
locus. For take any point P on it and join PA and PB. Then in 
the A®PCA, PCB we have PC common, AC=CB, and the right 
ZPCA=the right 4 PCB; 
.. the base PA=the base PB, and .. P is equidistant from A and B. 

Also, no point out of DCE is equidistant from A and B. For, if 


APPENDIX. BOOK L XV 


possible, let Q be such a point. Join QA, QC, QB. Inthe A* QCA, 
QCB we then have AC=CB, QC common, and the base QA =the base QB; 


= 2OCA=Z0CB; [I. 8. 
- eachisart. Z; .. Q lies on the st. line DCE. 
This line is thus the required locus. 


24. Find the locus of the middle points of the straight lines drawn 
from a fixed point O to all points on a given straight line. 


Let LM be the given straight line. Draw ON perpendicular to it, 
and bisect ON at R. Take any point P on LM; join OP, and bisect 
itin 8S. Join RS. Since R, S are the middle points of the sides ON, 
OP; .. RS is parallel to NP; Pawan, 1 

me Ons —2ONP—agricht 2: pl29: 

. S lies on the straight line bisecting ON at right angles. 

Similarly, the middle point of the straight line joining O to any other 
point of LM lies on RS; 


. the required locus is the straight line bisecting ON at right angles ; 
it is therefore ||! to LM. 
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25. The locus of the middle point of the straight lines drawn from a 
fixed point O to all points on a given circle is another circle. 

Let the given circle have 0, as centre. Join O to any point P on 
the circle. Bisect OP in Q and OO, in O,. Join 0,Q. 


Since O,, Q are the middle points of OO, and OP; 
“. OQ is |} to and one half of O,P; 
“, O.Q is constant; also O, is a fixed point ; [Constr. 
.. Q always lies on a fixed circle whose centre is O,, and whose radius 
is one-half that of the given circle. 


26. Required the locus of the vertices of all triangles on a given base 
AB, such that the square on the side terminated at A mag exceed the 
square on the side terminated at B, by a given square. 

Suppose C to denote a point on the required locus; from C draw 
CD perpendicular to AB, produced if necessary. 

Then sq. on AC=sqs. on AD, DC, 
and sq. on BC=sqs. on BD, DC; lh es. 
. sq. on AC—sq. on BC=sq. on AD-sq. on BD; 
that is, given sq. =sq. on AD-—sq. on BD; 
“. Disa fixed point either in AB or in AB produced through B. [Art. 17. 
Also CDB is a right z. 

The required locus is the straight line drawn through the known 

point D, at right angles to AB. 


EXERCISES ON LOCI (BOOK I). 


1. The locus of points equally distant from two given intersecting 
straight lines is one or other of two fixed straight lines. 

2. What is the locus of points equidistant from two parallel straight 
lines ? 

3. Find the locus of the middle points of all straight lines parallel to 
the base of a triangle and terminated by the sides. 

4. From any point on the base of a triangle straight lines are drawn 
parallel to the sides; the locus of the point of intersection of the 
diagonals of the |* so formed is a straight line parallel to the base. 

5. The locus of all points, the sum of whose perpendicular distances 
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from two given perpendicular straight lines is given, is a straight line 
which is equally inclined to the two given lines. 

6. Find the locus of all points the difference of whose perpendicular 
distances from two given straight lines is given. 

7. Find the locus of a point P such that the sum of the areas of the 
triangles PAB, PCD with given bases AB, CD is constant. 

[Let AB, CD meet in 0; take E, F on OA, OC so that OK=AB 
and OF=CD. Then APAB=APOE and APCD=A POF; 

- area OEPF is const. But area OEF is the same for all positions 
Clore 
AEPEF is of constant area ; 
. locus of P is a straight line parallel to EF by I. 39.] 

s. AB and CD are two straight lines given in magnitude and 
position, and a point P moves so that the A* PAB, PCD are equal in 
area; the locus of P isa straight line passing through the intersection 
of AB and CD, produced if necessary. 

[As in the previous solution we have AOPE=AOFP. Hence if OP 

-meet EF in N, we have EN=FN (Art. 2); .. P lies on the straight 
line joining O and the middle point of EF.] 

9. Find the locus of the points of intersection of the diagonals of a 
parallelogram whose base and area are given. 

10, Find the locus of the intersection of the medians of all triangles 
whose base and area are given. 

11. The locus of the vertices of all right-angled triangles described 
upon a given straight line as hypotenuse is a circle. 

22. A ladder is raised gradually, its ends being always in contact 
with a vertical wall and the ground respectively; the locus of its centre 
is a portion of a circle. 

13. The locus of the vertex A ofa triangle ABC, given the base BC 
and the length of the median through B, is a circle. 

[lf BD be the median through D the locus of D is a circle, by 
hypothesis, and CA always=twice CD; then proceed as in Art. 25.] 

14. Find a point in a given straight line which is equidistant from 
(1) two given points, and (2) two given straight lines. 

15. Find a point which is equidistant from three points which are 
not in the same straight line. 

16. If two opposite ends of a square of given magnitude move along 
two straight lines which are at right angles, then the remaining angles 
move along two perpendicular straight lines. 

17. Construct a triangle having given the base, the altitude, and 
the length of the median which bisects the base. 

218. Construct an isosceles triangle which has the same base and the 
same area as a given triangle. 
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: MAXIMA AND MINIMA. 


(27. In a given indefinite straight line it is required to find a point such 
that the sum of its distances from two given points on the same side of the 
straight line shall be the least possible. 


Let A and B be the two given points. From. A draw AC perpen- 
dicular to the given straight line, and produce AC to D so that 
CD=AC. Join DB meeting the given straight line at E. 

Then EK shall be the required point. , 

For let F be any other point in the given straight line. Then, 
because AC=DC, and EC is common to the two A* ACE, DCH, 
and that the right zACE=the right zDCEH, .. AE=DE. [I. 4. 

Similarly, AF=DF. Also the sum of DF and FB>BD. [f. 20. 

. the sum of AF and FB>BD; 
that is, the sum of AF and FB>the sum of AE and EB. 


Cor. Since the A* AEC, CED are equal in all respects, the 2 AEC 
=DKC, and .. the point E is such that the sum of its distances from 
A, B is a minimum when these distances are equally inclined to the 
given straight line. 


}28. The perimeter of an isosceles triangle is less than that of any other 
triangle of equal area standing on the same base. 


Let ABC be an isosceles triangle; QAC 
any other triangle equal in area and stand- B Q 
ing on the same base AC. 
Join AQ; then BQ is parallel to AC. [I. 39. 
Since AB, BC are equally inclined to 
AC, and .. to BQ, it follows, from Art. 27 
Cor., that the sum of AB, BC is always less 
than the sum of AQ, QC. A C 
Cor. Of all A*® of the same perimeter that which has the greatest 
area is isosceles. 
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29. [f a polygon be not equilateral a polygon may be found of the 


same number of sides, and equal in area, but having a less perimeter. 


KD 


For, let CD, DE be two adjacent unequal sides of the polygon. 
Join CK. Through D draw a straight line parallel to CE. Bisect 
CE at L; from L draw a straight line at right angles to CE to meet 
the straight line drawn through D at K. Then by removing from the 
given polygon the triangle CDE and adding the triangle CKE, we 
obtain a polygon having the same number of sides as the given polygon, 
and equal to it in area, but having a less perimeter. [Art. 28. 


4-30. Through a given point P draw a straight line which shall cut off 
from two gwen straight lines OA, OB a triangle of minimum area, and 
shew that the required straight line is bisected at P. 

Draw through P a straight line QR which is bisected at P. 


| [Art. 18. 
j ; 


A 
Then QOR shall be the required minimum A. 
For draw any other line Q’PR’ to cut off the AOQ’R’. 
Draw RT parallel to OQ’ to meet Q’PR’ in T, 
Then PR=PQ, 4TPR=2Q’PQ, and zPRT =z PQQ”. (129. 
BPO) = A PER: 
A PRR’> A PQQ’. 
Add to each the area ROQ’P. “. AQ’OR’>aQOR. 


*. any other straight line through P cuts off a greater A than QR 
cuts off. 


“. QOR is the required minimum A. 
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In this question it will be noticed that the position of QR, when it 
cuts off the minimum area, is a symmetrical one, in that it is bisected 
at P. We shall find that this characteristic of being a symmetrical 
position is a general property of lines, areas, and angles, which are 
either maxima or minima. 

Thus in Art. 27, if F is to the right of E, the .AFC>2zBFE;; if it 
be to the left, then 4 AFC <the corresponding angle ; it is only when F 
is at the critical, or turning, point Ei that these angles are just equal. 

Similarly in Art. 28, if Q be anywhere on AQ to the right or the 
left of A, the sides AQ, QC are not equal, they are only equal when 
Q is at the critical point B. 


EXERCISES, 


1. Find the triangle of greatest area, two of its sides being given. 
2. Find the parallelogram of greatest area, two of its adjacent sides 
being given. 


APPENDIX. BOOK It. xxi 


THEOREMS AND EXAMPLES ON BOOK II. 


"31. The area of a trapezium equals half the rectangle contained by the 
sides and the perpendicular distance between them. 


Se ry 


_ Let ABCD be the trapezium with AD, BC the parallel sides. Draw 
perp’ AE, DF, BG, CH on the opposite sides. 
Then A ABH=half the rect. EG, 
and 4 DFC=half the rect. FH. [I. 41, 
.. twice A ABE+twice A DFC +twice rect. AF 
=rect. HG+rect. FH +twice rect. AF 
=rect. BH+rect. AF=rect. AE, BC+rect, AD, AE. 
that is, area ABCD 
=half the rect. contained by AE and the sum of BC, AD. 


32 If ABC bea triangle, D the middle point of BC and E the foot 
of the perpendicular from A upon BO, the difference of the squares on 
AB, AC =twice the rect. BC, DE. A 
We have AB?= AE?+ BE?, 
and AC?= AK?+CE?, 
*, the diff. of the sqs. on AB, AC 
=the diff. of the sqs. on BE, EC 
=the rect. contained by the sum and differ- 
ence of BE, EC. [II. 5, Note. . 
Now the sum of BE, EC=BC, and B DE C 
their difference = BE —- EC=BE+ DE - DC=BD+ 2DE-— DC 
=2DE, since D is the middle pt. of BC, 

.. diff. of sqs. on AB, AC=2 rect. BC, DE. 

This proposition may be enunciated thus: The difference of the 
squares on. the sides of a A =twice the rect. contained by the base and the 
projection on the base of the median through the vertex. 

It has already been shewn [II. 13, Exercise I.] that 

AB? + AC?=2A D?+ 2DB% 
T.L.E. Sez 
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Dn 
4733. ABCD is any quadrilateral and P, Q the middle points of its 
diagonals AC, BD; then the sum of the squares on its sides exceeds the 
squares on its diagonals by four times the square on the line joining the 
middle points of the diagonals, 1.e. 
AB? + BC? 4 CD? + DA?= AC?+ BD? +4PQ2. 
For [by the previous theorem] 
AB? + BC?=2AP?+ 2BP?, 
and AD?+ DC?=2AP? + 2DP?. 
.. AB?+ BC?+CD?+4+ DA?=4AP? + 2BP? + 2DP? 
= AC?+4 2BP?+2PD?. 
Also BP?+ PD?=2PQ?+2DQ? 
. 2BP?+2PD?=4PQ? + 4DQ?=4PQ?+ BD?. 
. AB?+ BC?+4 CD?+ DA?= AC? + BD? + 4PQ?. 
In the particular case when ABCD is a |Je™ P and Q coincide, and 
. PQ vanishes. The proposition then is; The sum of the sqs. on the 
sides of a paral/elogram=sum of the sqs. on the diagonals. 


iN 


jaa. I [fa straight line AB is divided into two parts at D, 
(1) the sum of the squares on AD, DB 1s least, 
and (2) the rect. AD, DB 2s greatest, when the straight line is bisected. 


A Cc OD B 
Let C be the middle point of AB. 


(1) By IT. 9 we have AD? + DB?=2 AC?+2CD?, 

Now AC is of the same length wherever the point D is. 

. 2AC?+2CD? is least when CD is least, and this is when CD is 
zero, t.e. when D coincides with C. 

.. AD?+ DB? is least when D is at C. 


(2) By II. 5 we have rect. AD, DB+CD?=AC?=a constant for ali 
positions of D. 

. rect. AD, DB is greatest when CD? is least, i.e. when CD is zero, 
z.e. when D coincides with C. 


Corollary. Since, by (2), the rectangle contained by two straight 
lines, AD, DB, whose sum is given, is greatest when they are equal, 
it follows that Ofall rectangles with a given perimeter the greatest 1s a 
square. 
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EXERCISES. 


*#*1. The locus of the vertex of a triangle on a given base, when the 
sum of the squares on its sides is given, is a circle. 

[For, in the figure of Art, 32, DA is constant and known. ] 

*%%2. When the difference of the squares is given, the locus is a 
straight line. 

[For in this case DE is constant and known. ] 

**8. The base BC of a triangle ABC is divided at D, so that 


m.BD=n.CD; 
prove that 


m.AB?+n. AC?=m. BD? +2. DC?+(m+n) AD? 
If D be in BC produced, then 
m.AB?-n. AC?@=m. BD?-2 . DC?+(m-n) . AD? 
{Use II. 12 and 13.] 
#4, Given the base of a A in magnitude and position, and the sum, 
or difference, of m times the square on one side and » times that on the 
other, prove that the locus of the verte.« is a circle. 
[Use the previous Exercise. ] 
**5, If the medians of a triangle ABC meet in G, prove that 
AB?+ BC? + CA?=3(GA?+4 GB? + GC?), 
#**6. If G be the centroid of a A ABC and P any point in its plane, 
prove that PA?+PB?+PC?=GA?2+GB?+GC?+3. PG? [Use Ex. 3.] 
7. The locus of a point, which moves so that the sum of the squares 
of its distances from the angular points of a triangle is constant, is a 
circle whose centre is the centroid of the triangle. [Use Ex. 6.] 
8. Find a point in the plane of a triangle such that the sum of the - 
squares of its distances from the angular points is a minimum. 
[Use Ex. 6.] 
9, Find a point in a given straight line such that the sum of the 
squares of its distances from two given points is a minimum. 


Divide a given straight line AB at C so that 
10. AB. BC=given square. [Use I. 44.] 
il. C42 BCA 

22. AB?+ BO?=2AC2 

Produce a given straight line AB to C, so that 
13, AB?+ AC?=2AC. BC. 

14. AB?+BC?=2AC. BC. 

15. AC. BC=AB% [BC=AH, Fig. IL, 11.] 
16. AC. AB=a given square. 
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THEOREMS AND EXAMPLES ON BOOK III. 


DEFINITION OF A TANGENT AS A LIMIT. 


35. Another definition of the tangent is often much more useful 
than Euclid’s. 


\ 
4 


If PQ be a straight line through a point P on a circle, of centre C, 
which meets it again in Q, then PQ is called a secant. 

If P be kept fixed and Q move along the circle until it coincides 
with P the limiting position of PQ, when Q becomes indefinitely close 
to P, is called the tangent at P. 

{If the student conceive the circumference of the circle as made up 
of infinitely small dots, packed infinitely close together, then this 
method of looking upon the tangent at P conceives it as the line. 
joining P and the very next dot to P.] 


36. We can easily shew that the tangent PT is perpendicular to PC. 
For since CQ=CP, the zCPQ=zCQP. 

“. twice ZCPQ=2CPQ+2zCQP=2 rt. 28 —2PCQ. [I. 32. 

This holds for all positions of Q. When Q is indefinitely close to P, 
the ZPCQ vanishes, and then in the limiting position twice the 
ZCPQ is two right 2°. 

But in the limit the 2CPQ becomes the CPT, 

.. twice the .CPT=two right 2°, 
a.e. £CPT=a right 2. 

We can also deduce III. 32. For let Q be a point close to B, in 
the figure of that proposition, and produce BQ to ‘R Then BQDA is 
a cyclic quadrilateral, and 

.. ZBAD=two rt. 2485- BQD [III. 22. 
=ZDQR. 
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Now let Q become indefinitely close to B, then BQR ultimately 
coincides with BF, and 
.. £BAD=the ultimate position df z DQR=z DBF 


& a7. i if two chords intersect within a circle, the angle which they include 
is measured by half the sum of the intercepted arcs. 


Cc 


A 


Let the chords AB and CD intersect at E; join AD. 

The 2 AEC=the zs ADE, DAE, [I. 32. 
that is, =the 2* standing on the arcs AC, BD, 
that is, =the 4 at the circumference standing on the sum of the 


arcs AC, BD, 
that is, =the 4 at the centre standing on half the sum of the arcs 
AC, BD. [III. 20. 


Similarly the angle CEB is measured by half the sum of the arcs 
CB and AD. 


és. If two chords produced intersect without a circle, the angle which 
they include is measured by half the difference of the intercepted arcs. 


C 


Let the chords AB and CD, produced, meet in E; join AD. 
The 4ADC=the zs EAD, AED, (I. 32, 
that is, AEC=difference of the zs ADC, BAD, 
that is, =Z at circumference standing on the difference of the arcs 
AC, BD, 
and .. =Z at centre standing on half the difference of these arcs. 
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“ 39. To draw a common tangent to two given circles. 
Let A be the centre of the greater circle, and B the centre of the 
less circle. With centre A, and radius equal to the difference of the 


D’ 
radii of the given circles, describe a circle ; from B draw a tangent 
BC to the circle so described. { 

Join AC and produce it to meet the circumference at D. 
Draw the radius BE parallel to AD, and on the same side of AB; 
and join DE. 
Then DE shall touch both circles. 
For BE and CD are equal and parallel lines. (Construction. 
“. BC and DE are equal and parallel. [i. 33. 
. ZADE=2 ACB [I1. 29]=a right 2. 
*, since BEDC isa |P, 
4£BED=2zBCD<=a right 2. 
*. DE touches both circles at D, E. (III. 16, Corollary. 


Since two tangents can be drawn from B to the described circle, two 
solutions can be obtained ; and the two straight lines which are thus 


APPENDIX. BOOK III. XXVil 


drawn to touch the twe given circles can be shewn to meet AB, pro- 
duced through B, at the same point T. The construction is applicable 
when each of the given circles is without the other, and also when they 
intersect. 

When each of the given circles is without the other, we can obtain 
two other solutions. For, as in the second figure, describe a circle 
with A as centre and radius equal to the sum of the radii of the given 
circles ; and continue as before, except that BE and AD will now be 
on opposite sides of AB. The two straight lines which are thus drawn 
to touch the two given circles can be shown to intersect AB at the 
same point. [See Art. 84.] 


LOCI [BOOK IIL]. 
40. Required the locus of the middle points of all the chords of a circle 
which pass through a fixed point. 

Let A be the centre of the given circle; B the fixed point; let any 


chord DE of the circle be drawn so that, produced if necessary, it may 
pass through B. Let P be the middle point of this chord, so that P 
is a point on the required locus. 
Since P is the middle point of the chord DE, 
. ZAPE, that is 2 APB, is a right 2. [TIT. 3. 


*. P is on a circle of which AB is a diameter. Hence if B be;, , 


within the given circle the locus is the circle described on AB as ~ 
diameter ; if B be without the given circle the locus is that part of the 
circle described on AB as diameter, which is within the given circle. 
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41. A chord of given length slides round with its ends on the circum- 
Serence of a given circle ; the loci of 
(1) tts middle point, 
(2) any fixed pownt on tt, are circles. 
Let DE [Fig. Art. 40] be the chord of given length, P its middle 
point; A the centre. 
Then ZAPE isart. Z. (HiT. 3. 
*, AP?= AEK?-—PF?=a constant, since the radius of the circle and 
the length of the chord are given. 
. AF is constant, and hence P moves ona circle whose centre is A. 
(2) If B be the fixed point on the chord, then PB is constant. 
. AB*?= AP?+ PB?= constant. 
.. AB is constant, and the locus of B is a circle whose centre is A. 


EXERCISES. 


1. Find the locus of the middle points of parallel chords of a circle. 

2. Find the locus of the middle points of equal chords of a circle. 

8. Find the locus of the point of intersection of tangents to a given 
circle which ineet at a given angle. 

4. Find the locus of all points from which tangents to a given circle 
are equal. 

5. Find the locus of the points from which the tangents drawn to a 
given circle are of given length. 

6. Find the locus of the point of contact of all tangents drawn from 
a given point to a system of concentric circles. 

7. Find the locus of the vertex of a triangle whose base BC is given 
and of which the median through B is of given length. 

8. The locus of the middle point of a straight line of constant length, 
whose ends move on two fixed perpendicular straight lines, OA and 
OB, is a circle whose centre is O. 

9. Given the base and vertical angle of a triangle ; find the locus of 
the middle point of the straight lines joining the vertices of all such 
triangles to the middle point of the base. 

10. Given the base BC of a triangle and its vertical angle, prove that 
the loci of 
(1) the intersection of the bisectors of the base Z°§, 

(2) the intersection of the bisectors of the exterior base Z'°, 

(3) the intersection of the bisector of one exterior base Z with the 
bisector of the other interior base Z, 

are all arcs of circles passing through B and C. 
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11. If two segments of circles have a common chord AB and any 
two points P and Q be taken, one on each segment, prove that the 
locus of O, the point of intersection of the bisectors of the angles PAQ, 
PBQ, is another segment of a circle passing through A and B. 

[Twice .AOB=4 rt. 28-2 LOAB-2 zOBA 

=4rt. 2-2PAB- ZQAB-zPBA-zZQBA 
= APB+ZAQB=const. .. etc.] 

12. If A and B be two fixed points on a circle and C, D the 
extremities of a chord of constant length, then the intersection of AD, 
BC and also that of AC, BD lie on fixed circles. 

13. O isa fixed point on the circumference of a circle and OP is any 
chord. On OP is described a circle containing a given angle ; the locus 
of its centre is one or other of two fixed circles. 

14. PQ is a straight line of given length which moves so that its 
ends, P and Q, slide on two given straight lines OA and OB; the locus 
of the intersection of perpendiculars to OA and OB, drawn through 
P and Q respectively, is a circle. 

15. If a chord of a circle, centre O, subtend a right angle at a fixed 
point P, the locus of its middle point is a circle whose centre is the 
middle point of PO. 

[If QR be the chord, and C, T be the middle points of OP, QR then 
by Page 109, Ex. 1, 400?+4CT?=20T?+2TP?=20Q?2- 2TR?+ QP? 
+ PR? — 2TR?=20Q? — 4TR? + QR?=20Q?, etc.] 

Find the locus of the centres of all circles which 

16. pass through two given points. 

17. touch two given intersecting straight lines. 

18. touch a given straight line at a given point. 

19. touch a given straight line and are of given radius. 

20. touch a given circle at a given point. 

21. touch a given circle and are of given radius. 

22. A triangle is formed by a fixed tangent to a circle, a variable 
tangent, and the chord joining their points of contact. Find the locus 
of the centre of its circumscribing circle. 

23. Tangents are drawn, one to each of two concentric circles, aud 
the angle between them is constant. Prove that the locus of their 
point of intersection is one or other of two fixed circles concentric with 
the given one. 

24. Two adjacent corners A, B of a sheet of paper are doubled 
down and meet at a point P in such a manner that the three parts of 
the edge AB form a triangle right-angled at P. Ener that the locus 
of P is an arc of a circle. 
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POLE AND POLAR. 


42. The Polar of any point P with respect to a circle is the locus of 
the point of intersection of tangents drawn at the extremities of any 
chord of the circle which passes through P. 


To find the polar of any given point P and to construct tt geometrically. 


Through P draw any straight line to cut the circle in Q and R. 
At Q and R draw tangents and let them meet in T. Ue 7. 
Join OP and draw from T a perpendicular TL on OP or OP produced. 
Join OT and let it meet QR in N. 

Then OQT isa A having OQT a right 4, and QN is perpendicular to 
the base OT; 
. ON . OT=O0Q?=(radius). 
[For, by ITI. 13, TQ?=TO?+0Q?-20N. OT; 
. 20N . OT=TO?+0Q?- TQ?=2 OQ? (IL. 47).] 
But since TNP, TLP are both right angles, a circle will go round 
i Ne PG, and 
er. OL — ONE Ode: (III. 36. 
ee aes Olly iia das 25 
‘, OL is constant, since P is a given point, and therefore OP constant ; 
.. L isa fixed point and ZOLT is a right angle; 
.. the locus of T (that is, the polar of P) is a straight line perpen- 
dicular to OL and passing through L. 

The polar of P is thus a straight line, and may be constructed as 
follows : 

On OP take a point L, such that OL. OP=(radius)?, and through L 
draw a straight line perpendicilar to OP. 

The two points, L and P, are often called inverse points. 
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Corollary 1. If P be on the circle so also is L, and the polar of P in 
this case is the tangent at P. 


Corollary 2. If, as in the right-hand figure, the line TL meet the 
circle in Q’ and R’ then the straight lines PQ’, PR’ would be tangents 
at Q’, R’. 

For OL. OP=(radius)*, and Q’LR’ is perpendicular to OP. 

Hence, if the point P lie outside the circle, its polar coincides with 
the line joining the points of contact of tangents drawn from it to the 
circle. 


43. If the polar af a point P passes through Q then the polar of Q 
passes through P. 


Let Q be any point on the polar LQ of a point P. Draw OPL per- 
pendicular to LQ, O being the centre. 
Then OP . OL=(radius)?. {Art. 42. 
Join OQ and draw PM perpendicular to OQ. 
Then since PLQ, PMQ are right angles, a circle will pass through 
P, L, Q, M; 
. OM .O0Q=O0P. OL [III. 36. 
=(radius)?. 
Hence, since OMP is a right angle, it follows, by Art. 42, that PM 
is the polar of Q, 
that is, the polar of Q passes through P. 


The polars of P and Q meet at an angle equal to that subtended by P 
and Q at the centre of the circle. 
For, if O be the centre, the polar of P is perpendicular to OP, 
and the polar of Q is perpendicular to OQ. 
Also, the 2 between two straight lines is equal to the angle between 
their perpendiculars ; 
.. the 4 between the polars of P and Q=the 4POQ. 
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EXERCISES. 

**1, The straight line joining two points, A and B, is the polar of 
the point of intersection of the polars of A and B. 

[Let the latter intersect at T; then A lies on the polar of T, since 
T lies on the polar of A (43); so B lies on the polar of T; .«. AB is 
the polar of T.] 

**2, The point of intersection of any two straight lines is the pole 
of the straight line joining their poles. 

**3. Find the locus of the poles of all straight lines which pass 
through a given point. [Use Art. 43.] 

**4. A and B are two points in a plane of a circle whose centre is 
C; AX and BY are the perpendiculars from A and B on the polars of 
B and A respectively ; prove that the rectangles CA. BY and CB. AX 
are equal. [Salmon’s Theorem. ] 

[Let the polar of A meet CA in M, and that of B meet CB in N; 
also draw AU, BV perp™ to CB, CA respectively. 

Then A, V, U, B lieonacircle; .. CU.CB=CA.CV. [III. 36. 

But CN .CB=CM . CA=sq. on radius (Art. 42). Subtract ; 

CB. NU=CA® MVa7.c. Ch. AX = CA Sie 


44. Orthogonal Circles. Def. Two circles are said to intersect 
orthogonally when the tangents at their points of intersection are at 
right angles. 


If the two circles intersect at P, the radii O,P and O.P, which are 
perpendicular to the tangents at P, must also be at right angles. 

Hence 070.7 = Ore Oe 
i.e, the square of the distance between the centres must be equal to the sum 
of the squares of the radit. 

Also the tangent from QO, to the other circle is equal to the radius az, 
2.e. f two circles be orthogonal the length of the tangent drawn from the 
centre of one circle to the second circle is equal to the radius of the first. 

Either of these two conditions will determine whether the circles are 
orthogonal. 

It follows that if we want the circle whose ceutre is O, which shall 
cut a given circle, centre O,, orthogonally, we must take its radius 
equal to the tangent from O, to the given circle. 
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45. Given a circle and two inverse points, P and Q, with respect to it; 
any circle which passes through P and Q cuts the given circle orthogonally. 


SS ao 


Let any such circle cut the given circle in 8 and T. Let O, O’ be 
the centres of the two circles and join OS, O’S. Then, by hypothesis, 
CEG =OA2—OS7, 

. OS touches the second circle at S. [III. 37. 
*. OSO’ is a right angle. 
‘. the two circles cut orthogonally at S and similarly at T. 


EXERCISES. 


**1. What is the locus of the centres of all circles which cut a given 
circle orthogonally at a given point? 

**2. Through a given point draw a circle to cut a given circle 
orthogonally at a given point. 

**8. If two circles cut orthogonally the extremities, P and Q, of 
any diameter of either, are conjugate points with respect to the other, 
i.e. the polar of P passes through Q. 

{Let the centres of the circles be O and O’, and let them cut in C; 
let PO’Q be any diameter of the second ; join OP and draw QS perp" 
to OP; then § lies on the second circle. Since the circles cut othogon- 
ally the tangent at C to the circle O’ passes through O. 

. OS.OP=OC?%=sgq. on radius of first circle ; 
. since PSQ isa right 2, SQ is the polar of P with respect to the 
circle O (Art. 42); .. ete.] 


4. P is any point in the plane of a circle C and Q any point on its 
polar with respect to C; the circle on PQ as diameter cuts C ortho- 
gonally. 

5. All circles which pass through a given point and cut a given circle 
orthogonally pass through another given point. 

[This is the converse of Art. 45.] 

6. The chords joining two fixed points on a circle to the ends of any 
diameter intersect on a fixed circle which cuts the former orthogonally. 
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BOOK IV. 


46. The perpendiculars from the angles of a triangle on the opposite 
sides meet in a point. 

[A proof of this theorem has already been given in Art. 8]. 

Let ABC bea A; from B draw BE perpendicular to CA and CF 
perpendicular to AB; let BE, CF meet in 0; join AO and produce 
it tomeet BC in D; then AD shall be perpendicular to BC. 


{If the A be obtuse-angled, as in the second figure, some of these 


perpeudiculars will meet the opposite sides produced]. 


Since AEO, AFO are right 2° a circle will pass through A, E, O, F. 
[1II. 22, Converse. 


. LFAO=.FEO. (III. 21. 
Sunilarly, a circle will pass through B, C, E, F. 
*, £FEO=z FCB; 


*. LFAO=ZFCB, that is, 2BAD=z FCB. 


Also the 4 at B is common to the A* BAD, BCF. 
*. the third 2BDA=the third 2 BFC [l. 22: 
=a right Z. [Construction. 


“. AD is perpendicular to BC. 


“aq. When ABC is an acute-angled triangle the angles of the triangle 
DEF in the previous figure are equal to the supplements of twice the angles 
of the original triangle ABC, and its sides are equally inclined to the 


sides of the triangle ABC. 


Since O, F, A, E lie on a circle, 
“ LOFE=LOAE=a right 2-2 ACD. (III. 21. 


So, since O, F, B, D lie on a circle, 
. ZOFD=zZOBC=a right 2 - 2 ECB. 
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“. OFE and OFP are equal angles, and their sum 
=two right zs - 22 ACB. 
that is, ZDFE=the supplement of twice the 2C. 

So the angles FDE, DEF are the supplements of twice the angles 
A and B. 

Also since ZEFO=ZDFO, .«. .EFA=2DFB. 

.. FE, FD are equally inclined to AB. 

Similarly FE, ED are equally inclined to AC, and ED, DF are 

equally inclined to BC. So 


Definition. The triangle DEF is often called the Pedal Triangle of 
ABC. 


ae. If I be the in-centre and I,, I, I, the three e-centres of a triangle 
ABC, then 
(1) I ts the orthocentre of the triangle I,I,I3. 
(2) ABC is the pedal triangle of I,1,I,. 


For AI bisects the zBAC, since AB, AC are tangents to a circle 
centre I. (ELE. 77 Cen22. 

For a similar reason AI, bisects the same 2. 

., AII, is a straight line, and similarly BII,, CII,. 

Also since BA produced and AC touch a circle centre I,. 

.. AI, bisects the exterior angle of BAC. (Til. 17, Cor. 2. 

Also AI bisects 2 BAC.. 

. IAL, is aright angle. Similarly IAI, is a right z. 

. I,AI, is a straight line. Similarly I,BI, and ICI, are straight 
lines. 

« LIA, IIB, and I,IC are the perpendiculars from I,, I,, I, on 
the sides of the A I,I,I. 

.. I is the orthocentre and ABC the pedal A of the aLLl.. 
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EXERCISES. 


**1, The perpendicular from the middle point of the side of any 
triangle on the opposite side of its pedal triangle bisects the latter. 

**2. O is the orthocentre of a triangle ABC and the perpendicular 
AD on BC, when produced, meets the circumcircle in H; prove that 
DH=DO0O. 

[For .DCH=2DAB (III. 21) =rt. .- ABD=zBCF. 

. A&8 OCD, HCD are equal in all respects; .. etc.] 

**3. If O is the orthocentre of the triangle ABC, then either of the 
four points O, A, B, C is the orthocentre of the triangle formed by the 
other three. 

**4. If ABC be a triangle obtuse-angled at A, and AD, BE, CF be 
the perpendiculars on the sides, then BE, CF bisect the exterior angles 
of the ADEF, and AD bisects the interior angle. 

5. The radii from the cireumcentre of a triangle to the angular points 
are respectively perpendicular to the straight lines joining the feet of 
the perpendiculars on the sides of the triangle from the opposite vertices. 

*%*6, With the letters of Art. 46, prove that 

AO.OD=BO.OE=CO. OF, and that DB. DC=DO. DA, ete. 

[Taking the left-hand figure, we have AO. AD=AF. AB, since 
F, B, D, O lie on a circle. 

. AO.OD=AF. AB-AO?=AF. FB+ AF?- AO?=AF . FB- OF? 
=AF.FB+ BF?- BO? =BA . BF - BO? 
=BO. BE- BO? (since O, F, A, E lie on a circle) 
=BO. OE. 

This is more easily proved by Book VI., since EOA, DOB are 
similar A]. 

**7. In the second figure of Art. 46, if with centre O and radius, 
whose square is equal to either of the rectangles OA.OD, OB. OE, 
OC. OF, a circle be described, then each angular point of the triangle 
ABC is the polar with respect to this circle of the opposite side. 

[This follows from the last Exercise and Art. 42. Such a circle is 
called the Polar Circle of the triangle; it is also called the Self- 
Conjugate Circle. If the A be acute-angled, as in the first figure of 
Art. 46, there is no such circle. For its centre, if any, must, by 
Art. 42, lie on each of the three lines AD, BE, and CF, and must 
therefore be at O. But since in this case the point A and the line BC 
lie on opposite sides of O, it is impossible by Art. 42 that A should be 
the polar of BC.] 

&S. The circles described on the sides of a triangle as diameters cut 
the polar circle orthogonally. 
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[Taking the right-hand figure of Art. 46, the circle on AC as diameter 
passes through A and D, which are inverse points with respect to 
the polar circle, since OA .OD=sq. on radius of the polar circle. 
Then apply Art. 45.] 

9. Find a point O within or without a triangle ABC such that the 
circumcircles of the triangles OAB, OBC, OCA are all equal. 

10. Prove that the orthocentre and vertices of any triangle are the 
in- and escribed centres of the pedal triangle of the given triangle. 

11. Given the pedal triangle DEF of a certain triangle ABC shew 
how to construct ABC. 

12. If DEF is the pedal A of the A ABC, the triangles DEC, EFA, 
FDB, ABC are all equiangular, 
and their circumcircles are all of the same size. 

13. In the figure of Art. 48 prove that 
(1) the triangles BI,C, CI,A, AI,B are equiangular. 

(2) the four circles each of which passes through three of the four points 
I, I, I,, 1, are all equal. 

14. The internal and external bisectors of the angle A of a triangle 
meet the base BC in H, E’ and the circumcircle in D and D’; prove 
that D is the orthocentre of the A EE’D’. 

15. O is the orthocentre of a triangle ABC, and D, E, F the 
circumcentres of the triangles OAB, OBC, and OCA. Prove that 
ABC and DEF are equal in all respects: 

16. ABCD is a quadrilateral inscribed in a circle; E and F are the 
orthocentres of the A* ABC and ABD respectively ; prove that CDFE 
is a [™, 

Shew also that the orthocentres of the four A* ABC, BCD, CDA, 
DAB form a quadrilateral equal and similar to the given one. 

[Use the Corollary to Art. 8 in this and the three following Exercises. ] 

17. Prove that the sum of the squares on the straight line joining 
the vertex of a triangle to the orthocentre, and on the opposite side 
=the sq. on the diameter of the circumcircle. 

18. The orthocentre of a triangle is joined to the middle point of a 
side ; prove that this joining line produced will meet the circumcircle 
in a point which is at the other end of the diameter through the angular 
point opposite to the bisected side. 

19. A line MN of given length slides between two fixed lines OM, 
ON; prove that the orthocentre of the AOMN always lies on a 
certain circle. 

20. A circular piece of paper is folded into any inscribed triangle ; 
prove that the arcs of the folded segments all pass through a fixed point. 

T.L.E. 2a 
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“Ag, If from any point in the circumference of the circle described round 
a triangle perpendiculars be drawn to the sides of the triangle, the three 
points of intersection are in the same straight line. 

Let ABC be a triangle, P any point on the circumcircle; from P 
draw PD, PE, PF perpendiculars to the sides BC, CA, AB respec- 
tively: D, E, F shall be in the same straight line. 


[We will suppose that P is on the arc cut off by AB, on the opposite 
side from C, and that E is on CA produced through A; the demon- 
stration will only have to be slightly modified for any other figure. ] 


A circle will go round PEAF ; {III. 22 converse. 
. 2£PFE=2PAE (III. 21. 

=two rt. 46— ZPAC [Isis: 

= TEIG, : (ili 22) 

Again, a circle will go round PFDB; (IIT. 21. 
. £PFD=two rt. 28-2 PBC. (III. 22 converse. 


*. £8 PFD and PFE are together=two right 2°. 
. EF and FD are in the same straight line. 

Conversely. If the feet of the perpendiculars PD, PE, PF drawn 
from any point P to the sides of a triangle ABC are collinear, then P 
lies on the circumcircle of ABC. 

For ZBPD=2 BED (INL. 21) >72APE—ZAPH (ile 22), 

= 2PBD=rt. 2-2BPD—Tt, 2 APK=72 PAN; 

2 PED 2PaAG— 21, 2: 

.. P, A, B, C lie on a circle. 


Definition. The above straight line DFE is sometimes called the 
Pedal Line of P, and sometimes it is called the Simson Line of P from 
the name of its supposed discoverer. 


50. ABC isa triangle, and O’ is its orthocentre; the circle which passes 
through the middle points of O’A, O'B, O’C will pass through the feet of 


APPENDIX. NINE-POINT CIRCLE. OGD 


the perpendiculars and through the middle ae of the sides of the 
triangle. 

Let P, Q, R be the middle points of OA; OB, OC respectively ; let 
D be the foot of the perpendicular from A on BO, and K the middle 
point of BC, 


Then O’BD is a right-angled triangle and Q is the middle point of 
the hypotenuse O'B ; 


OD—@0.: 
- : £QDO'=2Q0'D. 
eerie: the ZRDO’=RO’D; 
*. ZRDQ=RO’Q. 
‘But Z2°CO’B, BAC together=two ft. 2°, Lie 22 
 Z2RDQ, BAC together=two rt. 2°, : 
Also £BAC=zQPR, [Art. 1. 


since QP, PR are |! to BA, AC. 
“ Z2RDQ, QPR=two rt. 2°, 
*. D is on the circle through P, Q, R 
Again, RK is parallel to O’B, and QK parallel to O’C; [Art. 1. 
. ZQKR=2QO0’C=zZRDQ; 
+, K is also on the circumference of the circle. 
Similarly, the two points in each of the other sides of the triangle 
ABC may be shewn to be on the circle. 


51. The circle which is thus shewn to pass through these nine points 
is called the Nine-poiné circle: It has some curious properties, some of 
which we will now give. 


52. The radius of the nine-point circle is half of the radius of the 
circle described about the original triangle. 

For the A PQR has its sides respectively halves of the sides of the 
triangle ABC, so that the triangles are equiangular. Hence the radius 


xl EUCLID’S ELEMENTS. 


of the circle described round PQR is half of the radius of the circle 
described round ABC. 


53. If O be the centre of the circle described round the triangle ABC, 
the centre of the nine-point circle is the middle point of OO’. 

For OK is at right angles to BC, and therefore parallel to O’D. 
Hence the straight line which bisects KD at right angles must bisect 
OO’. And K and D are on the circumference of the nine-points 
circle, so that the straight line which bisects KD at right angles must 
pass through the centre of the nine-point circle. Similarly, from the 
other sides of the triangle ABC two other straight lines can be obtained, 
which pass through the centre of the nine-point circle and also bisect 
OO’. Hence the centre of the nine-point circle must coincide with 
the middle point of OO’. 

Cor. The circumcentre O, the centroid G, the nine-point centre N, 
and the orthocentre O’ lie on a straight line; also G is a point of 
trisection [Art. 7], and N the point of bisection of OO’. 

54. We may state that the nine-point circle of any triangle touches 
the inscribed circle and the escribed circles of the triangle: a demon- 
stration of this theorem will be found in Dr. Todhunter’s Plane Trigo- 
nometry, Chapter xxiv. For the history of the theorem see the Nowvelles 
Annales de Mathématiques for 1863, page 562. 


55. The line joining any point P on the circumcircle of any triangle 
ABC to the orthocentre O' is bisected by the pedal line of P with respect 
to the triangle. 


Draw PL, PM, PN perpendicular to the sides of ABC; then LNM 
is the pedal line of P. 
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Draw AD perpendicular to BC and produce it to meet the circum. 
circle in H. Then, if O’ be the orthocentre, it lies on AD and 
O’D=DH. [Ex. 2, Art. 48.] 

Let O’P meet LM in X. Then we have to prove that O’X = XP. 

Join HP and let it meet BC in K. Join O’K. 

Since PNB, PLB are both right angles, a circle goes through P, N, L, B; 


ee PLN=ZPBN=2zPBA=zPHA {IIT. 21. 
=ZHPL, since AH, PL are parallel. 
ee bP ey Pls, 
Ve= yh; 
and thus Y is the centre of the circumcircle of the A PLK. 
Py 1 es 1 ees Dp 
Again, since O'D=DH, and O’DK, HDK are right z’, 
. 2O0’KD=zHKD [I. 4. 


=ZYKL=zYLK, since YK=YL. (Proved.) 

“. O’K and LNM are parallel. 
.. LNM is a straight line drawn through the middle point Y of the 
side PK of the A PKO’ parallel to its base KO’. 
“. LNM bisects PO’, i.e. PX= XO’. (Art. 1. 

56. The middie point of the straight line joining any point P on the 
circumcircle of any triangle to the orthocentre O' lies on the nine-point 
circle of the triangle. 


Let O be the centre of the circumcircle. Bisect OO’ in N and 
join NX. 

Then, by Art. 53, N is the centre of the nine-point circle. 

Hence, since X and N are the middle points of O’P and O’O 
respectively, NX is parallel to, and is one-half of, OP. 

“. NX=one-half of the circum-radius 
=the radius of the nine-point circle. [Art. 52. 

“. X lies on the nine-point circle. 

Hence the intersections of O’P with the pedal line of P always lies 
on the nine-point circle. 
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EXERCISES. 


1. In the figure of Art. 50 prove that PQKL, PMKR are rectangles, 
and hence that the circle on PK as diameter goes through Q, L, M, R 
and also through D, E, F. [This is an easy method of proof of Art. 50.] 
Prove that PK, QL, RM meet at the centre of the nine-point circle. 

2. If the perpendicular from any point P on the side BC of a 
A ABC meet the circumcircle in Y, then AY is |! to the pedal 
Ine ot 2. 

8. If through any point O on a circle three chords be drawn, and on 
each a circle be described, shew that these three circles, besides inter- 
secting in O, meet in three points lying on a straight line. 

[The three points are the feet of the 1's from O upon the sides of the 
A whose angular points are the other ends of the chords through O.] 

4. The pedal lines of a triangle with respect to two points on the circum- 
circle is equal to half the angle the two points subtend at the circumcentre. 

For, in the figure of Art. 55, 
2NLC=.LNB+B=cLPB+B=rt. .-2PBL+B 

=rt. 4-PBN=rt. --—42POA, where O is the circumcentre, 
that is, inclination of pedal line of P to BC 

=rt. 4-42POA. 
So the inclination of the pedal line of any other point P’ to BC 

=rt. 2-4P’0A. 
*. angle between these pedal lines 

=the difference of these inclinations=4 2 P’*OA-$2POA 

= soe OP. 
If P, P’ are at the extremities of a diameter of the circumcircle, then 
32P’OP=a right 2, and .«. the corresponding pedal lines are per- 
pendicular. 

5. The pedal lines of the ends of a diameter of the circumcircle meet at 
right angles on the nine-point circle. 

For if the ends of the diameter be P, P’, and X, X’ be the middle 
points of O’P, O’P’, then XX’ bisects OO’ and thus passes through 
the nine-point centre. XX’ is thus a diameter of the nine-point circle. 
Also the pedal lines of P, P’ pass through X, X’, and they meet at a 
right 2, by the last example; .. they meet on the nine-point circle. 

[III. 31. 

6. P is any point on the circumcircle of the triangle ABC, and PL, 
drawn parallel to BC, meets the circle in Q; prove that AQ is per- 
pendicular tc the pedal line of P. 
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7. I is the in-centre and I,, I,, I, are the e-centres of a triangle 
ABC; prove that the straight lines IT,, Il,, IL, [.L, I], LL, are 
all bisected by the circumcircle of the triangle ABC. 

Prove also that the middle points of TI, and I,I, are at the ends of a 
diameter of this circle. : 

8s. A, A’, B, C are four points on a circle. Prove that the pedal 
line of A’ with respect to the A ABC, of A with respect to the 
4 A'BC, and the nine-point circles of these two A‘ meet in a point. 

[This point is at the intersection of the diagonals of the parallelogram 
formed by A, A’ and the orthocentres of the two triangles. ] 

9. The nine-point circles of the triangles formed by four points, 
taken three at a time, meet in a point. 

[Let A, B, C, D be the points, and P, Q, R, 8, T, U the middle 
points of BC, CA, AB, BD, CD, AD. If O be the intersection of the 
nine-point circles of ABC and BCD, then zPOQ=zPRQ=z ACB, and 
ZPOT=ZPST=zZBCD; .». zQOT=zACD=zQUT; .. ete.] 

10. If A, B, ©, D be four points on a circle, the pedal lines of the 
triangles ABC, BCD, CDA, DAB with respect to D, A, B, C respec- 
tively meet in a point. [Use the two previous Exercises. ] 

11. Prove also that the centroids of the four triangles are concyclic. 

12. A triangle inscribed in a given circle has its orthocentre at a 
fixed point. Prove that the middle points of its sides lie on a fixed 
circle. 

13. Having given an angular point A of a triangle, its circuincentre, 
and the length of the base BC, the loci of its orthocentre and its nine- 
point centre are both circles. 

14. Four concyclic points, taken three by three, determine four 
triangles whose niue-point centres are concyclic. 

15. If the nine-point circle and one of the angular points of a 
triangle be given, the locus of the orthocentre is a circle. 

16. O is the orthocentre of a triangle ABC; the nine-point circles of 
the triangles OAB, OBC, OCA, ABC all coincide. 

17. D and E are points on the circumcircle of the triangle ABC, 
and their pedal lines meet in P; prove that the locus of P isa circle 
when A moves on the circumcirele and B, CO, D, E are fixed. 
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THE TANGENCIES OF CIRCLES. 


57. A circle can be found to satisfy three conditions in general. 
Conversely, if three independent conditions be given, one circle, or at 
any rate only a finite number of circles can be found to satisfy them. 

To describe a circle which shall pass through three given points not 
in the same straight line. 

This is solved in Euclid IV. 5. 


8s. To describe a circle which shall pass through two given points on 
the same side of a given straight line, and touch that straight line. 
Let A and B be the given points ; A 
join AB and produce it to meet the 
given straight line at C. Make a 
square equal to the rectangle CA, CB 
(II. 14), and on the given straight line 
take CE equal toa side of thissquare. D E C.- 
Describe a circle through A, B, E (IV. 5); this will be the circle 
required (III. 37). 
Since E can be taken on either side of C, there are two solutions. 
The construction fails if AB is parallel to the given straight line. In 
this case bisect AB at D, and draw DC at right angles to AB, meeting 
the given straight line at C. Then describe a circle through A, B, C. 


B 


59. To describe a circle which shall pass through a given point and 
touch two given straight lines. 

Let A be the given point, and OB, 
OC the given straight lines. Bisect 
the angle BOC by the straight line 
OD. Draw AM perpendicular to 
OD and produce it to E, so that 
AM=ME. 

Through A, E, draw a circle (by 
Art. 58) to touch the given straight 
line OB. This is done by producing 
EA to meet OB in F and taking FG?=FA. FE. 

Since the circle passes through A and K, its centre lies on MO which 
bisects AE at right 2°. [III. 1. 

Hence, if H be the centre, since it lies on the straight line OD which 
bisects the ZBOC the perpendiculars HG, HK on OB, OC are equal, 
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and therefore the circle just drawn also touches OC. It is therefore 
the required circle. 

There are two such circles ; for if we take G’ on the other side of F 
from G, such that FG’=FG, a second circle can be drawn through A, 
EK, and G’ which will also satisfy the required conditions. 

If A is on one of the given straight lines, draw from A a straight line 
at right angles to this given straight line; the point of intersection of 
this straight line with either of the two straight lines which bisect the 
angles made by the given straight lines may be taken for the centre of 
the required circle. 

If the two given straight lines are parallel, instead of drawing a 
straight line BC to bisect the angle between them, we must draw it 
parallel to them, and equidistant from them. 


60. To describe a circle which shall touch three given straight lines, not 
more than two of which are parallel. 

Proceed as in Euclid IV. 4. If the given straight lines form a tri- 
angle, four circles can be described, namely, one as in Euclid, and three 
others, as on Page 181, each touching one side of the triangle and the 
other two sides produced. If two of the given straight lines are 
parallel, two circles can be described, namely, one on each side of the 
third given straight line. 


£63. To describe a circle which shall touch a given circle, and touch a 
given straight line at a given point. 
Let A be the given point in the a 
given straight line AK, and C be : 
the centre of the given circle. 
Through C draw a straight line 
perpendicular to the given straight 
line to meet the circle in B and D, 
of which D is the more remote from 
the given straight line. Join AD, 
meeting the circle in E. From A 
draw a straight line at right angles 
to the given straight line, meeting 
CE produced at F. 
Then F shall be the centre of the required circle, and FA its radius. 
For the 4AEF=the 2CED; {I. 15. 
and the ZEAF=the zCDE; [J. 29. 
. the .AEF=the zEAF; 
er — We (I. 6. 
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In a similar manner another solution may be obtained by joining AB. 
If the given straight line falls without the given circle, the circle 
obtained by the first solution touches the given circle externally, and 
the circle obtained by the second solution touches the given circle 
internally. 

If the given straight line cuts the given circle, both the circles 
obtained touch the given circle externally. 


) 


V 62. To describe a circle which shall pass through two given points and 
touch a given circle. 


E 


Let A and B be the given points. Take any point C on the circum- 
ference of the given circle, and describe a circle through A, B, C. If 
this described circle touches the given circle, it is the required circle. 
But if not, let D be the other point of intersection of the two circles. 
Let AB and CD be produced to meet at HE; from E draw a tangent 
EF to the given circle. 

Then the circle through A, B, F shall be the required circle. See 
III. 35 and III. 37. 

There are two solutions, because two tangents EF, EG can be drawn 
from E to the given circle. 

If the straight line which bisects AB at right angles passes through 
the centre of the given circle, the construction fails, for AB and CD 
are parallel. In this case F must be determined by drawing a straight 
line parallel to- AB so as to touch the given circle. 


63. 70 describe a circle which shall touch two given straight lines and 
a given circle. 

Draw two straight lines parallel to the given straight lines, at a 
distance from them equal to the radius of the given circle, and on the 
sides of them remote from the centre of the given circle. Describe a 
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circle touching the straight lines thus drawn, and passing through the 
centre of the given circle (Art. 59). A circle having the same centre 
as the circle thus described, and a radius equal to the excess of its 
radius over that of the given circle, will be the required circle. 

Two solutions will be obtained, because there are two solutions of 
the problem in Art. 59; the circles thus obtained touch the given 
circle externally. 

We may obtain two circles which tonch the given circle internally, 
by drawing the straight lines parallel to the given straight lines on the 
same sides of them as the centre of the given circle. 


¥ 64. To describe a circle which shall pass through a given point and 
touch a given straight line and a given circle. 

We will suppose the given point and the given straight line without 
the circle; other cases of the problem may be treated in a similar 
manner. : 


Let A be the given point, and B the centre of the given circle. 
From B draw a perpendicular to the given straight line, meeting it at 
C, and meeting the circumference of the given circle at D and E, so 
that D is between B and C. 

_Join EA and determine a point F in EA, produced if necessary, 
such that the rect. EA, EF =the rect. EC, ED; this can be done by 
describing a circle through A, C, D, which will meet EA at the re- 
quired point. {{II. 36, Corollary. 

Describe a circle to pass through A and F and touch the given 

straight line (Art. 58) ; this shall be the required circle. 
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For, let the circle thus described touch the given straight line at G ; 
join EG meeting the given circle at H, and join DH. 

Since the 4s GHD, GCD are right 2°, [III. 31, and Construction. 

*. H, G, C, D lie on a circle. 
. rect. EC, ED=rect. EG, EH. {III. 36. 
*. His on the described circle. [III. 36, Corollary. 

Take K the centre of the described circle; jom KG, KH, and BH. 

Then .KHG=zKGH [I. 5]=2 HEB [I. 29]=z EHB [I. 5]. 
.. KHB is a straight line ; 
. the described circle touches the given circle. 

Two solutions will be obtained, because there are two solutions of 
the problem in Art. 58; the circles thus described touch the given 
circle externally. 

By joining DA instead of EA we can obtain two solutions in which 
the circles described touch the given circle internally. 


(“65. To describe a circle which shall touch a given strarght line and 
two given circles. 

Let A be the centre of the larger circle and B the centre of the 
smaller circle. Draw a straight line parallel to the given straight line, 
at a distance from it equal to the radius of the smaller circle, and on 
the side of it remote from A. Describe a circle with A as centre, and 
radius equal to the difference of the radii of the given circles. Describe 
a circle which shall pass through B, touch externally the circle just 
described, and also touch the straight line which has been drawn 
parallel to the given straight line [Art. 64]. Then a circle having the 
same centre as the second described circle, and a radius equal to the 
difference between its radius and the radius of the smaller given circle, 
will be the required circle. 

Two solutions will be obtained, because there are two solutions of 
the problem in Art. 64; the circles thus described touch the given 
circles externally. 

We may obtain in a similar manner circles which touch the given 
circles internally, and also circles which touch one of the given circles 
internally and the other externally. 

[For other cases of circles satisfying given conditions see Arts. 87, 
88, 90, and 91.] 
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CONSTRUCTIONS. 
a 

66. Construct a triangle given its base, its vertical angle, and the sum 
of its sides equal to a given straight line. 

Let AB be the base; on it describe 
a segment of a circle containing an 
2 ACB equal to the given vertical angle. 
Let C be a point on such that the sum 
of AC, CD is equal to the given sum. 

Produce AC to D so that CD=CB, 
and join DB. 

Then AD is equal to the given A B 
straight line. 

Also the 4ACB=the sum of the z*CDB and CBD [I. 32], that is, 
=twice the 2CDB [I. 5]. 
.. the ADB is half of the given merical’: a 

Hence we have the following solution. Describe on AB a segment 
of a circle containing an 2 equal to the given Z and a second segment 
containing an Z equal to half the given Z. 

With A as centre, and a radius equal to the given straight line, 
describe a circle. 

Join A with a point of intersection D of this circle and the second 
segment ; this joining straight line will cut the circumference of the 
first segment at a point C which solves the problem. 

The given straight line must exceed AB, and it must not exceed a 
certain straight line which we will now determine. Suppose the 
circumference of the first segment bisected at E; join AE, and 
produce it to meet the circumference of the second segment at F. 

Then AE=EB [II. 28], and EB=EF, 


sinte 4 RFB, EBF=2 AEB=z ACB 
=twice .ADB=twice 2AFB, 
and .. ZEBF=ZEFB. 
Thus EA, EB, EF are all equal ; 
.. E is the centre of the circle of which ADB is a segment. ([TII. 9. 
Hence AF is the longest straight line which can be drawn from A to 


the circumference of the described segment ; so that the given straight 
line must not exceed twice AE. 
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67. To describe an isosceles triangle having each of the angles at the 
base double of the third angle. 

This problem is solved in IV. 10; we may suppose the solution to 
have been discovered by such an analysis as the following. 

Suppose the triangle ABD such a A as is required, so that each of 
the 2° at B and D is double of the Z at A. 


Bisect the Z at D by the straight line DC. A 
Then the zADC=the z at A; 


The 4CBD=the 4 ADB, by hypothesis, 
and the ZCDB=the Zz at A; 
.. the third .BCD=the third z ABD. [I. 32. 
-. BD=CD.. .6.9°m 8 
“ BD=AC. 
Since ZBDC=the 4 at A, BD is a tangent at D to the circle 
described round the AACD (Note on III. 32). 
*. the rect. AB, BC=the square on BD. {III. 36. 
*. the rect. AB, BC=the square on AC. ; “a 
“. AB is divided at C in the manner required in IT. 11. 
Hence the synthetical solution of the problem is evident. 


EXERCISES, 
Describe a triangle having given its base, its vertical angle, and 
1. another side ; : 
2. its altitude ; 
8. the point where the perpendicular from the vertical angle meets 
the base ; 
4. the difference of its sides ; 
5. the sum of the squares on its sides ; 

[By Page 145 the vertex lies on a known arc of a circle going through 
the ends of the base; also, by Page 109, Ex. 1, the vertex lies on a 
circle whose centre is the middle point of the base ; the vertex is thus 
at the intersection of these two circles. | 

6. the difference of the squares on its sides ; 

7, the point where the bisector of the vertical angle meets the base; 
8. the length of the median through the vertex ; 

9. the length of the median through one end of the base ; 

10. the difference of the angles at the ends of its base. 

Describe a circle 

11. with a given radius to touch two given straight lines ; 

12. with a given radius to touch two given circles ; 


APPENDIX. BOOK IV. li 


13. with a given radius to touch a given circle and a given straight 
line ; 

[Since the required circle is to touch the given circle its centre is 
somewhere on a circle whose centre is that of the given circle and 
whose radius=sum of radius of given circle and given radius; since it 
touches given straight line the centre is on a straight line parallel to 
the given one; .. etc.] 


14. with a given radius to pass through a given point and touch a 
given straight line ; 

15. with a given radius and centre in a given straight line to touch 
another given straight line ; 

16. through a given point to touch a given straight line at a given 
point ; 

17. to touch a given circle at a given point and also to touch a given 
straight line ; 

18. through a given point to touch a given circle at a given point ; 

19. to touch a given circle and also to touch two tangents to the 
circle ; 

20. to touch a given straight line at a given point and bisect the 
circumference of a given circle ; 

21. to pass through a given point and bisect the circumferences of 
two given circles ; 


22. Inscribe a circle in a given sector of a circle. 

23. Find the centre of a circle cutting off equal chords from the sides. 

24. With three given points as centre draw three circles which touch 
in pairs. 

25. Find a point outside a circle such that the tangents from it to a 
circle meet at a given angle. 

26. Draw a chord in a given circle equal to one given straight line 
and parallel to another. 


Describe a triangle having given 

27. the centres of its three escribed circles ; 

28. its in-centre and the centres of two escribed circles ; 

29. its pedal triangle ; 

30. its base, altitude, and circum-radius ; 
31. an ZA, the perp'from A upon the opposite side, and the in-radius; 
32. the vertical 2, the perimeter, and the in-radius ; 
3S. the vertical 2, the perimeter, and the altitude ; 

34. the base, one Z at the base, and the in-radius. 

35. an angular poiut, the ortho-centre, and the circum-centre. 
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~ MAXIMA AND MINIMA [BOOKS [II AND IV.]. 


68s. A and B are two given points on the same side of a given straight 
line, and AB produced meets the given line at C3 of all points in the 
given straight line on each side of ©, it is required to determine that at 
which AB subtends the greatest angle. 

Describe a circle to pass through A and B, and to touch the given 
straight line on that side of C which is to be considered. Let D be 
the point of contact ; 

D shall be the required point. 
A 


E D Cc 

For, take any other point E in CD on the same side of C as D; 
draw EA, EB; then one at least of these straight lines will cut the 
circumference ADB. 

Suppose that BE cuts the circumference at F; join AF. Then the 
ZAFB=the ZADB [III. 21]; and the zAFB>the 2 AEB [I. 16]; 

*. the ZADB>the 2 AEB. 

“. the Z subtended by A, B at D is greater than the 2 subtended at 
any other point of CD. 


69. A and B are two given points within a circle ; and AB 1s drawn 
and produced both ways so as to divide the whole circumference into two 
ares; it is required to determine the point in each of these arcs at which 
AB subtends the greatest angle. 

Describe a circle to pass through A and B and to touch the cireum- 
ference considered [Art. 62]; the point of contact will be the required 
point. The demonstration is similar to that in the preceding proposition. 

70. A and B are two given points without a given circle ; it is required 
to determine the points on the circumference of the given circle at which 
AB subtends the greatest and least angles. 

Suppose that neither AB nor AB produced cuts the given circle. 

Describe two circles to pass through A and B, and to touch the 
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given circle [Art. 62]; then G the point of contact of the circle which 
touches the given circle externally, will be the point where the angle is 
greatest, and F, the point of contact of the circle which touches the 
given circle internally, will be the point where the angle is least. The 
demonstration is similar to that in Art. 68. 

If AB cuts the given circle, both the circles obtained by Art. 62 
touch the given circle internally ; in this case the angle subtended by 
AB at a point of contact is less than the angle subtended at any other 
point of the circumference of the given circle which is on the same side 
of AB. Here the angle is greatest at the points where AB cuts the 
circle, and is there equal to two right angles. 

Tf AB produced cuts the given circle, both the circles obtained by 
Art. 62 touch the given circle externally ; in this case the angle sub- 
tended by AB at a point of contact is greater than the angle subtended 
at any other point of the circumference of the given circle which is on 
the same side of AB. Here the angle is least at the points where AB 
produced cuts the circle, and is there zero. 


EXERCISES. 


**1. Given the base and vertical angle, construct it when its area is 
greatest, and show that the tangent at its vertex is then parallel to its 
base. 

**2, Of all triangles inscribed in a cirele, the equilateral one is 
the greatest. 

[For if any triangle is such that the tangent at one vertex A is not 
| to the base BC, we can by Ex. 1 obtain a greater A by keeping BC 
fixed, and taking the vertex at a point where the tangent is |! to the 
base; .. the greatest A has the tangent at each angular point || to the 
opposite side; .. etc.] 

3. The pedal triangle of a triangle ABC is the triangle of least 
perimeter with its vertices on the sides of ABC. [Use Art. 27.] 

4, Of all quadrilaterals inscribed in a circle, the inscribed square has 
the greatest area and the greatest perimeter. 

5. Of all chords drawn through a given point within a circle, the 
least is the one that is bisected at the given point; prove also that it 
cuts off the least area from the circle. 

6. Given a circle and two tangents, prove that the tangent which is 
such that the portion of it intercepted between the two tangents is a 
minimum, is bisected at the point of contact. Prove also that it cuts 


off a maximum or a minimum triangle. 
TLE. 2B 
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BOOK VI. 


71. Radical Axis. The radical axis of two circles is the locus of a 
point which moves so that the lengths of the tangents drawn from it to 
the two circles are equal. 


72. A geomctrical construction can be given for the radical axis of 
two circles. 


Fig. 2. 


If the circles intersect in real points, P and Q, as in Fig. 1, the 
radical axis is clearly the straight lime PQ. For if T be any point on 
PQ and TR and TS be the tangents from it to the circles, we have, 
by ITT. 36, 

ik?— TP. TO —is2 


If they do not intersect in real points, as in the second figure, let 
T be a point such that the tangents TR and TS are equal in length. 


Draw TO perpendicular to 0,0,. 


Since == 1S? 
we have TOZSO Rh? 2 Os, 
4.€. TO? + 0,0? —- O,R?= TO? + 00,2 - 0,82, 
3.0. 0,0? — 00,?= 0, R? - 0,82, 


ie, (0,0—00,)(0,0 + 00,) =0,R? - 0,82, 


= 2 
z.e. 0,0 - 00, — Oe ae =a constant quantity. 
: One), 
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Hence O is a fixed point since it divides the fixed straight line 0,0, 
into parts whose difference is constant. 


Therefore, since 0,OT is a right angle, the locus of T, 7.e. the radical 
axis, is a straight line perpendicular to the line of centres. 


73. If the radical axis be assumed to bea straight line it may also be 
constructed as follows: Draw any circle meeting one of the circles in H, 
Fand the other in G, H; let EF and GH meet in P, then by III. 36 
rect. PK, PF=rect. PG, PH. .. tangents from P to the two circles 
are equal and P is on the radical axis. The straight line through P 
perpendicular to the line of centres will be the radical axis. 


74. The radical axis of three circles, taken in pairs, meet in a point, 
which vs such that the tangents from it to the three circles are equal. 


Let the three circles be called A, B, and C, and let the radical axis 
of A and B and that of B and C meet in a point O. 


By the definition of the radical axis the tangent from O to the circle 
A=the tangent from O to the circle B, and the tangent from O to the 
circle B=tangent from it to the circle C. 


Hence the tangent from O to the circle A=the tangent from it to 
the circle C, z.e. O is also a point on the radical axis of the circles A 
and C. 


This point O is called the radical centre of the three circles. 
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75. The difference in the squares on the tangents drawn from any point 
P to two circles is equal to twice the rectangle contained by the distance 
between their centres and the perpendicular from P upon thew radical 
AXIS, 


Let PT,, PT, be the tangents from a point P to two circles; O, and 
O, their centres and OM their radical axis; draw PM and PN per- 
pendicular to the radical axis and the line of centres. Let C be the 
middle point of O,0,. 

Then PO,?- PO,?=0,N?- O,N?. 
Also, since the tangents from O to the circles are equal, 
UO, Ol, —007—0 17, 
Ot 0 007 002 
-. by addition, 
PO,? - 0,T,? - (PO,? — O,T,?) = O,N? —- O,N?+ 00,2? - 00,2 
=(0,N +0,N)(O,N — O,N) + (OO, + 00,)(O00, - 00,) 
=0,0,(0,N —- 00, + OO, - O.N)=2 0,0, . ON 
paws (OC), 6 TE nIL, 

Hence the proposition is true. 

Corollary. If P lies on the circle of centre O, then PT, vanishes, 
and the theorem becomes: Zhe square of the tangent drawn from a point 
on one circle to another equals twice the rectangle contained by the perpen- 
dicular from the point on the radical axis of the circles and the distance 
between the centres of the circles. 


EXERCISES. 


*%*121. The radical axis of two circles bisects either of their commen 
tangents. 

**2. If, of three circles, each touches the other two, the common 
tangents at the points of contact are concurrent. 
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*#*3, The locus of a point which moves so that the difference in the 
squares of the tangents drawn from it to two given circles is constant 
is a straight line parallel to the radical axis of the two circles. 

4. Two circles meet in AB, and through A is drawn a chord PAQ 
cutting off from each circle segments containing equal angles. Prove 
that the tangents at P and Q meet in AB produced. 

5. Prove the following construction for the radical axis of the cir- 
cuincircle and the nine-point circle of a AABC: Let D, E, F be the 
feet of the perpendiculars on the sides BC, CA, AB of the A from 
the opposite vertices; let EF and BC meet in L, FD and CA in M, 
aud DE and AB in N; then LMN is the required radical axis. 

6. The radical centre of the three circles on the sides of a triangle as 
diameters is the orthocentre of the triangle. [Use Page xxxvi, Ex. 6.] 


76. Coaxal Circles. A system of circles is said to be coaxal when 
they have a common radical axis, 7.¢. when the radical axis of each pair 
of circles of the system is the same. 

Since the radical axis of any pair of the circles is perpendicular to the 
line joining their centres, it follows that the centres of all such circles 
of a coaxal system must lie on a straight line which is perpendicular to 
the radical axis. 

If two of the circles intersect in two points P and Q, as in Fig. 1, 


Fic. 1. 


then all the circles of the system intersect in the same two points, and 
any circle of the system is then obtained by taking a point O, on the 
line of centres as centre, and the length of the straight line joining 
this point to the point P or Q as radius. The circles are then said 
to be of the Intersecting Species. 
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When two of the circles do not intersect as in Fig. 2 then any circle 
of the system can be constructed as follows: 


‘ c \ 
s , 


Fie. 2. 


If O be the point of intersection of the radical axis and the line of 
centres, the length of the tangent drawn to every circle of the system 
from O isthe same. If a circle be drawn with centre O, and radius 
equal to the tangent, OT, or OT,, drawn to the two given circles as 
radius, the points of contact of tangents from O to any circle of the 
system lie on this circle. To construct the circle of the system whose 
centre is any point O3, we draw a tangent O,T; to the circle centre O; 
with centre O, and radius O0,T; describe a circle; this circle is one of 
the system. For OT, is the tangent to it from O and is of the 
required length. The circle (whose centre is either of the points of 
intersection, L and L’, of the dotted circle O with the line of centres) 
is of zero radius. For the length of the tangent from either L or L’ 
to the dotted circle is zero. 

These two circles therefore reduce to points, and the points L and L’ 
are hence called the Limiting Points, since they are limiting positions of 
the circles of the system. 

There are no circles of the system whose centres lie between O and 
L. For the tangent drawn from any such centre to the dotted circle, 
whose centre is O, is imaginary. 

77. Let T be any point on the common radical axis of a system of 
coaxal circles and.let TR be the tangent froin it to any circle of the 
system. 

Then a circle, whose centre is T and whose radius is TR (Fig. 
Art. 76) will cut each circle of the coaxal system orthogonally. 

[For the radius TR of this circle is at right angles to the radius 
O,R, «nd so for its intersection with any other circle of the system. } 
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Hence the limiting points (being point-circles of the system) are on 
this orthogonal circle. 

The limiting points are therefore the intersections with the line of 
centres of any circle whose centre is on the common radical axis and 
whose radius is the tangent from it to any of the circles of the system. 

Since, in Fig. 1, the limiting points are imaginary these orthogonal 
circles do not meet the line of centres in real points. 

In Fig. 2 they pass through the limiting points L, and L,. 

These orthogonal circles (since they all pass through two points, real 
or imaginary) are therefore a coaxal system. 

Also if the original circles, as in Fig. 1, intersect in real points, the 
orthogonal circles intersect in imaginary points; in Fig. 2 the original 
circles intersect in imaginary points, and the orthogonal circles in real 
points. 

We therefore have the following theorem : 

A set of coaxal circles can be cut orthogonally by another set of coaxal 
circles, the centres of each set lying on the radical axis of the other set ; 
also one set is of the limiting-point species and the other set of the other 
species. 


78. Without reference to the limiting points of the original system, 
it may be easily found whether or not the orthogonal circles meet the 
original line of centres. 

For the circle, whose centre is T and whose radius is TR, meets or 
does not meet the line 0,0, according as TR? is > or << TO%, 


i.e. according as © TO,? -0,R? is= TO?, 
i.e. according as TO?+00,?- 0,R? is = TO?, 
a.€. according as OO, is = O,R, 


i.e. according as the radical axis is without, or within, each of the circles 
of the original system. 


79. We can now deduce an easy construction for the circle that cuts 
any three circles orthogonally. 

Consider the three circles in the figure of Art. 74. 

By Art. 77 any circle cutting A and B orthogonally, has its centre 
on their common radical axis, #.e. on the straight line OD. 

Similarly any circle cutting B and C orthogonally has its centre on 
the radical axis OE. 

Any circle cutting all three circles orthogonally must therefore have 
its centre at the intersection of OD and OE, i.e. at the radical 
centre O. Also its radius must be the length of the tangent drawn 
from the radical centre to any one of the three circles. 
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EXERCISES. 


**1. If there be three coaxal circles whose centres are 0,, 03, Os, 
the squares on the tangents drawn from any point of the third circle to 
the first two are to one another a3 0,0, to 0,03. [Use Art. 75, Cor.] 

**2. Conversely, if the squares on the tangents drawn front a 
point P to two circles (centres O, and O,) be in a given ratio, the 
locus of P is a circle coaxal with the given ones, whose centre O, 
is such that 0,0, : 0,0, in the given ratio. ca 

**83. Any circle passing through the limiting points of a set of 
coaxal circles cuts them all orthogonally. 

4. The radical axis of a circle centre O, and a point O (considered 
as a point-circle) bisects at right angles the distance between O and 
the point in which its polar with respect to the circle meets OQ. 

5. Construct the circle which passes through a given point and cuts 
two circles orthogonally. [Treat the point as a point-circle, and apply 
Art. 79 and Ex. 4.] 

**«6, The polar of either limiting point with respect to any circle 
of the system passes through the other. 

[The polar of L with respect to the circle O, goes through L’ if 


Ori = O,U’ e O,L = 0,0? = OL? 
ie. if 00,2=0,T,2+ 01? 
=0,T,?+OT,?, which is true. ] 
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EXAMPLES OF LOCI. [BOOK VI.] 


80. O isa fixed point from which any straight line is drawn meeting 
a fixed straight line KL at P; in OP a point Q is taken such that OQ is 
to OP ina fixed ratio; determine the locus of Q. 

We shall shew that the locus of Q is a straight line. 

Draw O© L' to KL and on it, produced if necessary, take a point 
D such that OD is to OC in the given ratio. 

Join O to any point P on KL and on it take a point Q such that 
OQ is to OP in the fixed ratio ; join QD. 


K 
pl 12 
O Clee 


The A’ ODQ and OCP are similar (VI. 6); 
. the 4ODQ=the 4OCP, and .. =a right angle. 
.. Q lies in the straight line drawn through D at right 28 to OD. 


“81. 0 isa Jjixed point from which any straight line is drawn mecting a 
Jixed circle at P; in OP @ point Q is taken such that OQ isto OP ina 
Jjixed ratio: determine the locus of Q. 

We shall shew that the locus is a circle. 


For let C be the centre of the fixed circle ; in OC take a point D 
such that OD is to OC in the fixed ratio, and draw any radius CP of 
the fixed circle; draw DQ parallel to CP meeting OP, produced if 
necessary, at Q. Then the A* OCP and ODQ are similar; [VI. 4. 

“ OQ: OP:: OD: OC, that is, in the fixed ratio. 
“. Q is a point on the locus. 

And DQ is to CP in the fixed ratio, so that DQ is of constant 

length. Hence the locus is a circle of which D is the centre. 
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82. Find the locus of a point which moves so that its distances from two 
jixed points may be in a given ratio. 
Let O, O’ be the two fixed points, and let P be any point satisfying 


the given condition, so that OP: PO’ in the given ratio. Bisect the 
interior angle OPO’ by a straight line PK meeting OO’ in K, and 
bisect the exterior angle at P by the straight line PL meeting OO’ in L. 
Then, by VI. 3 and A, 
OK KOs 70> PO, 
and OL: LO’ :: OP: PO’. 
*. the ratios OK: KO’ and OL: LO’ are each equal to the given 
ratio, and thus K, L are both fixed. 
Since PK, PL bisect the interior and exterior angles at P, 
.. KPL is a right angle. 
-.. the locus of P is a circle described on the straight line joining 
the two fixed points K, L as diameter. 


L783. There are four given points A, B, C, D ina straight line; required 
the locus of a point at which AB and CD subtend equal angles. 


[We will take the case in which the points are in the following order, 
OFA. BCD.) 
Let P bea point such that 4APB=2CPD. 
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Describe a circle round the AAPD, and let PO be the tangent to it 
at P meeting the given line at O. 
Then ZOPA=ZODP; : (XII. 32. 
- ZOPB=ZOPA+ZAPB=ZODP+2zCPD=zOCP; 
. by the converse of III. 32, OP is the tangent at P to the circle cir- 
cumscribing the A RPC, and 
Ob OC = OP? OAS OD: 
It follows, as will be shewn in Art. 89, that O is a determinate point 
and OB. OC is a known rect. ; 
“. OP? is known, and thus OP is known, and the locus of P is a circle 
with O as centre. 


EXERCISES. 


**1. The locus of the centroid of a triangle, whose base and area 
are given, is a straight line. 

**2. Given the base and vertical angle of a triangle, prove the 
locus of the intersection of its medians is an arc of a circle. 

43. Prove also that its in-centre, its orthocentre, and its e-centre 
opposite to the given vertical angle all move on arcs of circles which 
pass through the extremities of the base. 

4. Ifa triangle of given species (7.c. one whose angles are given) has 
one angular point fixed, and if a second moves on a given straight line, 
the locus of the third angular point is also a straight line. 

5. If the second angular point move on a circle, the locus of the third 
is also a circle. a 

6. Given two points on a circle, find a third point on it whose 
distances from the two points are in a given ratio. 

7. Find the locus of a point the perpendiculars from which on two 
given intersecting straight lines are in a given ratio. 

8. Find a point the perpendiculars from which upon the sides of a 
triangle are in a given ratio 
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CENTRES OF SIMILITUDE. 


84. Let A be the centre of a circle, and B the centre of a larger circle , 
let a straight line be drawn touching the former circle at C and the latter 
circle at D, and meeting BA produced through A at T. From T draw 
any straight line meeting the smaller circle at K and Li, and the larger 
circle at M and N, so that the jive letters T, K, L, M, N are in this 
order. Then the strarght lines AK, KC, CL, LA shall be respectively 
parallel to the straight lines BM, MD, DN, NB; and the rectangle 
TK, TN shall be equal to the rectangle TL, TM, and equal to the 
rectangle TC, TD. 


eoin AC, BD. Then the a* TAC and TBD are equiangular ; 


cbs DB 2 Cae Ds [VI. 4. 
:: AK: BM; 
*. the A®’ TAK, TMB are similar ; [Vie 


. ZTAK=zTBM;3 
.. AK, BM are parallel. 
Similarly AL, BN are parallel. 
And because AK, BM are | and AC, BD are |; 
*, LCAK=ZDBM; 
. LCLK=zDNM; [IIL 20. 
.. CL is parallel to DN. 
Similarly CK is parallel to DM. 
Now TD: TN::TM: TD; [UT, 37; Vite 
on kee CCR [VI. 4. 
* rect. IC) 1D —rect. PK, DN, 
Similarly rect. TL, TM=rect.TC, TD. 
If each of the given circles is without the other we may suppose the 
straight line which touches both circles to meet AB at T’ between A 
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and B, and the above results will all hold, provided we interchange the 
letters K and L; so that the five letters are now to be in the following 
order, i, K, 1’, M, N. 


Since AK, BM are parallel, -. TK isto TM as AK to BM; 
and similarly TL is to TN as AK to BN, 
i.e. in the ratio of the radii ; 
“. all straight lines drawn through T, or T’, are cut by the circles in 
the same constant ratio. 
Hence either of the points, T or T’, is called a Centre of Similitude, 
one being the external centre and the other the internal centre. 


Corollary. Since BDT, ACT are similar A’, we have 
BT : AT=BD : AC=the ratio of the radii, 
and similarly BT’ : AT’=the ratio of the radii. 
Hence the points, T and T’, in which the common tangents meet the 
line of centres divide the line joining the centres externally and 
internally in the ratio of the radii. 


EXERCISES. 


**L, Two unequal similar figures of any number of sides AECDE, 
A’/B’C'D'E’ are placed so that the corresponding sides AB and A’P’, 
BC and BC’, etc., are parallel; the lines AA’, BB’, CC’, etec., joining 
corresponding vertices all meet in the same point. 

[This point is called the centre of similitude for the two figures. ] 

7**2, The circle of similitude of two circles is the locus of points at 
which the circles subtend the same angle; prove that it is the circle 
whose diameter is the straight line joining the centres of similitude. 

[Let PQ, PQ’ be two tangents to the circles, centres A, B, such that 
ZAPQ=2BPQ’, and .. P a point on the required circle. Since AQP, 
BQ’P are similar A’, «. AP : BP=AQ : BQ’=ratio of the radii; 

*, the locus of P isa circle on TT’ as diameter (Art. 82).] 
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**3. The orthocentre and the centroid of a triangle are the centres 
of similitude of the circumcircle and the nine-point circle. 

4. The vertices of a triangle are the external centres of similitude of 
the in-circle and the three escribed circles, and are the internal centres 
of similitude for the three escribed circles taken in pairs. 

5. The points in which the internal bisectors of the angles of a 
triangle meet the opposite sides are the internal centres of similitude of 
the in-circle and each of the escribed circles. 

6. The points in which the exterior bisectors of the angles meet 
the opposite sides are the external centres of similitude of the escribed 
circles taken in pairs. 

7. The circle of similitude of two circles is coaxal with them. 

j [Use Page lx, Ex. 2.] 

8. The three circles of similitude of three circles, taken in pairs, are 
coaxal, 


CONSTRUCTIONS INVOLVING Book VI. 
85. To inscribe a square in a given triangle. 


A K 


Bre ro, aeete 


Let ABC be the given A, and suppose DEFG the required square. 
Draw AH perpendicular to BC, and AK parallel to BC; and let BF 
produced meet AK at K. 

Then BG: GF :: BA: AK, 


and BG: GD :: BA: AH; [VI. 4. 
but GF=GD; [ Hypothesis. 


Hence we have the following synthetical solution. Draw AK parallel 
to BC, and equal to AH; and join BK. Then BK meets AC at one 
of the corners of the required square, and the solution can be completed. 
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sé. Through a given point between two given straight lines, it 1s required 
to draw a straight line, such that the rectangle contained by the parts 
between the given point and the given straight lines may be equal to a given 
rectangle. 


Let P be the given point, and AB and AC the given straight lines; 
suppose MPN the required straight line, so that the rectangle MP, PN 
is equal to a given rectangle. 

Produce AP to Q so that the rectangle AP, PQ may be equal to the 
given rectangle. Then the rectangle MP, PN is equal to the rectangle 
AP, PQ; 

“. a circle will go round AMQN ; [Page 178, Ex. 1. 
; . ZPNQ=zPAM. (ITI. 21. 

Hence we have the following synthetical solution. Produce AP to 
Q, so that the rectangle AP, PQ may=the given rectangle: describe 
on PQ a segment of a circle containing an Z equal to the PAM, and 
let it meet AC in N; the straight lime NPM solves the problem. 


87. In a given circle it is required to inscribe a triangle so that two 
sides may pass through two given points, and the third side be parallel to 
a given straight line. 


Cc 


——y 


m 


= 


B 
Let A and B be the given points, and CD the given straight line. 
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Suppose PMN to be the required A inscribed in the given circle. 

Draw NE parallel to AB; join EM, and produce it if necessary to 
meet AB at F. 

If the point F were known the problem might be considered solved, 
For ENM is a known Z, and therefore the chord EM is known in 
magnitude. And then, since F is a known point, and EM is a known 
magnitude, the position of M becomes known. [Page 142, Ex. 12.] 

We have then only to shew how F is to be determined. 


The 4MFA=the zMEN, [I. 29. 
and .. =the .MPN; [Tir 2 
*. MAF, BAP are similar A§; [VI. 4. 


9, IMUA 5 AUD e9 BUA 9 AIP 9 
. rect. MA, AP=rect. AF, BA. 
But since A is a given point the rectangle MA, AP is known; and 
AB is known; thus AF is determined. 


i 828. Ina given circle it is required to inscribe a triangle so that the sides 
may pass through three given points, 


P 


= 


B 


Let A, B, C be the three given points. Suppose PMN to be the 
required A inscribed in the given circle. 

Draw NE | to AB, and determine the point F as in the preceding 
problem. We shall then have to describe in the given circle a AEMN 
so that two of its sides may pass through given points, F and C, and 
the third side be ||! to a given straight line AB. This can be done by 
the preceding problem. 

This example and the preceding are taken from the work of Catalan 
already cited. The present problem is sometimes called Castillon’s and 
sometimes Cramer’s; the history of the general researches to which it 
has given rise will be found in a series of papers in the Mathematician, 
Vol. III., by the late T. S. Davies. 
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89. It is required to find a point in a given straight line, such that the 
rectangle contained by its distances from two given points tn the straight 
line may be equal to the rectangle contained by its distances from two other 
given points in the straight line. 


A NY "D 


F 


Let A, B, C, D be four given points in the same straight line: it is 
required to find a point in AD such that the rectangle contained by its 
distances from A and B may=the rectangle contained by its distances 
from C and D. 

On AD describe any triangle AED; and on CB describe a similar 
triangle CFB, so that CF is parallel to AE, and BF to DE; join EF, 
and let it meet the given straight line at O. Then O shall be the 
required point. 


Eon OK OA Or | 0c: [VI. 4. 

mw OR OF .2 OA; OC. [V. 16. 
Similarly OE : OF :: OD : OB; 

. OA:OC:: OD: OB; [V..11, 


. rect. OA, OB=rect. OC, OD. 


Aliter. Through A, B describe any circle and through C, D any other 
circle. Find the radical axis of these two circles. This radical axis 
meets the line ABCD in the required point O. For the rects. OA, OB 
and OC, OD are equal to the squares on the tangents from O to the 
circles, which are equal since O is on the radical axis. 


The figure will vary slightly according to the situation of the four 
given points, but corresponding to an assigned situation there will be 


only one point such as is required. 
T.L E. 2C 


lxx EUCLID’S ELEMENTS. 


90. To describe a circle which shall pass through a given point and 
touch two given circles. 

Let A be the centre of the smaller circle and B the centre of the 
larger circle; and let E be the given point. Draw a straight line 
touching the former circle at C and the latter at D, and meeting BA, 
produced at T. Join TE and divide it at F so that the rect. TE, TF 
may =the rect. TC, TD. 


Describe a circle to pass through E and F and touch either of the 
given circles (Art. 62); this shall be the required circle. 

For suppose that the circle is described so as to touch the smaller 
given circle; let G be the point of contact ; we have then to shew that 
the described circle will also touch the larger given circle. Join TG, 
and produce it to meet the larger given circle at H. 

Then the rect. TG, TH=the rect. TC, TD [Art. 84, 
that is, =the rect. TH, TF; 
*. the described circle passes through H. 

Let O be its centre, so that OGA isa straight line ; we have to shew 
that OHB is a straight line. 

Let TG intersect the smaller circle again at K; then AK is parallel 
to BH (Art. 84); a. LAK T—ZBHG, 

and .AKG=ZAGK=ZOGH=2zOHG ; 
. ABHG, OHG=283AKT, AKG=two right 245; 
. OHB isa straight line. 

Two solutions will be obtained, because there are two solutions of the 
problem in Art. 62. Also, if each of the given circles is without the 
other, two other solutions can be obtained by taking for T the point 
between A and B where a straight line touching the two given circles 
meets AB. The various solutions correspond to the cases when the 
contact of circles is external or internal. 
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91. To describe a circle which shall touch three given circles. 

Let A be the centre of that circle which is not greater than either of 
the other circles; let B and C be the centres of the other circles. 
With centre B, and radius equal to the excess of the radius of the 
circle B over the radius of the circle A, describe a circle. Also, with 
centre C, and radius equal to the excess of the radius of the circle C 
over the radius of the circle A, describe a circle. Describe a circle to 
touch externally these two described circles and to pass through A 
(Art. 90). Then a circle having the same centre as the last described 
circle, and having a radius equal to the excess of its radius over the 
radius of the circle A, will touch externally the three given circles. 

In a similar way we may describe a circle touching internally the 
three given circles, or touching one of them externally and the two 
others internally, or touching one of them internally and the two others 
externally. 


EXERCISES. 


#1, Construct a triangle given the base, the vertical angle, and 
the ratio of the sides. 
[By Page 145 its vertex lies on a known circle, and by Art. 82 its 
vertex also lies on a second known circle. | 
**2, Given the base and the ratio of the sides of a triangle, con- 
struct it when 
(1) its area is given. 
(2) the sum of the squares on its sides is given. 
(3) the difference of the squares on its sides is given. 
[Use Art. 82, I. 40, and Art. 32.] 
Describe a triangle, having given 
3. its vertical Z, its cireum-radius, and the ratio of its sides. 
4. its vertical angle, its base, and the rectangle contained by its 
sides. [Use VI. C.] 
5. the lengths of the perpendiculars from its vertices upon the 
opposite sides. 
6. Inscribe a square in a given segment of a circle. 
7. Describe an equilateral triangle to be equal in area to a given 
isosceles triangle. 
8. Inscribe a regular octagon in a given square. 
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ARITHMETIC, GEOMETRIC, AND HARMONIC MEANS. 


92. The Arithmetic mean between two straight lines is a straight 
line which is equal to half their sum. 

The Geometric mean is a straight line the square on which is equal 
to the rectangle contained by them. 

The Harmonic inean is such that the first of the given straight lines 
is to the other as the excess of the first over the harmonic mean is to 
the excess of the harmonic mean over the second. 


[These definitions are similar to those given in Algebra. ] 
va Ps 
93. To construct these means. 


Let the two straight lines between which the means are to be found 


be placed so as to have a common end, and be in the same direction as 
AB and AC. 

Bisect BC in O. With centre O and radius OB, or OC, describe a 
circle, and draw tangents AP, AP’ to this circle. Let PP’ meet 
ABC in N. 

Then AO is the Arithmetic, AP the Geometric, and AN the Harmonic 
mean between AB and AC. 

For AC- AO=OC=BO=AO- AB; 
, 2AO=AB+AG, ie. AO=ABEAC. 
i.e. AO is the Arithmetic mean. 
Also, by Iil. 36, AP?=AB. AC, 
i.e. AP is the Geometric mean. 
Again, by III. 32, zAPB=zPCB; 
*, the A’ APB, ACP are similar: 
) AB: BP AL ECE 
« AB?; AP? :: BR? 5 ICH g 
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ie. AB?: AB. AC:: BN. BC: CN.CB; [III. 36, and VL. 8. 
. AB : AC :: BN : NC; 
5, ANG) 3 AE :: NC : BN 
:: AC-AN: AN-AB; 

*, AN is the harmonic mean between AB and AC. 

Corollary. Since AP?=AMN. AO, AP is the geometric mean between 
AN and AO, that is, 

The geometric mean between two given straight lines AB, AC is also 


the geometric mean between the arithmetic and harmonic means between 
the same two straight lines. 


“94. Let ABC bea triangle, and let the interior and exterior angles at 
A be bisected by straight lines AD, AK which meet BC and BC produced , 
in D and E: then BD, BC, BE shail be in harmonical progression. 


A 
B D Cc E 
Kor BD; DC? BA] AC; Vins. 
and BE: EC::BA: AC; [VI. 4. 
2 bbe DC. BE: HC: 
BE: BD= CO : DC; [V. 16. 


that is, as BE—-BC to BC- BD. 


*. BD, BC, BE are in harmonical progression. 


95. Def. When a straight line BC is divided internally and exter- 
nally in the same ratio at D and E, the four points B, D, C, E are 
said to form a Harmonic Range. This result is sometimes expressed by 
saying that BC is divided harmonically at D and E. 

The two points B and C are called Harmonic Conjugates, and so 
also the two points D and E. 

If BDCE is a harmonic range and the points B, D, C, E be joined 
toa point A outside the range, the four straight lines AB, AD, AC, 
AE are called a Harmonic Pencil, and either of these four lines is called 


a Ray of the Pencil; also, the point A is called the Vertex of the 
pencil. 
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96. Any straight line which passes through a fixed point is cut 
harmonically by the point, any circle, and the polar of the point. 

Let P be the fixed point and PQSR any straight line drawn through P 
to cut the circle in Q and Rand the polar KNK’ of P in 8. Then 
PQ, PS, PR shall be in harmonical progression. 


Let KK’ meet OP in N. Join OK, OQ, and PK; then PK is the 


tangent at K and 4 PKO is a right 2. [Art. 42, Cor. 2. 
We have PN. PO=PK? [VI. 8. 
= Ore [III. 36. 


“. Q, R, O, N lie on a circle ; 
. LORQ=supplement of zONQ=zPNQ. 
But 4ORQ=20QR, since OQ=OR. 
Also ZOQR=zONR in the same segment, 
since O, N, Q, BR lie on a circle ; 
. LONR=2zPNQ. 
. ZRNS=QNS, since ONK, PNK are both right angles. 
.. NS is the bisector of the 4RNQ, and since KNP is a right Z, 
NP is the exterior bisector of the same 4... (by Art. 94) PQ, PS, and 
PR are in harmonical progression. 


EXERCISES. 


1. If ACBD be a harmonic range and E be the middle point of CD, 
prove that EA. EB=EC’, and conversely. 

2. Prove also that AC. BD=AD. BC. 

8. If in a harmonic pencil one ray bisect the angle between a pair of 
rays the fourth ray is at right angles to the first, and conversely. 

[Let ACBD be a harmonic range, and O the vertex of the corres- 
ponding pencil, so that OC bisects the zAOB and 


AC: CB:: AO: OB. 
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But, by the previous exercise, 


AC] CB:: AD. PDE AD*DB:: AO: OB. 

.. OD bisects the exterior 4 of AOB, ete. ] 

4. Two circles cut at right angles, prove that any diameter of the 
one is divided harmonically by the other. [Use Ex. 3, Page xxxiii.] 

5. The circum-centre, the centroid, the nine-point centre, and the 
orthocentre of a triangle form a harmonic range. 

6. Any straight line parallel to one of the rays of a harmonic pencil 
is divided into equal parts by the other rays, and conversely. 

[Let ACBD be the harmonic range, and OA, OC, OB, OD the rays of 
the pencil. Through C draw NCM |! to OD to meet OA, OB in N, M. 


Then we are given that AC: CB:: AD: DB, 

ze. AC: AD:: CB: DB, 
z.e CN: DO::CM: DO; 
CN CM. 

Also, by Art. 3, the median OC of the A NCM bisects all lines 
parallel to the base NM; .. etce.] 

7. If the rays of any harmonic pencil be cut by any transversal, the 
points of intersection form a harmonic range. [Proceed as in Exercise 
6.] 

8. If four points form a harmonic range, their polars with respect to 
any circle give a harmonic pencil. 

[For the straight lines joining the four points to the centre are, by 
Art. 43, inclined at the same angles as the polars of the points, ete. ] 

g. The polar circle of a triangle divides the sides harmonically. 

10. If two harmonic ranges are such that the straight lines joining 
three pairs of corresponding points meet in a point, the straight line 
joining the fourth pair passes through the same point. 

[Let the two ranges be ACBD, A’C’B’D’ and let AA’, CC’, BB’ 
meet in O, and let OD meet A’C’B’ in D,. Then, by Ex. 7, A’C’B’D, 
is a harmonic range; but, by hypothesis, so also is A’C’B’D’. .°. D’ 
and D, coincide, etc.] 

11. If two harmonic pencils are such that the intersections of three 
pairs of corresponding rays are on a straight line, the intersection of 
the fourth pair is on the same straight line. 
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INVERSION. 


97. Let O be the centre of a fixed circle, and let P be any point in 
its plane, within or without the circle. Join OP; and let OP, pro- 


duced if necessary, meet the circle in K. On OP take a point Q, such 
that OPT 0G — OWS radins)2 
Then ( is called the inverse of the point P with respect to the circle. 


[By Art. 42 it follows that Q is the point where OP meets the polar 
of P.] 


There is no real necessity for drawing the circle. If we put OK=4, 
2 


then OQ.OP=h?, 2.e. OQ= op: and &? may be called the constant of 
inversion. 

The inverse of a point P with respect to a fixed point O is thus a 

2 

point Q lying on OP, or OP produced, such that OQ= = 

If the point P move on a certain curve, the corresponding point Q 
will move on another curve, and the locus of Q is called the inverse of 
the locus of P. 

We shall find the inverse of a straight line and also that of a circle. 


98. To find the inverse of a straight line. 


Let MN be the straight line whose inverse with respect to O is 
required. 
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Take any point P on MN; join OP and on it, produced if necessary, 
take a point Q such that OP . OQ =h”. 

Draw OA perpendicular to MN and on it take a point B, such that 
OA .OB=k2. Join BQ. 

Since OA. OB=OP . OQ, 


. A, P, Q, B lie on a circle ; [II1. 36. 
. £PAB+2ZPQB=two rt. 2°. [III. 22. 
But 2 PAB=a rt. 2; [Construction. 


 ZPQB, that is 4OQB, is a right angle. 
. the locus of Q is a circle described on OB ag diameter. 
The inverse of a straight line with respect to a fixed point O is therefore 
a circle, which passes through O, and whose diameter lies along the 
perpendicular drawn from O to the given straight line. 


0Q’ then 0Q= 5 the locus of P is ob- 
tained from that of Q by the same process by which the locus of Q is 
derived froin that of P. 

It follows that the inverse of the circle OQB with respect to O is 
the straight line MN. 


This is more directly proved in the following theorem. 


Conversely, since if OP= 


99. To find the inverse of a circle with respect to a point O, which is 
(1) on the circumference, (2) not on the circumference. 


(1) Draw the diameter OA and on it take a point B such that 
OA . OB=K*, the constant of inversion. B is then a fixed point. 

Join O to any point P on the curve, and on it take Q such that 
OP .OQ=k. Then Q is the inverse of P. 

Sitce Pw OO a Ob, 


. P, Q, B, A lie on a circle ; {II1. 36. 
. £ABQ+2ZAPQ=two right 2°. {TII. 22. 
But 2APQ isa right 2, [I1l. 31. 


“. OBQ is a right angle, and thus Q lies on a straight line which is 
at right angles to OA and passes through the fixed point B. 
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(2) Let O not lie on the given circle. 


Let C be the centre of the circle. Join O to any point P on the 
circle, and on it take Q such that OP.OQ=/, the constant of 
inversion. 

Let OP produced meet the circle in P’, Draw OD the tangent 
from O to the circle, and for simplicity put QD =z. 


Then OP . OP’=OD?=?; (TIL. 36. 
OP 700 OP 20Re 2. 
that is, OQ : OP’ ga fe 9 
Draw QC’ parallel to P’C to meet OC in C’. 
Then OC’: OC :: OQ: OP’ [VI. 2. 
a oy me 3 


*. OC’ is in a constant ratio to OC, and 
“. C’ isa fixed point. 
Also C’Q:: CP’ :: OQ: OP’ 
20 HP 9 ie 
*. C’Q is constant, since CP’ is constant ; 
. since Q is at a constant distance from a fixed point C’ its locus is 
a circle whose centre is C’. 
The inverse of a circle with respect to a point outside it in its own plane 
as therefore a circle. : 


100. If P be any point on a circle which ts inverted with regard to a 
point O, and if P’ be the point corresponding to P, the tangent to the 
first circle at P makes the same angle with OPP’ that the tangent to the 
second circle at P’ makes with OPP’. 

Let Q be a point on the first circle very close to P. Join OP, OQ, 
and on them, produced if necessary, take points P’, Q’ such that 

OP .OP’=0Q . OQ’ =constant of inversion. 

Then P’, Q’ are points, very close together, on the inverse circle. 

Also, since OP . OP’=O0Q . OQ’, the four points P, Q, Q’, P’ lie on 
a circle, and .. 2OPQ=supplement of .QPP’=z0Q’P’. (lil. 22 
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O 


Now let Q move up indefinitely close to P and then PQ becomes the 
tangent at P, and the angle OPQ becomes the 2 between OP and the 
tangent at P, viz. the OPT. Similarly P’Q’ becomes the tangent at 
P’, and OQ’P’ the angle between OP’ and the tangent at P’, viz. the 
AQP Ay. 

These two tangents are thus equally inclined to OP, but they are not 
parallel. 


Corollary 1. The same is true if the circle PQ be replaced by a 
straight line or if the inverse curve P’Q’ be a straight line. 

Corollary 2. The angles which the two tangents PT, P’T” make on 
the same side of OPP’ [viz. zOPT and T”P’P] are supplementary. 


101. A circle and a straight line, or two circles, intersect at the same 
angle as their inverses. 


Let P be a point of intersection of the first two circles, and PT, PU 
their tangents at P. 
Let P’ be the inverse point of P and P’I”’, P’U” the tangents there. 
henge bl BE 
and ZUPP’=U”P’P; 
Ply 2oditione. LRU —2 i) PW 
that is, the tangents at P intersect at the same angle as the tangents 
at P’. 
Corollary. If the two given circles touch at P, the angle between 
their tangents at P vanishes; .. the angle between the tangents to 
their inverses at P’ vanishes, 7.e. their inverses touch. 
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EXERCISES. 


1. Any two points and their inverses are concyclic. « 

2. The ratio of the squares on the distances of any point on a circle 
from two inverse points with respect to the circle is equal to the ratio 
of the distances of the centre of the circle from the same two points, 

[Let P, Q be the inverse points, U the middle point of PQ, O the 
centre, T the point on the circle, TN the perp" on OP. 

Then TP?=OT?+O0P?—-20P. ON 
=OP .0Q+0P?-20P .ON 
=20U .OP-20P.ON 
=—2 NUROR. 

bo £Q2—2NU0@- 
 PP2 TOs OE OO). ] 

3. The centre of inversion O is the centre of similitude of the original 
circle and its inverse. 

[For CP’, C’Q are parallel radii. Art. 84.] 

4. Any circle can be inverted into itself. 

[If the constant of inversion be taken equal to the square on the 
tangent OD that can be drawn from O to the circle, every such point 
as P inverts into P’.] 

5. Any two circles can be inverted into themselves. 

[Take as centre of inversion any point O on their radical axis and as 
constant of inversion the square on the equal tangents from O to either 
circle; by Art. 99 each circle inverts into itself. ] 

6. Any three circles can be inverted into themselves. 

[Take as centre of inversion the radical centre, and proceed as in 
Ex. 5.] 

7. A circle and a diameter invert, in general, into two circles cutting 
orthogonally. 

{For the circle and diameter cut orthogonally and the diameter inverts 
into a circle; then use Art. 101.] 

e. Any three circles can be inverted into three circles whose centres 
lie on a straight line. 

[Invert with respect to any point on their orthogonal circle (Art. 79); 
the latter becomes a straight line which cuts the inverses of the three 
circles orthogonally, and the only straight line cutting three circles 
orthogonally passes through their centres; these latter thus lie on a 
straight line. ] 

9. Any two circles can be inverted into equal circles. 

[If O be the centre of inversion and ¢, ¢’ the lengths of the tangents 
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to the circles, of radii r and 7’, then by Art. 99 (2) we must have 
@:t%::r:7'. Hence O is a point such that the ratio of the squares 
of the tangents from it to the two given circles is known. Hence by 
Art. 79, Ex. 2, O is any point on a known circle, viz. the circle coaxal 
with the given ones whose centre is the external centre of similitude. ] 

10, Any three circles can be inverted into three equal circles. 

11. When two circles intersect the circle through their common 
points, and the centre of inversion inverts into the radical axis of the 
new circles, 

12. If A, B, C, D be four points and A’, B’, C’, D’ their inverses, 

then A’B’: AB:: k?: OA. OB, 
and AC. BD: AB. CD=A’C’. B’D’: A’B’. C'D’. 
[The A* OB’A’, OAB are similar ; 


. A’B’: AB:; OB’ >: OA 
:: OB.OB’: OA.OB 
Rcaca : OA. OB etc.] 


18. Prove Euc. VI., D by inversion. 
[Use Ex. 12 and the Exercise on page 91.] 
14. P, Q area pair of inverse points with respect to a circle C; any 
circle through them cuts any diameter of the circle in a pair of inverse 
points, 
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ON MODERN GEOMETRY. 


102. We have hitherto restricted ourselves to Euclid’s Elements, 
and propositions which can be demonstrated by strict adherence to 
Kuclid’s methods. In modern times various other methods have been 
introduced, and have led to numerous and important results. These 
methods may be called semi-geometrical, as they are not confined within 
the limits of the ancient pure geometry; in fact the power of the 
modern methods is obtained chiefly by combining arithmetic and 
algebra with geometry. The student who desires to cultivate this part 
of mathematics may consult Townsend’s Chapters on the Modern Geometry 
of the Point, Line, and Circle. 


We will give as specimens some important theorems, taken from 
what is called the theory of transversals. 


Any line, straight or curved, which cuts a system of other lines is 
called a transversal; in the examples which we shall give, the lines 
will be straight lines, and the system will consist of three straight lines 
forming a triangle. 

We will give a brief enunciation of the theorem which we are about 
to prove, for the sake of assisting the memory in retaining the result ; 
but the enunciation will not be fully comprehended until the demon- 
stration is completed. 


108. If a straight line cut the sides, or the sides produced, of a triangle, 
the product of three segments in order is equal to the product of the other 
three segments. 


B 


Let ABC be a triangle, and let a straight line be drawn cutting the 
side BC at D, the side CA at E, and the side AB produced through 
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Bat F. Then BD and DC are called segments of the side BC, whilst 
CE and EKA are called segments of the side CA, and AF and FB are 
called segments of the side AB. 


Through A draw a straight line parallel to BC, meeting DF pro- 
duced at H. 


Then the A* CED and EAH are equiangular ; 


Poel aCODe: AL: EC. [VI. 4- 

.. the rect. AH, EC=the rect. CD, AE. [VI. 16. 
Again, the A’ FAH and FBD are equiangular ; 

. AH: BD:: FA: FB. [VI. 4. 

.. the rect. AH, FB=the rect. BD, FA. [VI. 16. 


Now suppose the straight lines represented by numbers in the 
manner explained in the notes to the second Book of the Elements. 
We have then two results which we can express arithmetically: namely, 


the product AH. EC=the product CD. AE; 
and the product AH. FB=the product BD. FA. 
Therefore, by the principles of Arithmetic, the product 
AH.EC.BD.FA=the product AH. FB. CD. AE, 
and therefore the product BD.CE. AF =the product DC. EA. FB. 


This is the result intended by the enunciation given above. Each 
product is made by three seginents, one from every side of the triangle: 
and the two seginents which terminated at any angular point of the 
triangle are never in the same product. 


Thus if we begin one product with the segment BD, the other 
segment of the side BC, namely, DC, occurs in the other product ; 
then the segment CE occurs in the first product, so that the two 
segments CD and CE, which terminate at C, do not occur in the 
same product ; and so on. 


The student should for exercise draw another figure for the case in 
which the transversal meets all the sides produced, and obtain the 
same result. 


The above theorem is generally known as Menelaus’ Theorem, after 


Menelaus, an Alexandrian mathematician who lived in the 1st century 
after Christ. 


104. Conversely, it may be shewn by an indirect proof that if the 
product BD. CE. AF be equal to the product DC. EA. FB, the three 
points D, EK, F lie in the same straight line. 
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105. if three straight lines be drawn through the angular points of a 

triangle to the opposite sides, and meet at the same point, the product of 

three segments in order is equal to the product of the other three segments. 
Let ABC be a triangle. From the angular points to the opposite 

sides let the straight lines AOD, BOE, COF be drawn, which meet 

at the point O: the product AF. BD.CE=the product FB.DC. EA. 
For the A ABD is cut by the transversal FOC ; 


. AF.BC.DO=FB.CD.OA. [Art. 103. 
A 
ie E 
B D Cc 
Again the A ACD is cut by the transversal EOB ; 
. AO.DB.CE=OD. BC. EA. [Art. 103. 


.. by the principles of arithmetic, 
AF.BC.DO.AO.DB.CE=FB.CD.OA.OD.BC. EA. 
. AF.BD.CE=FB. DC. EA. 

We have supposed the point O to be within the triangle; if O be 
without the triangle two of the points D, E, F will fall on the sides 
produced. 

Conversely, it may be shewn by an indirect proof that if the product 
AF.BD.CE be equal to the product FB. DC. EA, the three straight 
lines AD, BE, CF meet at the same point. 

The theorem of the above article is generally known as Ceva’s 
Theorem, after Ceva, in whose work, published a.p. 1678, it is first 
found. 


EXERCISES. 


**1. The three medians of a triangle are concurrent. 

%**2. The three internal bisectors of the angles of a triangle are con- 
current. 

*%3. Any two external bisectors and the third internal bisector of 
the 2° of a A are concurrent. 

**4,. The straight lines joining each angular point to the point of 
contact of the opposite side of the triangle with the in-circle are 


concurrent. 
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s. ABC is a triangle, and O any point in its plane, prove that the 
external bisectors of the angles BOC, COA, AOB meet BC, CA, AB 
respectively in points lying on a straight line. 

6. The in-circle of a triangle ABC touches the sides BC, CA, AB 
in D, E, and F; EF, FD, DE produced meet BC, CA, AB respec- 
tively in L, M, and N; prove that L, M, N are collinear. 

7. Two parallelograms ACBD, A’CB’ D’ have a common | angle at ©, 
Prove that DD’, A’B, and AB’ are concurrent. 

[Let DD’, A’B meet in E and A’D’, BD in G. 

Then BD. GD’. A’/E=DG .D’A’. EB, [Art. 103. 
that is, AC. BB’. AER=AA’. BC.EB, » 
that is, CA. A’E. BB’= =AA’. EB . BC, 

so that B’AE is a transversal of the A A’BC.] 

8. The line joining the points of contact of the in-circle with two 
sides of a triangle meets the third side in a point which, with the ends 
of the third side and the point of contact with the third side, form 
a harmonic range. [Use Menelaus’ Theorem. ] 

9. If the tangents to the circumcircle of the A ABC at its angular 
points meet the opposite sides in D, E, F, prove that DEF is a 
straight line. 

[BD : CD=BD?: BD. CD=BD?: DA : 
= BA?: AC by similar triangles; .°. etc.] 

10. ABC is a triangle inscribed in a circle, and D, E, F are the 
middle points of its sides BC, CA, AB; if A’, B’, C’ are the points 
of the circumcircle diametrically opposite to A, B, C, prove that 
A’D, B’E, C’F are concurrent. [They meet in the orthocentre.] 

11. If X, Y, Z are points in the sides BC, CA, AB of a a ABC such 
that the perpendiculars to the sides at these points are concurrent, 
then BX?4+ CY?+ AZ?=CX?+ AY?+ BZ?, and conversely. 

12. The perpendiculars from the e-centres upon the sides of a: tri- 
angle are concurrent. [Use the previous Exercise. ] 

13. If three concurrent straight lines through the angular points of 
a triangle ABC meet the opposite sides in D, E, F, and if the circle 
through D, E, F meet these sides in D’, E’, F’, prove that AD’, BE’, 
CE’ are also concurrent. 

14. The internal and external bisectors of the angles of a triangle 
are drawn; their six points of intersection with the opposite sides lie, 
three by three, on four straight lines. 

15. The six centres of similitude of three non-intersecting circles lie, 
three by three, on four straight lines. 

T.L.E. 2D 
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COMPLETE QUADRILATERALS. : 


106. Let ABCD be an ordinary Euclidean quadrilateral. Let AD 
and BC be produced to meet in P, and let AB and CD meet in Q. 
The figure is now said to be a complete quadrilateral, since it gives all 
the points of intersection of the four lines AB, BC, CD, DA produced 
indefinitely. 

The straight line PQ is called the third diagonal, the other two 
being AC and BD. 

Also, if AC, BD meet in R, then P, Q, and R are called the three 
vertices. 


L107. The middle points of the diagonals of a complete quadrilateral lie 
on a straight line. 


Complete the parallelograms QASC, QBTD. 

Let AS, DT meet BP in U and V. 

Then PC: CU:: PD: DA, since CD, UA are |}, 

4.¢..: PV: VB, since VD, BA are |}; 
PC: PV 2 CG: VE, 
::CS : VT, since CUS, VBT are similar A‘; 
“. PST is a straight line ; 

. the middle points of QP, QS, QT are in a straight line parallel to 
PST. [Art. 24. 

But since QBTD, QASC are |/s™’, the middle points of QT, QS are 
the middle points of BD, AC; 

:. the middle points of the three diagonals BD, AC, QP lie on a 
straight line. 
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108. The four circles circumscribing the four triangles that can be 
formed by four straight lines meet in a point. 
Let the four lines be BAQ, BCP, ADP, CDQ, as in the figure. 


Let the circles circumscribing the two A* QAD, DCP meet in the 
point O. 

Then O shall lie on the circumcircle of the A BQC. 

Because D, O, Q, A lie on a circle, 

*. LDOQ=the supplement of .QAD [III. 22]=z BAP. 
Since D, O, P, C lie ona circle, «. 2DOC=zDPC, (III. 21. 
. 2£QO0C=2Q0D+zD0C=zBAP+2ZBPA ; 

*. 28 QOC, QBC together=the three 2! of the A PAB=2 rt. 28; 

.. Q, B, C, O lie on a circle, that is, O is on the circumcircle of 
the A QBC. 

Similarly it is on the circumcircle of the A PAB. Hence etc. 

Corollary 1. The feet of the perpendiculars from O on the four 
straight lines are collinear. 

For considering the AQAD, since O is on its circumcircle the feet 
of the perpendiculars from O on the straight lines AB, AD, CD are 
collinear. 

So considering the AQBC, the feet of the perpendiculars on the 
straight line AB, BC, CD are collinear. 

Hence the feet of the perpendiculars on the four straight lines AB, 
BC, CD, DA lie on a common line. 

Corollary 2. The orthocentres of the four are collinear. 

For, since O lies on each circumcircle, the middle points of the lines 
joining O to the orthocentres all lie on the common pedal line. [Art. 55. 

.. by Art. 24 the orthocentres all lie on a straight line parallel to 
the common pedal line. 

Corollary 3. If ABCD be a cyclic quad!, then the point O lies on 
the third diagonal PQ. For zPOD=zBCQ and zQOD=BAD. 

“. LPOD+ ZQOD=2 rt. 28, since ABCD is cyclic. 

-. POQ is a str. line. 
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109. Ina complete. quadrilateral each aagonad is divided harmonic- 
ally by the other two diagonals. 

Let the quadrilateral be formed by the streight 1 lines AB, BC, C,D 
DA and let P, Q, R be the vertices of the complete quadrilateral ; let 
AC, BD produced meet PQ in S and T. Join QR, and produce it to 
meet BP in U. 


By Art. 105, since R is a point in the A BCQ, 


BU, COSQOA—UC. DOPAB ee (1) 
By Art. 103, since ADP is a transversal of the same A, 
BP. OD; OASPC. DQ:. AB; see wee (2) 
From (1), (2), BU: BP :: UC: PC, 7.e. BU: UC:: BP: PC. 
*. B, U, C, P form a harmonic range ; (Art. 95. 
. QB, QU, QC, QP are a harmonic pencil ; {Art. 95. 
. B, R, D, T is a harmonic range, [Page lxxv, Ex. 7] 


and similarly A, R, C, 8 is a harmonic range, 
so that the diagonal BD is divided harmonically at R, T and the 
diagonal AC at R, 8. 
Also, because A, R, C, S form a harmonic range ; 
-- BA, BR, BC, BS form a harmonic pencil, 
and .. Q, T, P, S form a harmonic range, so that the diagonal QP 
is divided harmonically at S, T. 


Corollary. Since B, R, D, T and A, R, C, S and also Q, T, P, S 
are harmonic ranges ; 


*, the pencils at P, Q, R, viz. PB, PR, PA, PQ and QA, QR, QD, 
QP and also RQ, RD, RP, RC are harmonic pencils. 
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110. Given three points of a harmonic range, to find the fourth. 

Let B, C, P be the three collinear points. Through P draw any 
line, and through B, © draw any two lines, BAQ and CDQ, meeting 
in Q, and cutting the line through P in A and D. Join AC and BD 
and let them meet in R. Join QR and produce it to meet BCP in U. 
Then by the last article U is the required fourth point of the range. 


It will be noted that OLE construction requires the use of the ruler 
only. 


111. The circles on the three diagonals of a complete quadrilateral as 
diameters have a common radical axis, which is perp’ to the line through 
the middle points of the diagonals and contains the orthocentres of the 
four triangles formed by taking the sides of the quadrilateral, three by 
three. Prove also that these three circles cut orthogonally the self- 
conjugate circles of these four triangles. 

Draw a complete quadrilateral as in Art. 109. Let K be one point 
of intersection of the circles on AC, BD as diameters. 

Then KB, KR, KD, KT form a harmonic pencil and BKD is a right 2. 


S 
*. KD bisects 2 RKT; {Page lxxiv, Ex. 3] 
RD: DT:: RK: KT. 
Similarly KC bisects 2 RKS ; [Page Ixxiv, Ex. 3] 


. RC:CS:: RK: KS. 
RD.KT=DT. RK and RC. KS=CS.RK: 
RD.KT.CS=DT. RC. KS. 
But since CDQ is a transversal of A RST, 
. RD. TQ.SC=DT. QS.CR; 
kel s VO>: KS 0S: 
Temi: KS lO: OS. 
. KQ bisects 2 TKS externally. 
Also KS, KP, KT, KQ is a harmonic pencil ; [Art. 109. 


. PKQ is a right angle. [Page lxxiv, Ex. 3] 


Xie EUCLID’S ELEMENTS. 


Hence the circle on PQ as diameter goes through K, and similarly 
through the other point of intersection of the circles on AC, BD as 
diameter. 


Again, the circle on PQ as diameter passes through P and the foot 
of the perpendicular from P on the side of BA of the A ABP, 
ze. it passes through two inverse points with respect to the self- 
conjugate circle of this A. [Page xxxvi, Ex. 7] 


Hence, by Art. 45, it cuts this self-conjugate circle orthogonally. 
Similarly for the self-conjugate circles of the other three triangles. 


Similarly the circles on AC, BD cut these same four self-conjugate 
circles orthogonally. 


Also, since the three circles on the diameters are a coaxal system cut 

orthogonally by the four self-conjugate circles, the latter are a system 
whose centres are on the radical axis of the first three ; 
i.e. the four orthocentres lie on the radical axis of the circles on the 
diagonals as diameters, and therefore are on a straight line which is 
perpendicular to the line through their centres, and this is the line 
through the middle point of the diagonals of the quadrilateral. 


EXERCISES. 


1. The centres of the four circles circumscribing the four triangles 
formed by four co-planar lines lie on a circle which passes through the 
common point of the four circles. 


2. The sides of a quadrilateral inscribed in a circle are produced to 
meet in P and Q; prove that (1) the bisectors of the angles at P and 
Q are perpendicular ; (2) the square on PQ=the sum of the squares on 
the tangents from P, Q to the circle; and (3) the circle on PQ as 
diameter cuts the given circle orthogonally. 


3. The circle described on any of the three diagonals of a complete 
quadrilateral as diameter cuts orthogonally the circle circumscribing 
the triangle formed by the three diagonals. 

[Use Art. 109 and Page Ixxv, Ex. 4.] 


4. Draw tangents to a circle by means of a ruler only. 
[Use Art. 96 and the harmonic properties of the complete quadri- 
lateral. ] 


APPENDIX. CO-POLAR TRIANGLES. x¢el 


5, If a quadrilateral be inscribed in a circle and its sides be produced, 
and the angular points joined, so as to make a complete quadrilateral, 
the triangle formed by the three vertices of the latter is self-polar with 
respect to the circle. [Use Art. 96 and Cor. Art. 109.] 

6. If ABCD (Fig. Art. 107) be a quadrilateral circumscribed about 
a circle, one pair of the straight lines joining the points of contact with 
the circle passes through the intersection of the diagonals AC, BD, and 
the other two pairs intersect on the third diagonal PQ. 

{Let the circle touch the sides AB, BC, CD, DA in K, L, M, N. Let 
AC meet BD in R; let KL, MN meet in E; and KN, LM meet in F. 

Then A is the pole of KN and C is the pole of LM; 

.. F is the pole of AC. [Page xxxii, Ex. 1.] 
So E is the pole of BD; 
*, R (the intersection of AC, BD) is the pole of EF. 
But the intersection of KM, LN is the pole of EF; jEx. 5. 


.. KM, LN intersect in R. 
Again, P is the pole of LN, and Q is the pole of KM; 
.. PQ is the pole of the intersection of LN and KM, 2.e. of R; 
.. PQ and EF are each the polar of R; 
.. PQ and EF are the same str. line; .. E and F lie on PQ.] 


7. If a quadrilateral be described about a circle, the triangle formed 
by the three diagonals is self-polar with respect to the circle. 

[Take the figure of the previous Exercise. 

Then F has been shown to be the pole of AC. 

But, by Ex. 5, F is the pole of ER; 


. AC, ER coincide, 7.e. AC goes through E. 


So BD goes through F, 7.e. EFR is the A formed by the three 
diagonals of ABCD, since E and F lie on PQ. ; [Ex. 6. 
But KLMN is a quad! inscribed in the circle of which E, F, R are 
the vertices. 
EFR isa A self-polar with respect to the circle. (Ex. 5. 
2, etc. ] 

8. If a circle be inscribed in a quadrilateral, shew that its centre is 
at the orthocentre of the triangle formed by the diagonals of the com- 
plete quadrilateral. 

[Use the previous Exercise and Page xxxvi, Ex. 7.] 


9. If a circle be inscribed in a quadrilateral its centre lies on the 
straight line joining the middle points of the three diagonals. 
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112. If two triangles ABC, A’B’C’ are so placed that the straight 
lines AA’, BB’, CC’ are concurrent, then the intersections of BC and 
BC’, CA and C’A’, AB and A’B’ are collinear and conversely, 


Cc 


Let AA’, BB’, CC’ meet in O, and let X, Y, Z be the intersections 
of BC and B’C’, of CA and C’A’, and of AB and A’B’. 
Since ZAB cuts the sides of the a A’B’O, : 
. A’Z. BB. OA=ZB’. BO. AA’. .........(1) [Art. 103. 
Since XBC cuts the sides of the A B’C’O, 


. BX. OC. OB=kC .CO ABB ee. (2) [Art. 103. 
Since YAC cuts the sides of the a C’A’O, 
HCY AGN, OCZY A’, AG. CC ee (3) [Art. 103. 


Multiplying together (1), (2), and (3), and cancelling like quantities 
on each side, we have 
NZ. BX OY DZD. yA’ 
. X, Y, Z lie on a straight line. [Art. 104. 
et RY. if X, Y, Z are SEL Mnen, join CC’, BB’ and let them 
meet in O. 

Then the triangles BB’Z, CC’Y, have the straight lines BC, B’C’, ZY, 
joining corresponding vertices, concurrent ; 

‘. by the previous part of this proposition, the intersections of BB’ 
and CC’, of B’Z and C’Y, and of ZB and YC are collinear, 

that is, O, A’, A are concurrent, 

that is, AA’, BB’, CC’ meet in a point. 

Two A®, which are such that the lines joining corresponding vertices 
meet, are called Co-polar triangles; when their corresponding sides 
meet in three points which are collinear the triangles are said to be 
Co-axial. The previous theorem therefore states that Co-polar triangles 
are also Co-axial and conversely. 


EXERCISES IN GEOMETRY 


EXERCISES. 


I. 1-31. 


1. In the figure of I. 2 if the diameter of the smaller circle is the 
radius of the larger, shew where the given point and the vertex of 
the constructed triangle will be situated. 

2. In the figure of I. 17 shew that ABC and ACB are together 
less than two right angles, by joining A to any point in BC. 

3. Two right-angled triangles have their hypotenuses equal, and a 
side of one equal to a side of the other: shew that they are equal 
in all respects. 

4. If a straight line be drawn bisecting one of the angles of a 
triangle to meet the opposite side, the straight lines drawn from the 
point of section parallel to the other sides, and terminated by these 
sides, will be equal. 

5. The side BC of a triangle ABC is produced to a point D; the 
angle ACB is bisected by the straight line CE which meets AB 
at EK. A straight line is drawn through E parallel to BC, meeting 
AC at F, and the straight line bisecting the exterior ora ACD at 
G. Shew that EF is equal to FG. 

6. AB is the hypotenuse of a right-angled triangle ABC: find a 
point D in AB such that DB may be equal to the perpendicular 
from D on AC. 

7. ABC is an isosceles triangle: find points D, E in the equal 
sides AB, AC such that BD, DE, EC may all be equal. 

8. A straight line drawn at right angles to BC the base of an 
isosceles triangle ABC cuts the side AB at D and CA produced at 
K: shew that AED is an isosceles triangle. 


I. 32. 


9. Shew that any angle of a triangle is obtuse, right, or acute, 
according as it is greater than, equal to, or less than the other two 
angles of the triangle taken together. 

10. Construct an isosceles triangle having the vertical angle four 
times each of the angles at the base. 
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11. Construct an isosceles triangle which shall have one-third of 
each angle at the base equal to half the vertical angle. 

12. AB, AC are two straight lines given in position: it is required 
to find in them two points P and Q, such that, PQ being joined, 
AP and PQ may together be equal to a given straight line, and may 
contain an angle equal to a given angle. 

13. Straight lines are drawn through the extremities of the base of 
an isosceles triangle, making angles with it, on the side remote from 
the vertex, each equal to one-third of one of the equal angles of the 
triangle and meeting the sides produced: shew that three of the 
triangles thus formed are isosceles. 

qa, AEB, CED are two straight lines intersecting at E; straight 
lines AC, DB are drawn forming two triangles ACE, BED; the 
angles ACE, DBE are bisected by the straight lines CF, BF, natin 
at F. Shew that the angle CFB is equal to half the sum of the 
angles EAC, EDB. 

15. From the angle A of a triangle ABC a perpendicular is drawn 
to the opposite side, meeting it, produced if necessary, at D; from 
the angle B a perpendicular is drawn to the opposite side, meeting 
it, produced if necessary, at E: shew that the straight lines which 
join D and E to the middle point of AB are equal. 

16. From the angles at the base of a triangle perpendiculars are 
drawn to the opposite sides, produced if necessary: shew that the 
straight line joining the points of intersection will be bisected by a 
perpendicular drawn to it from the middle point of the base. 

17. In the figure I. 1, if C and F be the points of intersection of 
the circles, and AB be produced to meet one of the circles at K, 
shew that CFK is an equilateral triangle. 

18. The straight lines bisecting the angles at the base of an isosceles 
triangle meet the sides at D and E: shew that DE is parallel to 
the base. 

19, AB, AC are two given straight lines, and P is a given point 
in the former: it is required to draw through P a straight line to 
meet AC at Q, so that the angle APQ may be three times the angle AQP. 

20, From a given point it is required to draw to two parallel 
straight lines, two equal straight lines at right angles to each other. 

21. In a right-angled triangle if one of the acute angles be double 
the other, the hypotenuse is double the shorter side. 

22. On the sides AB, BC of a parallelogram ABCD equilateral 
triangles ABP, BCQ are described having their vertices remote from 
the parallelogram. Prove that PQD is an equilateral triangle. 
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23. In the figure of I. 1, if CA and CB on being produced meet 
the circles again in G and H, and the circles meet again in F, then 
GCH is an equilateral triangle and GF and FH are in the same 
straight line. ; 

24. In an equiangular polygon each exterior angle is one-sixth of 
a right angle. How many sides has it? 

25. In an equiangular polygon each interior angle is five-thirds of 
a right angle. How many sides has it? 

26. What is the least number of triangles into which a polygon 
of n sides can be divided? 


I. 33-34. 


27. If a straight line which joins the extremities of two equal 
straight lines, not parallel, make the angles on the same side of it 
equal to each other, the straight line which joins the other extremities 
will be parallel to the first. 

28. No two straight lines drawn from the extremities of the base 
of a triangle to the opposite sides can possibly bisect each other. 

29. On the sides AB, BC, and CD of a parallelogram ABCD 
three equilateral triangles are described, that on BC towards the 
same parts as the parallelogram, and those on AB, CD towards the 
opposite parts: shew that the distances of the vertices of the triangles 
on AB, CD from that on BC are respectively equal to the two 
diagonals of the parallelogram. 

so. If a six-sided plane rectilineal figure have its opposite sides 
equal and parallel, the three straight lines joining the ge angles 
will meet at a point. 

$1. Inscribe a rhombus within a given parallelogram, so that one 
of the angular points of the rhombus may be at a given point in a 
side of the parallelogram. 

32. ABCD is a parallelogram, and E, F, the middle points of AD 
and BC respectively ; shew that BE and DF will trisect the diagonal 
AC. 

83. Find a point D on the base BC of a triangle ABC such that, 
if DE, DF be drawn parallel to AC, AB respectively, AE shall be 
equal to AF. 

34. The feet of the perpendiculars drawn from A upon the internal 
and external bisectors of the angles B, C of the triangle ABC lie 
upon the straight line joining the middle points of AB and AC. 

35. ABCD is a parallelogram, X any point on BC and Y any 
point on AX; prove that the triangles DXY and YBC are equal. 
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I, 35-45. 


86. Construct a rhombus equal to a given parallelogram. 

87. A straight line is drawn bisecting a parallelogram ABCD and 
meeting AD at E and BC at F: shew that the iniangles EBF and 
CED are equal. 

3s. If a triangle is described having two of its sides equal to the 
diagonals of any quadrilateral, and the included angle equal to either 
of the angles between these diagonals, then the area of the triangle is 
equal to the area of the quadrilateral. 

39. D, E are the middle points of the sides AB, AC of a triangle, 
and. CD, BE intersect at F: shew that the triangle BFC is equal to 
the quadrilateral ADFE. 

40. The sides AB, AC of a given triangle ABC are bisected at 
the points E, F; a perpendicular is drawn from A to the opposite 
side, meeting it at D. Shew that the angle FDE is equal to the 
angle BAC. Shew also that AFDE is half the triangle ABC. 

41. Three parallelograms which are equal in all respects are placed. 
with their equal bases in the same straight line and contiguous; the 
extremities of the base of the first are joined with the extremities of 
the side opposite to the base of the third, towards the same parts: 
shew that the portion of the new parallelogram cut off by the second is 
one half the area of any one of them. 

42. ABCD is a parallelogram; from D draw any straight line DFG 
meeting BC.at F and AB produced at G; draw AF aud CG: shew 
that the triangles ABF, CFG are equal. 

43. ABC is a given triangle: construct a triangle of equal area, 
having for its base a given straight line AD, coinciding in position 
with AB. 

44. ABC is a given triangle: construct a triangle of equal area, 
having its vertex at a given point in BC and its base in the same 
straight line as AB. 

45. ABCD is a given quadrilateral: construct another quadrilateral 
of equal area having AB for one side, and for another a straight line 
drawn through a given point in CD parallel to AB. 

46. ABCD is a given quadrilateral: construct a triangle whose base 
shall be in the same straight line as AB, vertex at a given point P in 
CD, and area equal to that of the given quadrilateral. 

47. ABC is a given triangle: construct a triangle of coum: area, 
having its base in the same straight line as AB, and its vertex in a 
given straight line. 
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48, If through the point O within a parallelogram ABCD two 
straight lines are drawn parallel to the sides, and the parallelograms 
OB and OD are equal, the point O is in the diagonal AC. 


I. 46-48, 


49. A straight line is drawn intersecting the two sides of a right- 
angled triangle, and each of the acute angles is joined with the points 
where this straight line intersects the sides respectively opposite to 
them: shew that the squares on the joining straight lines are together 
equal to the square on the hypotenuse and the square on the straight 
line originally drawn. 

50. If any point P be joined to A, B, C, D, the angular points of a 
rectangle, the squares on PA and PC are together equal to the squares 
on PB and PD. 

51. In a right-angled triangle if the square on one of the sides con- 
taining the right angle be three times the square on the other, and from 
the right angle two straight lines be drawn, one to bisect the opposite 
side, and the other perpendicular to that side, these straight lines 
divide the right angle into three equal parts. 

52. On the hypotenuse BC, and the sides CA, AB of a right-angled 
triangle ABC, squares BDEC, AF, and AG are described: shew that 
the squares on DG and EF are together equal to five times the square 
on BC. 

58. ABC is a triangle, right-angled at A, and the square on AB is 
three times that on AC; prove that the angle ACB is twice the angle 
ABC. 

54. In the figure to I. 47, prove that the triangles DBF, ECK, AHG, 
ABC are equal. 


I, 1-48. 


55. From the centres A and B of two circles parallel radii AP, BQ 
are drawn; the straight line PQ meets the circumferences again at R 
and S: shew that AR is parallel to BS. 

56, In the figure of I. 5, if the equal sides of the triangle be produced 
upwards through the vertex, instead of downwards through the base, a 
demonstration of I. 15 may be obtained without assuming any proposi- 
tion beyond I. 5, 

57. Shew that by superposition the first case of I. 26 may be immedi- 
ately demonstrated, and also the second case, with the aid of I. 16. 

58. A straight line is drawn, terminated by one of the sides of an 
isosceles triangle and by the other side produced, and bisected by the 
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base: shew that the straight lines thus intercepted between the vertex 
of the isosceles triangle and this straight line are together equal to the 
two equal sides of the triangle. 

59. Of all parallelograms which can be formed with diagonals of 
given lengths the rhombus is the greatest. 

60. If two equal straight lines intersect each other anywhere at right 
angles, the quadrilateral formed by joining their extremities is equal to 
half the square on either straight line. 

61. Inscribe a parallelogram in a given triangle, in such a manner 
that its diagonals shall intersect at a given point within the triangle. 

62. AB, AC are two given straight lines: it is required to find in 
AB a point P, such that if PQ be drawn perpendicular to AC, the sum 
of AP and AQ may be equal to a given straight line. 

63. On a given straight line as base, construct a triangle, having 
given the difference of the sides and a point through which one of the 
sides is to pass. 

64. Let one of the equal sides of an isosceles triangle be bisected at 
D, and let it also be doubled by being produced through the extremity 
of the base to E, then the distance of the other extremity of the base 
from E is double its distance from D. 

65. Determine the locus of a point whose distance from one given 
point is double its distance from another given poiut. 

66. A straight line AB is bisected at C, and on AC and CB as 
diagonals any two parallelograms ADCE and CFBG are described ; let 
the parallelogram whose adjacent sides are CD and CF be completed, 
and also that whose adjacent sides are CE and CG: shew that the 
diagonals of these latter parallelograms are in the same straight line. 

67. ABCD is a rectangle of which A, C are opposite angles; E is 
any point in BC and F is any point in CD: shew that twice the area 
of the triangle AEF, together with the rectangle BE, DF, is equal to 
the rectangle ABCD. 

68. ABC, DBC are two triangles on the same base, and ABC has the 
side AB equal to the side AC; a circle passing through C and D has 
its centre E on CA, produced if necessary ; a circle passing through B 
and D has its centre F on BA, produced if necessary: shew that the 
quadrilateral AEDF has the sum of two of its sides equal to the sum of 
the other two. 

69. Two straight lines AB, AC are given in position: it is required 
to find in AB a point P, such that a perpendicular being drawn from it 
to AC, the straight line AP may exceed this perpendicular by a pro- 
posed length. 
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70. Shew that the opposite sides of any equiangular hexagon are 
parallel, and that any two sides which are adjacent are together equal 
to the two to which they are parallel. 

71. ABC is a triangle in which Cis a right angle: shew how to 
draw a straight line parallel to a given straight line, so as to be 
terminated by CA and CB, and bisected by AB. 

72. ABC is an isosceles trianglé having the augle at B four times 
either of the other angles; AB is produced to D so that BD is equal 
to twice AB, and ‘CD is joined : shew that the triangles ACD and ABC 
are equiangular to one another. 

73. Through a point K within a parallelogram ABCD straight lines 
are drawn parallel to the sides : shew that the difference of the parallelo- 
grams of which KA and KC are diagonals is equal to twice the triangle 
BKD. 

74. Construct a right-angled triangle, having given one side and the 
difference between the other side and the hypotenuse. 

75. BAC is a right-angled triangle; one straight line is drawn 
bisecting the right angle A, and another bisecting the base BC at 
right angles; these straight lines intersect at E: if D be the middle 
point of BC, shew that DE is equal to DA. 

76. On AC the diagonal of a square ABCD, a shut AEFC is 
described of the same area as the square, and having its acute angle at 
A: if AF be joined, shew that the angle BAC is divided into three 
equal angles. 

77. AB, AC are two fixed straight lines at right angles; D is any 
point in AB, and E is any point in AC; on DE as diagonal a half 
square is described with its vertex at G: shew that the locus of G is 
the straight line which bisects the angle BAC. 

78. Shew that a square is greater than any other parallelogram of © 
the same perimeter. 

79. ABC is a triangle; AD is a third of AB, and AE is a third 
of AC; CD and BE intersect at F: shew that the triangle BFC is 
half the triangle BAC, and that the quadrilateral ADFE is equal to 
either of the triangles CFE or BDF. 

so. ABC is a triangle, having the angle C a right angle; the angle 
A is bisected by a straight line which meets BC at D, and the angle 
B is bisected by a straight line which meets AC at E; AD and BE 
intersect at O: shew that the triangle AOB is half the quadrilateral 
ABDE. 

81. Shew that a scalene triangle cannot be divided. by a straight 
line into two parts which will coincide. 
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g2. ABCD, ACED are parallelograms on equal bases BC, CE, and 
between the same parallels AD, BE; the straight lines BD and AE 
intersect at F: shew that BF is equal to twice DF, 

83. Parallelograms AFGC, CBKH are described on AC, BC outside 
the triangle ABC; FG and KH meet at Z; ZC is joined, and through 
A and B straight lines AD and BE are drawn, both parallel to ZC, 
and meeting FG and KH at D and E respectively: shew that the 
figure ADEB is a parallelogram, and that it is equal to the sum of the 
parallelograms FC, CK. 

64. If a quadrilateral have two of its sides parallel shew that the 
straight line drawn parallel to these sides through the intersection of 
the diagonals is bisected at that point. 

85. Two triangles are on equal bases and between the same parallels; 
shew that the sides of the triangles intercept equal lengths of any 
straight line which is parallel to their bases. 

e6. In a right-angled triangle, right-angled at A, if the side AC be 
double of the side AB, the angle B is more than double of the angle 
C. 

67. AHK is an equilateral triangle ; ABCD is a rhombus, a side of 
which is equal to a*side of the triangle, and the sides BC and CD 
of which pass through H and K respectively: shew that the angle A 
of the rhombus is ten-ninths of a right angle. 

e8. In the figure of I. 35 if two diagonals be drawn to the two 
parallelograms respectively, one from each extremity of the base, and 
the intersection of the diagonals be joined with the intersection of the 
sides (or sides produced) in the figure, shew that the joining straight 
line will bisect the base. 

69. In the figure of I. 47 prove that AL, BK, CF meet in a point. 


‘ TI, 1-14, 


90. A straight line is divided into two parts ; shew that if twice the 
rectangle of the parts is equal to the sum of the squares described on 
the parts, the straight line is bisected. 

91. Construct a line the square on which shall be equal to the differ- 
ence of two given squares. 

92. If a straight line AB be bisected in C and produced to D so 
that the square on AD is three times the square on CD, and if CB be 
bisected in H, prove that the square on ED is three times the square 
on EB. 
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93. Divide a straight line into two parts so that the square on one 
part may equal twice the rectangle contained by the whole and the 
other part. 

94. ABCDE is a straight line such that AB, BC, CD, DE are equal 
and O is an external point; prove that the difference of the squares on 
OA, OE is twice the difference of the squares on OB, OD. 

95. In the figure of ITI. 11, if AB is produced to Q so that 

BQ=BH, then AQ?=5. AH? 

96. If a straight line be drawn through one of the angles of an 
equilateral triangle to meet the opposite side produced, so that the 
rectangle contained by the whole straight line thus produced and the 
part of it produced is equal to the square on the side of the triangle, 
shew that the square on the straight line so drawn will be double the 
square on a side of the triangle. 

97. Divide a given straight line into two parts so that the rectangle 
contained by them may be equal to the square described on a given 
straight line which is less than half the straight line to be divided. 

98. If the angle between two adjacent sides of a parallelogram 
increase, while their lengths do not alter, the ips onee through their 
point of intersection will diminish. 

99. Produce one side of a given triangle so that the rectangle 
contained by this side and the produced part may be equal to the 
difference of the squares on the other two sides. 

100. Construct a rectangle equal to a given square when the sum of 
two adjacent sides of the rectangle is equal to a given quantity. 

101. Construct a rectangle equal to a given square when the differ- 
ence of two adjacent sides of the rectangle is equal to a given quantity. 

102. Two rectangles have equal areas and equal perimeters: shew 
that they are equal in all respects. 

103. ABCD is a rectangle; P is a point such that the sum of PA 
and PC is equal to the sum of PB and PD: shew that the locus of P 
consists of the two straight lines through the “centre of the rectangle 
parallel to its ‘sides. 


TIT. 1-15, 


104. Two circles whose centres are A and B intersect at C; through 
C two chords DCE and FCG are drawn equally inclined to AB and 
terminated by the circles: shew that DE and FG are equal. 
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105. Through either of the points of intersection of two given circles 
draw the greatest possible straight line terminated both ways by the 
two circumferences. 

106. If from any point in the diameter of a circle straight lines are 
drawn to the extremities of a parallel chord, the squares on these 
straight lines are together equal to the squares on the segments into 
which the diameter is divided. 

107. A and B are two fixed points without a circle PQR; it is re- 
quired to find a point P in the circumference, so that the sum of the 
squares described on AP and BP may be the least possible. 

108. A circle is described on the radius of another circle as diameter, 
and two chords of the larger circle are drawn, one through the centre 
of the less at right angles to the common diameter, and the other at 
right angles to the first through the point where it cuts the less circle. 
Shew that these two chords have the segments of the one equal to the 
segments of the other, each to each. 

109. O is the centre of a circle, P is any point in its circumference, 
PN a perpendicular on a fixed didmeter: shew that the straight line 
which bisects the angle OPN always passes through one or the other 
of two fixed points. 

110. Describe a circle which shall touch a given circle, have its 
centre in a given straight line, and pass through a given point in the 
given straight line. 


III. 16-19. 


111. A circle is drawn to touch a given circle and a given straight 
line. Shew that the points of contact are always in the same straight 
line with a fixed point in the circumference of the given circle. 

112. Draw a straight line to touch one given circle so that the part 
of it contained by another given circle shall be equal to a given straight 
line not greater than the diameter of the latter circle. 

113. Draw a straight line cutting two given circles so that the chords 
intercepted within the circles shall have given lengths. 

114. ABD, ACE are two straight lines touching a circle at B and C, 
and if DE be joined DE is equal to BD and CE together: shew that 
DE touches the circle. 

115. Two radii of a circle at right angles to each other when pro- 
duced are cut by a straight line which touches the circle: shew that the 
tangents drawn from the points of section are parallel to each other. 

116. If two circles can be described so that each touches the other 


and three of the sides of a quadrilateral figure, then the difference 
T.L.E. 25 
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between the sums of the opposite sides is double the common tangent 
drawn across the quadrilateral. 

117. AB is the diameter and C the centre of a semicircle: shew 
that O, the centre of any circle inscribed in the semicircle, is equidistant 
from C and from the tangent to the semicircle parallel to AB. 

118. A quadrilateral is bounded by the diameter of a circle, the 
tangents at its extremities, and a third tangent: shew that its area is 
equal to half that of the rectangle contained by the diameter and the 
side opposite to it. 

119, If a quadrilateral, having two of its sides parallel, be described 
about a circle, a straight line drawn through the centre of the circle, 
parallel to either of the two parallel sides, and terminated by the other 
two sides, shall be equal to a fourth part of the perimeter of the figure. 

120. A series of circles touch a fixed straight line at a fixed point: 
shew that the tangents at the points where they cut a parallel fixed 
straight line all touch a fixed circle. 

121. Of all straight.lines which can be drawn from two given points 
to meet on the convex circumference of a given circle, the sum of the 
two is least which make equal angles with the tangent at the point of 
concourse. 

122. C is the centre of a given circle, CA a radius, B a point on a 
radius at right angles to CA; join AB and produce it to meet the circle 
again at D, and let the tangent at D meet CB produced at EH: shew 
that BDE is an isosceles triangle. 

123. Let the diameter BA of a circle be produced to P, so that AP 
equals the radius ; through A draw the tangent AED, and from P draw 
PEC touching the circle at C and meeting the former tangent at E; 
join BC and produce it to meet AED at D: then will the triangle 
DEC be equilateral. 

124. If two circles touch one another externally the square on the 
common tangent is equal to the rectangle contained by the diameters. 

125. ABCD is a straight line, and circles are described on AB and 
CD as diameters, and a common tangent to the circles is drawn meeting 
them in E and F. Prove that the triangles AEB and CFD are equi- 
angular. 

126. AB is a diameter and AP a chord of a circle; AQ is a chord 
bisecting the angle BAP: prove that the tangent at Q is perpendicular 
to AP. 

127. The difference of the squares on the tangents drawn from any 
point to two concentric circles is equal to the square on the tangent 
drawn to the inner circle from any point on the outer circle. 
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III. 20-22. 


128. Divide a circle into two parts so that the angle contained in one 
segment shall be equal to twice the angle contained in the other. 

129. Divide a circle into two parts so that the angle contained in one 
segment shall be equal to five times the angle contained in the other. 

130. If the angle contained by any side of a quadrilateral and the 
adjacent side produced be equal to the opposite angle of the quadri- 
lateral, shew that any side of the quadrilateral will subtend equal angles 
at the opposite angles of the quadrilateral. 


131. If a yuadrilateral be inscribed in a circle, and a straight line 
be drawn making equal angles with one pair of opposite sides, it will 
make equal angles with the other pair, 


132. A quadrilateral can have one circle inscribed in it and another 
circumscribed about it: shew that the straight lines joining the opposite 
points of contact of the inscribed circle are perpendicular to each other, 


1383. A and B are two points on a circle centre C. An are of a 
circle is drawn through A, C, and B, and a straight line APQ is drawn 
to cut the two circles in P and Q. Prove that PB and PQ are equal. 


134. On the sides BC, CA, AB of a triangle any points a, B, y are 
taken. Prove that the centres of the circles circumscribing the triangles 
BAy, yBa, «Cg are the angular points of a triangle equiangular with 
ABC. 


135. A and B are fixed points on a circle and N any other point on 
AB. Two circles are drawn, each passing through N and touching the 
first circle in A and B respectively. Prove that the point of intersec- 
tion lies on a fixed circle. 


136. A, B, C, D are four points on the circumference of a circle and 
the ares AB, BC, CD, DA are bisected in E, F, G, H respectively ; 
prove that EG, FH are perpendicular. 


137. Circles are described upon the sides of any quadrilateral in- 
scribed in a circle as diameters; prove that they intersect again in four 
points lying on a circle and that these four points form a quadrilateral 
equiangular with the given one. 

138. Circles are described on the sides of any quadrilateral ABCD 
as diameters, and the four points of intersection of consecutive circles 
form a quadrilateral PQRS. Prove that the angles of PQRS and 
ABCD are equal or supplementary. 
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III, 23-30. 


189, Through a point C in the circumference of a circle two straight 
lines ACB, DCE are drawn cutting the circle at B and E:; shew that 
the straight line which bisects the angles ACE, DCB meets the circle 
at a point equidistant from B and E. 

140. AB is a diameter of a circle, and D is a given point on the 
circumference, such that the are DB is less than half the are DA: draw 
a chord DE on one side of AB so that the are EA may be three times 
the are BD. 

141. From A and B, two of the angular points of a triangle ABO, 
straight lines are drawn so as to meet the opposite sides at P and Q in 
given equal angles: shew that the straight line joining P and Q will be 
of the same length in all triangles on the same base AB, and having 
vertical angles equal to C. 

142, OA, OB, OC are three chords of a circle; the angle AOB is 
equal to the angle BOC, and OA is nearer to the centre than OB. 
From B a perpendicular is drawn on OA, meeting it at P, and a per- 
pendicular on OC produced, meeting it at Q: shew that AP is equal to 
CQ. 

143. AB is a given finite straight line; through A two indefinite 
straight lines are drawn equally inclined to AB; any circle passing 
through A and B meets these straight lines at L and M. Shew that 
if AB be between AL and AM the sum of AL and AM is constant; 
if AB be not between AL and AM, the difference of AL and AM is 
constant. 

144. AOB and COD are diameters of a circle at right angles to each 
other; E is a point in the are AC, and EFG is a chord meeting COD 
at F, and drawn in such a direction that EF is equal to the radius. 
Shew that the are BG is equal to three times the are AE. 

145. If two circles touch each other internally, any chord of the 
greater circle which touches the less shall be divided at the point of its 
contact into segments which subtend equal angles at the point of contact 
of the two circles. 

146. ABCD is a semicircle whose diameter is AD; the chord BC 
produced meets AD produced in E; if CE is equal to the radius, prove 
that the arc AB is equal to three times the are CD. 

147, If two equal circles be drawn cutting each other in A and B, 
and if from A a chord is drawn cutting them in C and D, prove that 
the part CD between the circumferences is bisected by the circle on AB 
as diameter. 


EXERCISES. BOOK II. cv 


HOG) ole 


148. The greatest rectangle which can be inscribed in a circle is a 
square. 

149. The hypotenuse AB of a right-angled triangle ABC is bisected 
at D, and EDF is drawn at right angles to AB, and DE and DF are 
cut off each equal to DA; CE and CF are joined: shew that the last 
two straight lines will bisect the angle C and its supplement respec- 
tively. 

150. Describe a circle touching a given straight line at a given point, 
such that the tangents drawn to it from two given points in the straight 
line may be parallel. 

151. Describe a circle with a given radius touching a given straight 
line, such that the tangents drawn to it from two given points in the 
straight line may be parallel. 

152. AD is a diameter of a circle; B and C are points on the circum- 
ference on the same side of AD; a perpendicular from D on BC 
produced through C meets it at Hi: shew that the square on AD is 
greater than the sum of the squares on AB, BC, CD by twice the 
rectangle BC, CE. 

1538. AB is the diameter of a semicircle, P is a point on the circum- 
ference, PM is perpendicular to AB; on AM, BM as diameters two 
semicircles are described, and AP, BP meet these latter circumferences 
at Q, R: shew that QR will be a common tangent to them. 

154, AB, AC are two straight lines, B and C are given points in 
the same; BD is drawn perpendicular to AC, and DE perpendicular to 
AB; in like manner CF is drawn perpendicular to AB, and FG to AC, 
Shew that EG is parallel to BC. 

155. Two circles intersect at the points A and B, from which are 
drawn chords to a point C in one of the circumferences, and these 
chords, produced if necessary, cut the other circumference at D and E; 
shew that the straight line DE cuts at right angles that diameter of 
the circle ABC which passes through C. 

156. If squares be described on the sides and hypotenuse of a right- 
angled triangle, the straight line joining the intersection of the diagonals 
of the latter square with the right angle is perpendicular to the straight 
line joining the intersections of the diagonals of the two former. 

157. C is the centre of a given circle, CA a straight line less than 
the radius; find the point of the circumference at which CA subtends 
the greatest angle. 

158, AB is the diameter of a semicircle, D and E are any two 
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points in its circumference. Shew that if the chords joining A and B 
with D and E each way intersect at F and G, then FG produced is 
at right angles to AB. z 

159. Two equal circles touch one another externally, and through 
the point of contact chords are drawn, one to each circle, at right angles 
to each other : shew that the straight line joining the other extremities 
of these chords is equal and parallel to the straight line joining the 
centres of the circles. 

160. A circle is described on the shorter diagonal of a rhombus as a 
diameter, and cuts the sides ; and the points of intersection are joined 
crosswise with the extremities of that diagonal: shew that the parallelo- 
gram thus formed is a rhombus with angles equal to those of the first. 

161. Through a fixed point O a straight line is drawn, cutting a 
fixed circle in P and Q, and upon OP, OQ as chords are described 
circles touching the fixed circles in P and Q. Prove that the two 
circles so described will intersect on another fixed circle. 

162. Two segments of circles are on the same base AB, and P is any 
point on one of them; the straight lines APD, BPC are drawn meeting 
the circumferences of the other segment in D and C; AC and BD 
meetin Q. Prove that the angle AQB is constant. 

163. Any point P is taken on the given segment of a circle described 
on a line AB, and AG and BH are let fall upon BP and AP respec- 
tively ; prove that GH touches a fixed circle. 

164. A straight line AD is trisected at BC. On AB, BD as diameters 
circles are described ; shew how to draw a straight line through A so 
that the parts of it intercepted by the two circles may be equal in 
length. 

165, Through a fixed point A on a given circle a line is drawn 
cutting the circle at P, and AP is produced to Q, so that PQ is con- 
stant. Prove that the straight line through Q, perpendicular to AQ, 
touches a fixed circle. 

166. AB is the diameter of a circle, and AC, AD two chords which 
when produced meet the tangent at Bin E and F, Prove that a circle 
will pass through C, D, E, F. 


TIT. 32-34. 


167. If two circles touch each other any straight line drawn through 
the point of contact will cut off similar segments. 

168. AB is any chord, and AD isa tangent toa circle at A. DPQ 
is any straight line parallel to AB, meeting the circumference at P and 
Q. Shew that the triangle PAD is equiangular to the triangle QAB. 
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169. Two circles ABDH, ABG, intersect each other at the points 
A, B; from B a straight line BD is drawn in the one to touch the 
other; and from A any chord whatever is drawn cutting the circles at 
G and H: shew that BG is parallel to DH. 

170. Two circles intersect at A and B. At A the tangents AC, AD 
are drawn to each circle and terminated by the circumference of the 
other. If CB, BD be joined, shew that AB or AB produced, if neces- 
sary, bisects the angle CBD. 

171. AB is any chord of a circle, P any point on the circumference 
of the circle; PM is a perpendicular on AB and is produced to meet 
the circle at Q, and AN is drawn perpendicular to the tangent at P: 
shew that the triangle NAM is equiangular to the triangle PAQ. 

172, Two diameters AOB, COD of a circle are at right angles to 
each other; P is a point in the circumference ; the tangent at P meets 
COD produced at Q, and AP, BP meet the same line at R, S respec- 
tively : shew that RQ is equal to SQ. 

173, From a given point A without a circle, whose centre is O, draw 
a straight line cutting the circle at the points B and C, so that the 
area BOC may be the greatest possible. 

174. Find a point within a triangle at which the three sides subtend 
equal angles. 

175. ABC isa triangle inscribed in a circle, and AP, BQ are drawn 
parallel to BC, CA respectively to meet the circle in P and Q; prove 
that the chord PQ is parallel to the tangent to the circle at C 

176. Two circles PQA, PQB cut at P and Q. The tangent at P 
to the circle PQB meets the circle PQA at A, and the tangent at P to 
PQA meets PQB at B. Prove that the angles PQA, PQB are equal. 

177. PMT isa tangent to the circle APC at the point P; CNAT is 
a diameter to which PN is drawn perpendicular and AM is perpendi- 
cular to PT; prove that AM, AN are equal. 

178. In a right-angled triangle, if a semicircle be described on one of 
the sides, the tangent at the point where it cuts the hypotenuse bisects 
the other side. 

179, The diagonals of a cyclic quadrilateral ABCD intersect in E; 
prove that the tangent at E to the circle about the triangle ABE is 
parallel to CD. 

III. 35-37. 

180. Two circles ABCD, EBCF, having the common tangents AE 
and DF, cut one another at B and C, and the chord BC is produced 
to cut the tangents at G and H: shew that the square on GH exceeds 
the square on AE or DF by the square on BC. 
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181. ABC is a right-angled triangle; from any point D in the 
hypotenuse BC a straight line is drawn at right angles to BC, meeting 
CA at E and BA produced at F: shew that the square on DE is equal 
to the difference of the rectangles BD, DC and AH, EC; and that 
the square on DF is equal to the sum of the rectangles BD, DC and 
AF, FB. 

182, It is required to find a point in the straight line which touches 
a circle at the end of a given diameter, such that when a straight line is 
drawn from this point to the other extremity of the diameter, the 
rectangle contained by the part of it without the circle and the part 
within the circle may be equal to a given square not greater than that 
on the diameter. 


III, 1-37, 


183, AD, BE are perpendiculars from the angles A and B of a 
triangle on the opposite sides; BF is perpendicular to ED or DE 
produced: shew that the angle FBD is equal to the angle EBA. 

184, If ABC beatriangle, and BE, CF the perpendiculars from the 
angles on the opposite sides, and K the middle point of the third side, 
shew that the angles FEK, EFK are each equal to A. 

185. AB is a diameter of a circle; AC and AD are two chords 
meeting the tangent at B at E and F respectively: shew that the 
angles FCE and FDE are equal. 

186. Two circles cut one another at a point A: it is required to 
draw through A a straight line so that the extreme length of it inter- 
cepted by the two circles may be equal to that of a given straight line. 

187. Draw from a given point in the circumference of a circle, a 
chord which shall be bisected by its point of intersection with a given 
chord of the circle. 

188, Wheu an equilateral polygon is described about a circle it must 
necessarily be equiangular if the number of sides be odd, but not other- 
wise. 

189. If any number of triangles on the same base BC, and on the 
same side of it have their vertical angles equal, and perpendiculars, 
intersecting at D, be drawn from B and C on the opposite sides, find 
the locus of D; and shew that all the straight lines which bisect the 
angle BDC pass through the same point. 

190, Let O and C be any fixed points on the circumference of a 
circle, and OA any chord; then if AC be joined and produced to B, 
so that OB is equal to OA, the locus of B is an equal circle. 
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191. From any point P in the diagonal BD of a parallelogram 
ABCD, straight lines PE, PF, PG, PH are drawn perpendicular to 
the sides AB, BC, CD, DA: shew that EF is parallel to GH. 

192. Through any fixed point of a chord of a circle other chords are 
drawn: shew that the straight lines from the middle point of the first 
chord to the middle points of the others will meet them all at the same 
angle, 

193. ABC isa straight line, divided at any point B into two parts ; 
ADB and CDB are similar segments of circles, having the common 
chord BD; CD and AD are produced to meet the circumferences at 
F and E respectively, and AF, CE, BF, BE are joined: shew that 
ABF and CBE are isosceles triangles, equiangular to one another. 

194, A is a given point: it is required to draw from A two straight 
lines which shall contain a given angle and intercept on a given straight 
line a part of given length, 

195. A and B are the centres of two circles which touch internally 
at C, and also touch a third circle, whose centre is D, externally and 
internally respectively at E and F: shew that the angle ADB is 
double of the angle ECF. 

196. C is the centre of a circle, and CP is the perpendicular on 
a chord APB: shew that the sum of CP and AP is greatest when CP 
is equal to AP. 

197. AB, BC, CD are three adjacent sides of any polygon inscribed 
in a circle ; the arcs AB, BC, CD are bisected at L, M, N; and LM 
cuts BA, BC respectively at P and Q: shew that BPQ is an isosceles 
triangle, and that the angles ABC, BCD are together double of the 
angle LMN. 

198. In the circumference of a given circle determine a point so 
sitnated that if chords be drawn to it from the extremities of a given 
chord of the circle their difference shail be equal to a given straight 
line less than the given chord. 

199. Construct a triangle, having given the sum of the sides, the 
difference of the segments of the base made by the perpendicular from 
the vertex, and the difference of the base angles. 

200. AKL is a fixed straight line cutting a given circle at K and L; 
APQ, ARS are two other straight lines making equal angles with 
AKL, and cutting the circle at P, Q and R, S: shew that whatever 
be the position of APQ and ARS, the straight line joining the middle 
points of PQ and RS always remains parallel to itself. 

201. If about a quadrilateral another quadrilateral can be described 
such that every two of its adjacent sides are equally inclined to that 


cx EUCLID’S ELEMENTS. 


side of the former quadrilateral which meets them both, then a circle 
may be described about the former quadrilateral. 

202. Two circles touch one another internally at the point A: it is 
required to draw from Aa straight line such that the part of it between 
the circles may be equal to a given straight line, which is not greater 
than the difference between the diameters of the circles. 

203. ABCD is a parallelogram; AE is at right angles to AB, and 
CE is at right angles to CB: shew that ED, if produced, will cut AC 
at right angles. 

204. The two angles at the base of a triangle are bisected by two 
straight lines on which perpendiculars are drawn from the vertex: 
shew that the straight line which passes through the feet of these 
perpendiculars will be parallel to the base and will bisect the sides. 

205. In a given circle inscribe a rectangle equal to a given rectilineal 
figure. 

206. In an acute-angled triangle ABC perpendiculars AD, BE are 
let fall on BC, CA respectively; circles described on AC, BC as 
diameters meet BE, AD respectively at F, G and H, K: shew that 
F, G, H, K lie on the circumference of a circle. 

207. Two diameters in a circle are at right angles; from their 
extremities four parallel straight lines are drawn: shew that they 
divide the circumference into four equal parts. 

208. E is the middle point of a semicircle arc AEB, and CDE is 
any chord cutting the diameter at D, and the circle at C: shew that 
the square on CE is twice the quadrilateral AEKBC. 

209. AB isa fixed chord of a circle, AC is a moveable chord of the 
same circle; a parallelogram is described of which AB and AC are 
adjacent sides: find the locus of the middle points of the diagonals of 
the parallelogram. 

210, AB is a fixed chord of a circle, AC is a moveable chord of the 
same circle; a parallelogram is described of which AB and AC are 
adjacent sides: determine the greatest possible length of the diagonal 
drawn through A. 

211. If two equal circles be placed at such a distance apart that the 
tangent drawn to either of them from the centre of the other is equal toa 
diameter, shew that they will have a common tangent equal to the radius. 

212. Find a point in a given circle from which if two tangents be 
drawn to an equal circle, given in position, the chord joining the points 
of contact is equal to the chord of the first circle formed by joining the 
points of intersection of the two tangents produced ; and determine the 
limit to the possibility of the problem. 
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213. AB is a diameter of a circle, and AF is any chord; C is any 
point in AB, and through C a straight line is drawn at right angles to 
AB, meeting AF, produced if necessary at G, and meeting the circum- 
ference at D: shew that the rectangle FA, AG, and the rectangle 
BA, AC, and the square on AD are all equal. 

214. A, B, C are three given points in the circumference of a given 
circle: find a point P such that if AP, BP, CP meet the circumference 
at D, E, F respectively, the ares DE, EF may be equal to given ares. 

215, Find the point in the circumference of a given circle, the sum 
of whose distances from two given straight lines at right angles to each 
other, which do not cut the circle, is the greatest or least possible. 

216. On the sides of a triangle segments of a circle are described 
internally, each containing an angle equal to the excess of two riglit 
angles above the opposite angle of the triangle: shew that the radii of 
the circles are equal, that the circles all pass through one point, and 
that their chords of intersection are respectively perpendicular to the 
opposite sides of the triangle. 


Iv. 1-4, 


217. In IV. 3 shew that the straight lines drawn through A and B 
to touch the circle will meet. 

218. In IV. 4 shew that the straight lines which bisect the angles 
B and C will meet. 

219. In IV. 4 shew that the straight line DA will bisect the angle 
at A. 

220. Two opposite sides of a quadrilateral are together equal to the 
other two, and each of the angles is less than two right angles. Shew 
that a circle can be inscribed in the quadrilateral. 

221. Two circles HPL, KPM, that touch each other externally, 
have the common tangents HK, LM; HL and KM being joined, shew 
that a circle may be inscribed in the quadrilateral HKML. 

222. Given the base, the vertical angle, and the radius of the 
inscribed circle of a triangle, construct it. 


LIM/, ag 
223. Shew that if the straight line joining the centres of the in- 
seribed and circumscribed circles of a triangle passes through one of its 
angular points, the triangle is isosceles. 
224, The common chord of two circles is produced to any point P; 
PA touches one of the circles at A, PBC is any chord of the other. 
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Shew that the circle which passes through A, B, and C touches the 
circle to which PA is a tangent. 

225. Describe a circle which shall pass through two given points 
and cut off from a given straight linc a chord of given length. 

226. Describe a circle which shall have its centre in a given straight 
line, and cut off from two given straight lines chords of equal given 
length. 

227. Describe a circle which shall pass through two given points, so 
that the tangeut drawn to it from another given point may be of a 
given length. 

228. C is the centre of a circle; CA, CB are two radii at right 
angles ; from B any chord BP is drawn cutting CA at N; prove that 
the circle described about the triangle ANP will be touched by BA. 

229. The angle ACB of any triangle is bisected, and the base AB 
is bisected at right angles, by straight lines which intersect at D: shew 
that the angles ACB, ADB are together equal to two right angles. 

230. ACDB is a semicircle, AB being the diameter, and the two 
chords AD, BC intersect at EK: shew that if a circle be described 
round CDE it will cut the former at right angles. 

231, A circle is described round the triangle ABC; the tangent at 
C meets AB produced at D; the circle whose centre is D and radius 
DC cuts AB at E: shew that EC bisects the angle ACB. 

222. AB, AC are two straight lines given in position; BC is a 
straight line of given length; D, E are the middle points of AB, AC; 
DF, EF are drawn at right angles to AB, AC respectively. Shew 
that AF will be constant for all positions of BC. 

233. A circle is described about an isosceles triangle ABC in which 
AB is equal to AC; from A a straight line is drawn meeting the base 
at D and the circle at E: shew that the circle which passes through 
B, D, and E, touches AB. 

234. AC is achord of a given circle; B and D are two given points 
in the chord, both within or both without the circle: if a circle be 
described to pass through B and D, and touch the given circle, shew 
that AB and CD subtend equal angles at the point of contact, 

235. A and B are two points within a circle: find the point P in 
the circumference such that if PAH, PBK be drawn meeting the circle 
at H and K, the chord HK shall be the greatest possible. 

236. The centre of a given circle is equidistant from two given 
straight lines: describe another circle which shall touch these two 
straight lines and shall cut off from the given circle a segment con- 
laining an angle equal to a given angle, 
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IV. 10-16, 


237. On a given straight line as base describe an isosceles triangle 
having the third angle treble of each of the angles at the base. 

238. If A be the vertex and BD the base of the constructed 
triangle in IV. 10, D being one of the two points of intersection of the 
two circles employed in the construction, and E the other, and AE be 
drawn meeting BD produced at G, shew that GAB is another isosceles 
triangle of the same kind. 

239. In the figure of IV. 10 if the two equal chords of the smaller 
circle be produced to cut the larger, and these points of section be 
joined, another triangle will be formed having the property required by 
the proposition. 

240. In the figure of IV. 10 if AF be the diameter of the smaller 
circle, DF is equal to a radius of the circle which circumscribes the 
triangle BCD. 

241. Shew that each of the triangles made by joining the extremities 
of adjoining sides of a regular pentagon is less than a third and greater 
than a fourth of the whole area of the pentagon. 

242. Shew how to derive a regular hexagon from an equilateral 
triangle inscribed in a circle, and from the construction shew that the 
side of the hexagon equals the radius of the circle, and that the hexagon 
is double of the triangle. 

243. In a given circle inscribe a triangle whose angles are as the 
numbers 2, 5, 8. 

244. If ABCDEF is a regular hexagon, and AC, BD, CE, DF, EA, 
FB be joined, another regular hexagon is formed whose area is one 
third of that of the former. 


iv 116; 


245. The points of contact of the inscribed circle of a triangle are 
joined ; and from the angular points of the triangle so formed perpen- 
diculars are drawn to the opposite sides: shew that the triangle of 
which the feet of these perpendiculars are the angular points has its 
sides parallel to the sides of the original triangle. 

246. Construct a triangle having given an angle and the radii of the 
inscribed and circumscribed circles. 

247. ABCDE is a regular pentagon; join AC and BD intersecting 
at O: shew that AO is equal to DO, and that the rectangle AC, CO 
is equal to the square on BC, 
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248. A straight line PQ of given length moves so that its ends are 
always on two fixed straight lines CP, CQ; straight lines from P and 
Q at right angles to CP and CQ respectively intersect at R; perpen- 
diculars from P and Q on CQ and CP respectively intersect at S: shew 
that the loci of R and § are circles having their common centre at C. 

249, Right-angled triangles are described on the same hypotenuse ; 
shew that the locus of the centres of the inscribed circles is a quarter of 
the circumference of a circle of which the common hypotenuse is a chord. 

250. On a given straight line AB any triangle ACB is described ; 
the sides AC, BC are bisected and straight lines drawn at right angles 
to them through the points of bisection to intersect at a point D; find 
the locus of D. 

251. Construct a triangle, having given its base, one of the angles 
at the base, and the distance between the centre of the inscribed 
circle and the centre of the circle touching the base and the sides 
produced. 

252, Within a given circle inscribe three equal circles, touching one 
another and the given circle. 

253. If the radius of a circle be cut as in II. 11, the square on its 
greater segment, together with the square on the radius is equal to the 
square on the side of a regular pentagon inscribed in the circle. 

254. From the vertex of a triangle draw a straight line to the base 
so that the square on the straight line may be equal tc the rectangle 
contained by the segments of the base. 

255. The perpendiculars from the angles A and B of a triangle 
ABC on the opposite sides meet at D; the circles described round ADC 
and DBC cut AB or AB produced at the points E and F: shew that 
AE is equal to BF. 

256. Four circles are described so that each may touch internally 
three of the sides of a quadrilateral : shew that a circle may be described 
so as to pass through the centres of the four circles. 

257, A circle is described round the triangle ABC, and from any 
point P of its circumference perpendiculars are drawn to BC, CA, AB, 
which meet the circle again at D, EH, F: shew that the triangles ABC 
and DEF are equal in all respects, and that the straight lines AD, BE, 
CF are parallel. 

258. With any point in the circumference of a given circle as centre, 
describe another circle, cutting the former at A and B; from B draw 
in the described circle a chord BD equal to its radius, and join AD, 
cutting the given circle at Q: shew that QD is equal to the radius of 
the given circle. 
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259. A point is taken without a square, such that straight lines 
being drawn to the angular points of the square, the angle contained by 
the two extreme straight lines is divided into three equal parts by the 
other two straight lines: shew that the locus of the point is the cirecum- 
ference of the circle circumscribing the square. 

260. Circles are inscribed in the two triangles formed by drawing a 
perpendicular from an angle of a triangle on the opposite side; and 
analogous circles are described in relation to the two other like perpen- 
diculars: shew that the sum of the diameters of the six circles together 
with the sum of the sides of the original triangle is equal to twice the 
sum of the three perpendiculars. 

261. Three concentric circles are drawn in the same plane: draw a 
straight line, such that one of its segments between the inner and outer 
circumference may be bisected at one of the points at which the straight 
line meets the middle circumference. 


VI. 1-A. 


262. Shew that one of the triangles in the figure of IV. 10 is a mean 
proportional between the other two. 

263. Find a point within a triangle such that if straight lines be 
drawn from it to the three angular points the triangle will be divided 
into three triangles equal in area. 

264. ABC isa triangle; any straight line parallel to BC meets AB 
at D and AC at I; join BE and CD meeting at F: shew that the 
triangle ADF is equal to the triangle AEF. 

265. ABC isa triangle ; any straight line parallel to BC meets AB 
at D and AC at E; join BE and CD meeting at F: shew that if AF 
be produced it will bisect BC. 

266. AB is a diameter of a circle, CD is a chord at right angles to 
it, and E is any point in CD; AE and BE are drawn and produced to 
cut the circle at F and G: shew that the quadrilateral CFDG has any 
two of its adjacent sides in the same ratio as the remaining two. 

267. Apply VI. 3 to solve the problem of the trisection of a finite 
straight line. 

268. Three points D, E, F in the sides of a triangle ABC being 
joined form a second triangle, such that any two sides make equal 
angles with the side of the former at which they meet: shew that AD, 
BE, CF are at right angles to BC, CA, AB respectively. 
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269. D, E, and F are the middle points of the sides BC, CA, AB 
of a triangle ABC. Through A a straight line is drawn cutting DF, 
DE in M and N respectively. Prove that BM and CN are parallel. 

270. AB is a straight line given in magnitude and direction and D 
is any point in it. HEF is another given straight line unlimited in 
length. Finda point P on it such that DP bisects the angle APB. 


VIL 4-6. 


271. If two triangles be on equal bases and between the same 
parallels, any straight line parallel to their bases will cut off equal 
areas from the two triangles. 

272. A tangent to a circle at the point A intersects two parallel 
tangents at B, C, the points of contact of which with the circle are 
D, E respectively; and BE, CD intersect at F: shew that AF is 
parallel to the tangents BD, CE. 

273. P and Q are fixed points; AB and CD are fixed parallel 
straight lines; any straight line is drawn from P to meet AB at M, 
and a straight line is drawn from Q parallel to PM meeting CD at N: 
shew that the ratio of PM to QN is constant, and thence shew that the 
straight line through M and N passes through a fixed point. 


274. A and B are two points on the circumference of a circle of 


which C is the centre; draw tangents at A and B meeting at T; and 
from A draw AN perpendicular to CB: shew that BT is to BC as 
BN is to NA. 

275. In the sides AB, AC of a triangle ABC are taken two points 
D, E, such that BD is equal to CE; DE, BC are produced to meet at 
F: shew that AB is to AC as EF isto DF. 

276. Find a point the perpendiculars from which on the sides of a 
given triangle shall be in a given ratio. 

277. On AB, AC, two adjacent sides of a rectangle, two similar 
triangles are constructed, and perpendiculars are drawn to AB, AC 
from the angles which they subtend, intersecting at the point P. If 
AB, AC be homologous sides, shew that P is in all cases in one of the 
diagonals of the rectangle. 

278, APB and CQD are parallel straight lines directed towards the 
same parts; and AP is to PB as CQ is to QD: shew that the straight 
lines PQ, AC, BD when produced will meet at a point. 

279. ACB is a triangle, and the side AC is produced to D so that 
CD is equal to AC, and BD is joined: if any straight line drawn 
parallel to AB cuts the sides AC, CB, and from the points of section 


EXERCISES. BOOK VI. cxvil 


straight lines be drawn parallel to DB, shew that these straight lines 
will meet AB at points equidistant from its extremities. 

280. If a circle be described touching externally two given circles, 
the straight line passing through the points of contact will intersect the 
straight line passing through the centres of the given circles at a fixed 
point. 

281. D is the middle point of the side BC of a triangle ABC, and 
P is any point in AD; through P the straight lines BPE, CPF are 
drawn meeting the other sides at E, F: shew that EF is parallel to 
BC. 

282. AB is the diameter of a circle, E the middle point of the radius 
OB; on AE, EB as diameters circles are described ; PQL is a common 
tangent meeting the circles at P and Q, and AB produced at L: shew 
that BL is equal to the radius of the smaller circle. 

2e@3. ABCD is a parallelogram; P and Q are points in a straight 
line parallel to AB; PA and QB meet at R, and PD and QC meet 
at S; shew that RS is parallel to AD. 

234. A and B are two given points; AC and BD are perpendicular 
to a given straight line CD; AD and BC intersect at EH, and EF is 
perpendicular to CD: shew that AF and BF make equal angles with 
CD. 

285. From the angular points of a parallelogram ABCD perpendi- 
culars are drawn on the diagonals meeting them at K, F, G, H respec- 
' tively : shew that EFGH is a parallelogram similar to ABCD. 

2s6. If at a given point two circles intersect, and their centres lie on 
two fixed straight lines which pass through that point, shew that 
whatever be the magnitude of the circles their common tangents will 
always meet in one of two fixed straight lines which pass through the 
given point. 

287. A circle is described about an equilateral triangle ABC, and 
from A a straight line is drawn cutting BC and meeting the circle 
again in D; prove that BD, DC together are equal to AD. 


Vie 7-16, 
288. Divide a given arc of a circle into two parts, so that the chords 
of these parts shall be to each other in a given ratio. ‘ 


289. In a given triangle draw a straight line parallel to one of the 
sides, so that it may be a mean proportional between the segments of 
the base. 

280. O is a fixed point in a given straight line OA, and a circle of 


given radius moves so as always to be touched by OA; a tangent OP 
T.L.E, 2F 
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is drawn from O to the circle, and in OP produced PQ is taken a 
third proportional to OP and the radius: shew that as the circle moves 
along OA, the point Q will move in a straight line. 

291. Find a point in a side of a triangle, from which two straight 
lines drawn, one to the opposite angle, and the other parallel to the 
base, shall cut off towards the vertex and towards the base, equal 
triangles. 

292. ACB isa triangle having a right angle at C; from A a straight 
line is drawn at right angles to AB, cutting BC produced at E; from 
B a straight line is drawn at right angles to AB, cutting AC produced 
at D: shew that the triangle ECD is equal to the triangle ACB. 

298. The straight line bisecting the angle ABC of the triangle ABC 
meets the straight lines drawn through A and C, parallel to BC and 
AB respectively, at EK and F: shew that the triangles CBE, ABF are 
equal. ° 

294. AB, CD are any two chords of a circle passing through a point 
O; EF is any chord parallel to OB; join CE, DF meeting AB at the 
points G and H, and DE, CF meeting AB at the points K and L: 
shew that the rectangle OG, OH is equal to the rectangle OK, OL. 

295. ABCD is a quadrilateral in a circle; the straight lines CE, 
DE which bisect the angles ACB, ADB cut BD and AC at F and G 
respectively : shew that EF is to EG as ED is to EC. 

296. From an angle of a triangle two straight lines are drawn, one 
to any point in the side opposite to the angle, and the other to the 
circumference of the circumscribing circle, so as to cut from it a 
segment containing an angle equal to the angle contained by the first 
drawn line and the side which it meets: shew that the rectangle con- 
tained by the sides of the triangle is equal to the rectangle contained 
by the straight lines thus drawn. 

297. The vertical angle C of a triangle is bisected by a straight line 
which meets the base at D, and is produced to a point E, such that 
the rectangle contained by CD and CE is equal to the rectangle con- 
tained by AC and CB: shew that if the base and vertical angle be 
given, the position of Ei is invariable. 

298, A square is inscribed in a right-angled triangle ABC, one side 
DE of the square coinciding with the hypotenuse AB of the triangle: 
shew that the area of the square is equal to the rectangle AD, BE. 

299. ABCD is a parallelogram; from B a straight line is drawn 
cutting the diagonal AC at F, the side DC at G, and the side AD 
produced at E: shew that the rectangle EF, FG is equal to the square 
on BF. 
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800. If a straight line drawn from the vertex of an isosceles triangle 
to the base, be produced to meet the circumference of a circle described 
about the triangle, the rectangle contained by the whole line so pro- 
duced, and the part of it between the vertex and the base shall be 
equal to the square on either of the equal sides of the triangle. 

301. A triangle ABC is inscribed in a circle; a line BD drawn 
parallel to the tangent to the circle at A meets AC in D. Prove that 
the rectangles AB, BC and AC, BD are equal. 

362. A square DEFG is inscribed in the right-angled triangle ABC 
‘so that the corners D, EK lie on the hypotenuse AB and the other two 
corners on the sides BC, CA; prove that the square=the rect. AD, EB. 


WI, 19-D. 


803. An isosceles triangle is described having each of the angles at 
the base double of the third angle: if the angles at the base be bisected, 
and the points where the lines bisecting them meet the opposite sides 
be joined, the triangle will be divided into two parts in the proportion 
of the base to the side of the triangle. 

$04. Any regular polygon inscribed in a circle is a mean propor- 
tional between the inscribed and circumscribed regular polygons of half 
the number of sides. 

305. Divide a triangle into two equal parts by a straight line at 
right angles to one of the sides. 

306. If two isosceles triangles are to one another in the duplicate 
ratio of their bases, shew that the triangles are similar. 

307. From a point without a circle draw a straight line cutting the 
circle, so that the two segments shall be equal to each other. 

208. In the figure of II. 11 shew that four other straight lines, 
besides the given straight line are divided in the required manner. 

scg. ABC is an isosceles triangle, the side AB being equal to AC; 
F is the middle point of BC; on any straight line through A perpen- 
diculars FG and CE are drawn: shew that the rectangle AC, KF is 
equal to the sum of the rectangles FC, EG and FA, FG. 

310. A, B, C, and D are four points in a straight line and O is 
any point at which AB and CD subtend equal angles; prove that 
BD.CD:BA.CA:: OD?: OA® 

311. ABCD isa quadrilateral and AC, BD are the diagonals; prove 
that the centroids of the triangles ABD, CBD, ADC, ABC form a 
quadrilateral similar to ABCD and of one-ninth the area. 
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VI, 1-D. 

$12. AB is a diameter, and P any point in the circumference of a 
circle; AP and BP are joined and produced if necessary ; from any 
point C in AB a straight line is drawn at right angles to AB meeting 
AP at D and BP at EK, and the circumference of the circle at F: shew 
that CD is a third proportional to CE and CF. 

313. A, B, C are three points im a straight line, and D a point at 
which AB and BC subtend equal angles: shew that the locus of D is 
the circumference of a circle. 

$14. If a straight line be drawn from one corner of a square cutting 
off one-fourth from the diagonal it will cut off one-third from a side. 
Also if straight lines be drawn similarly from the other corners so as 
to form a square, this square will be two-fifths of the original square. 

215. The sides AB, AC of a given triangle ABC are produced to 
any points D, EK, so that DE is parallel to BC. The straight line DE 
is divided at F so that DF is to FE as BD is to CE: shew that the 
locus of F is a straight line. 

316. A, B are two fixed points on the circumference of a given 
circle, and P is a moveable point on the circumference; on PB is 
taken a point D such that PD is to PA in a constant ratio, and on 
PA is taken a point E such that PE is to PB in the same ratio: 
shew that DE always touches a fixed circle. 

317. ABC is an isosceles triangle, the angle at A being four times 
either of the others: shew that if BC be trisected at D and EK, the 
triangle ADE is equilateral. 

318. Perpendiculars are let fall from two opposite angles of a 
rectangle on a diagonal: shew that they will divide the diagonal into 
equal parts, if the square on one side of the rectangle be double that 
on the other. 

819. A straight line AB is divided into any two parts at C, and 
on the whole straight line and on the two parts of it equilateral 
triangles ADB, ACH, BCF are described, the two latter being on the 
same side of the straight line, and the former on the opposite side; 
G, H, K are the centres of the circles inscribed in these triangles: 
shew that the angles AGH, BGK are respectively equal to the angles 
ADC, BDC, and that GH is equal to GK. 

320. On the two sides of a right-angled triangle squares are de- 
scribed : shew that the straight lines joining the acute angles of the 
triangle and the opposite angles of the squares cut off equal segments 
from the sides, and that each of these equal segments is a mean pro- 
portional between the remaining segments. 
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321. Two straight lines and a point between them are given in 
position: draw two straight lines from the given point to terminate 
in the given straight lines, so that they shall contain a given angle and 
have a given ratio. 

322, With a point A in the circumference of a circle ABC as centre, 
a circle PBC is described cutting the former circle at the points B and 
C; any chord AD of the former meets the common chord BC at H, 
and the circumference of the other circle at O: shew that the angles 
KPO and DPO are equal for all positions of P. 

$28. ABC, ABF are triangles on the same base in the ratio of two 
to one; AF and BF produced meet the sides at D and E; in FB a 
part FG is cut off equal to FE, and BG is bisected at O: shew that 
BO is to BE as DF is to DA. 

324. A is the-centre of a circle, and another circle passes through 
A and cuts the former at B and C; AD is a chord of the latter circle 
meeting BC at E, and from D are drawn DF and DG tangents to 
the former circle: shew that G, E, F lie on one straight line. 

325. In AB, AC, two sides of a triangle, are taken points D, HE; 
AB, AC are produced to F, G such that BF is equal to AD, and CG 
equal to AE; BG, CF are joined meeting at H: shew that the triangle 
FHG is equal to the triangles BHC, ADE together. 

326. In any triangle ABC if BD be taken equal to one-fourth of 
BC, and CE one-fourth of AC, the straight line drawn from C through 
the intersection of BE and AD will divide AB taue two parts, which 
are in the ratio of nine to one. 

327. Any rectilineal figure is inscribed in a circle: shew that by 
bisecting the arcs and drawing tangents to the points of bisection 
parallel to the sides of the rectilineal figure, we can form a rectilineal 
figure circumscribing the circle equiangular to the former. 

328. Find a mean proportional between two similar right-angled 
triangles which have one of the sides containing the ert angle 
common. 

329. In the sides AC, BC of a triangle ABC points D and E are 
taken, such that CD and CE are respectively the third parts of AC 
and BC; BD and AK are drawn intersecting at O; shew that EO and 
DO are respectively the fourth parts of AE and BD, 

330. CA, CB are diametcrs of two circles which touch each other 
externally at C; a chord AD of the former circle, when produced, 
touches the latter at E, while a chord BF of the latter, when produced, 
touches the former at G; shew that the rectangle contained by AD 
and BF is four times that contained by DE and FG. 
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321. Two circles intersect at A, and BAC is drawn meeting them 
at B and C; with B, C as centres are described two circles each of 
which intersects one of the former at right angles; shew that these 
circles and the circle whose diameter is BC meet at a point 


332, ABCDEF is a regular hexagon; shew that BF divides AD in 
the ratio of one to three, and that EC is trisected by FD, BD. 

233. ABC, DEF are triangles, having the angle A equal to the 
angle D, and AB is equal to DF; shew that the areas of the triangles 
are as AC to DE. 


234, If M, N be the points at which the inscribed and an escribed 
circle touch the side AC of a triangle ABC; show that if BM be 
produced to cut the escribed circle again at P, then NP is a diameter. 


335. The angle A of a triangle ABC is a right angle, and D is the 
foot of the perpendicular from A on BC; DM, DN are perpendiculars 
on AB, AC; shew that the angles BMC, BNC are equal. 


336. If from the point of bisection of any given arc of a circle two 
straight lines be drawn, cutting the chord of the are and the circum- 
ference, the four points of intersection shall also lie in the cireumfereace 
of a circle. 


337. The side AB of a triangle ABC is touched by the inscribed 
circle at D, and by the escribed circle at KH: shew that the rectangle 
contained by the radii is equal to the rectangle AD, DB and also to 
the rectangle AE, EB. 

328. A parallelogram is inscribed in a triangle, having one side on 
the base of the triangle, and the adjacent sides parallel to a fixed 
direction : shew that the locus of the intersection of the diagonals of 
the paraliclogram is a straight line bisecting the base of the triangle. _ 

339, From a given point outside two given circles which do not 
meet, draw a straight line such that the portions of it intercepted by 
each circle shall be respectively proportional to their radii. 

340, In a given triangle inscribe a rhombus which shall have one of 
its angular points coincident with a point in the base, and a side on 
that base. 

341. ABC is a triangle having a right angle at C; ABDE is the 
square described on the hypotenuse; F, G, H are the points of inter-. 
section of the diagonals of the squares on the hypotenuse and sides ; 
shew that the angles DCH, GFH are together equal to a right angle. 
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Ri 1-2). 

342. ABC is a triangle; the perpendiculars from A and B on the 
opposite sides meet at D; through D a straight line is drawn per- 
pendicular to the plane of the triangle, and E is any point in this 
straight line; shew that the straight line joming E to any angular 
point of the triangle is at right angles to the straight line drawn 
through that angular point parallel to the opposite side of the triangle. 

343. From a point E draw EC, ED perpendicular to two planes 
CAB, DAB which intersect in AB, and from D draw DF perpendicular 
to the plane CAB meeting it at F: show that the straight line CF, 
produced if necessary, is perpendicular to AB. 

844, BCD is the common base of two pyramids, whose vertices A 
aud E lie in a plane passing through BC; and AB, AC are respectively 
perpendicular to the faces BED, CED; shew that one of the angles at 
A together with the angles at Hi make up four right angles, supposing 
A and E to be on opposite sides of BC. 

$45. Within the area of a given triangle is inscribed another triangle: 
shew that the sum of the angles subtended by the sides of the interior 
triangle at any point not in the plane of the triangles is less than the 
sum of the angles subtended at the same point by the sides of the 
exterior angle. 

346. Shew that the perpendicular drawn from the vertex of a 
regular tetrahedron on the opposite face is three times that drawn from 
its own foot on any of the other faces. 

347. A triangular pyramid stands on an equilateral base and the 
angles at the vertex are right angles: shew that the sum of the per- 
pendiculars on the faces from any point of the base is constant. 

348. Three straight lines not in the same plane intersect at a point, 
aud through their point of intersection another straight line is drawn 
within the solid angle formed by them; shew that the angles which 
this straight line makes with the first three are together less than the 
sum, but greater than half the sum, of the angles which the first three 
make with each other. 

$49. Three straight lines which do not all lie in one plane, are cut 
in the same ratio by three planes, two of which are parallel: shew that 
the third will be parallel to the other two, if its intersections with the 
three straight lines are not all in the same straight line. 

350. The straight line PBbp cuts two parallel planes at B, b, and 
the points P, p are equidistant from the planes; PAa, pcC are other 
straight lines drawn from P, 7 to cut the planes: shew that the triangles 
ABC, abe are equal. 
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351. The locus of the points which are equidistant from two given 
points is a plane. 

352, The locus of the points which are equidistant from three given 
points is a straight line which is perpendicular to the plane through the 
three points. 

853. The locus of the straight lines which cut a given straight line 
perpendicularly at a given point in it is a plane. 

354. The locus of the points which are equidistant from two given 
intersecting straight lines is a pair of planes. 

355. The locus of the points which are equidistant from three 
straight lines, which meet in a point but are not in the same plane, 
is four straight lines. 

356. P is any point ina plane and O a point outside the plane. On 
OP is taken a point Q such that the rectangle OP. OQ is constant ; 
the locus of Q is a sphere passing through O. 

357. Through a given point in space draw a straight line to meet 
each of two given straight lines which are not in the same plane. 

358. From a point A two perpendiculars AP, AQ are drawn to each 
of two intersecting planes; prove that the common section of these 
planes is perpendicular to the plane through AP, AQ. 

359. PA, PB, PC are three concurrent and mutually perpendicular 
straight lines, and PO is perpendicular to the plane ABC ; shew that 
O is the orthocentre of the triangle ABC. 

360, OA, OB, OC are three mutually perpendicular straight lines ; 
from O perpendiculars OP, OQ, OR are let fall on BC, CA, AB. 
Prove that BC bisects the angle QPR externally. 

861. The faces of a parallelopiped are parallelograms, and those 
which are opposite are identically equal. 

362. The four diagonals of a parallelopiped have a common point and 
bisect one another. 

368. Any section of a parallelopiped made by a plane cutting two 
opposite pairs of faces and not the remaining pair is a parallelogram, 

S64. The sum of the squares on the diagonals of a parallelopiped 
equals the sum of the squares on its edges. 

365. Prove that four planes can be drawn through the centre of a 
cube, each of which cuts six edges of the cube in the corners of a 
regular hexagon and the other six sides produced in the corners of 
another regular hexagon, 

366. If the sides of a skew quadrilateral ABCD (that is, a quad- 
rilateral no three sides of which are in the same plane) be cut by a plane 
in the four points a, b, c, d, prove that 

aA .bB.cC.dD=aB. bC.cD. dA. 
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367. The areas of the sections of a pyramid made by planes parallel 
to the base are in the duplicate ratio of the perpendicular distances of 
the sections from the vertex. 

368. If the three plane angles at the vertex of a tetrahedron be 
bisected and the points in which the bisecting lines meet the sides of 
the base be joined with the opposite angles of the base, the three lines 
so formed will meet in a point. 

369. The sum of the squares on the edges of a tetrahedron are equal 
to four times the squares on the straight lines joining the middle points 
of opposite edges. 

370, The sum of the squares on any two opposite edges of a 
tetrahedron is less than the sum of the squares on the other four 
edges, 

371. The shortest distance between two opposite edges of a regular 
tetrahedron equals half the diagonal of the square on an edge. 

$72. In any tetrahedron the straight lines joining each vertex to the 
centroid of the opposite face meet in a point and divide one another in 
the ratio 3:1. 

373, If ABCD be a regular tetrahedron, and O its centre, prove 
that the radii of the spheres ABCD and OBCD are as 2 to 3. 

374. A tetrahedron is cut by a plane so that the section is a rhombus; 
prove that the side of the rhombus is half the harmonic mean between a 
pair of opposite edges. 

375. If the areas of all the faces of a tetrahedron are equal each edge 
is equal to the opposite edge. 

376. If an equifacial tetrahedron be cut by a plane parallel to two 
edges which do not meet, the perimeter of the parallelogram so formed. 
is double of either edge of the tetrahedron to which it is parallel. 

377, If through the middle point of each edge of a tetrahedron a 
plane is drawn perpendicular to the opposite edge, prove that the six 
planes thus obtained meet in a point. 

378. The six planes through the middle points of the edges of a 
tetrahedron and perpendicular to the edges meet in a point. 3. 

379, The straight lines which join the middle points of the opposite 
edges of a tetrahedron meet in a point. 

380. In any tetrahedron the line joining the middle points of one 
pair of opposite edges is perpendicular to the shortest line between 
either of the other pair of opposite edges. 

381. If the sum of the squares on opposite edges of a tetrahedron is 
the same for each pair, then the perpendiculars from the angular points 
on the opposite faces meet in a point, 
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382. If the perpendiculars from two of the angular points of a tetra- 
hedron on the opposite faces meet in a point, the perpendiculars from 
the other two angular points meet in a point. 

383. If the perpendiculars to two faces of a tetrahedron drawn from 
the opposite vertices meet, the edge in which the faces intersect is per- 
pendicular to the opposite edge. 

384. If the line joining any vertex to the orthocentre of the opposite 
face be perpendicular to that face, the same is true with regard to the 
other vertices. 

If two pairs of opposite edges of a tetrahedron be at right angles to 
each other prove that 

385. the other pair is at right angles also. 

386, their six middle points lie on a sphere. 

387. the sum of the squares on each pair of opposite edges is the 
same. 

888. the four perpendiculars from the vertices upon the opposite 
faces, and the three shortest distances between opposite edges are 
concurrent. 

389. If the circles inscribed in three of the faces of a tetrahedron 
touch one another, the circle inscribed in the fourth face will touch the 
other three. 


MISCELLANEOUS. 


390. Find the condition that must exist so that it may be possible to 
fold down the four corners of a quadrilateral flat down on the paper so 
that the four angular points may meet in a point and the paper be 
everywhere doubled. 

391. The straight lines joining the middle points of opposite sides of 
a quadrilateral, and the straight line joining the middle points of its 
diagonals meet in a point. 

$92. The area of the greatest parallelogram that can be inscribed in 

a given A is one half of the area of the A. 

393. Prove that I. 47 can be proved by cutting off four right- ania 
A® from each of two equal squares. 

394, ABC is a given equilateral triangle, and in the sides BC, CA, 
AB the points X, Y, Z are taken so that BX, CY, AZ are equal. AX, 
BY, and CZ are drawn so as to form a triangle; prove that it is 
equilateral. 
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395. ABCD is a parallelogram, and on AB, BC, CD, DA are taken 
points P, Q, R, S, such that AP, BQ, CR, DS are all equal ; shew that 
PQRS is a parallelogram. 

396. The centre C of a circle BPQ lies on another circle APQ, of 
which PBA is a diameter. Prove that PC and BQ are parallel. 

397. The diagonals of a quadrilateral inscribed in a circle are at 
right angles; prove that the sum of the squares on either pair of 
opposite sides equals the square on the diameter. 

398, A quadrilateral is inscribed in a circle; from its centre perpen- 
diculars are drawn to the sides and a second quad' formed by joining 
their feet. Prove that the area of the second quad! is half that of the 
first. 

899, Three circles touch one another externally at A, B, C; the . 
chords AB, AC of two of them are produced to meet the third again in 
the points D, E; prove that DE is the diameter of the third circle and 
is parallel to the line joining the centres of the others, 

400. Through P one of the points of intersection of two circles APB, 
APC a straight line BC is drawn perp'to AP and BA, CA meet the 
circles in Q and R; prove that AP bisects the 2QPR. 

401. If twe circles pass through the vertex and a point in the 
bisector of an angle they intercept equal lengths on the sides. 

402. A’BC, B’CA, and C’AB are equilateral A* described on the 
sides of a A ABC with their vertices outside the A. Prove that AA’, 
BB’, CC’ are equal and meet in a point. 

403. A, B, C are three points on a circle whose centre is O such 
that the arc AB is twice the are BC. If AH, BK be drawn L* to OB, 
OC prove that HK and AB are parallel. 

404. The are BC of a circle ABC, of centre O, is double of the are 
AB. If P be the middle point of the are BC, and CP, AB be produced 
to meet at EK, prove that a circle can be described about the qnadri- 
lateral BECO. 

405. Two circles touch at A; through A are drawn two lines BAC 
B’AC’ to meet the circles in B, C and B’, C’; prove that BB’, and CC’, 
are parallel, and also that the tangents at B and C are parallel and 
also those at B’, C’. 

406, Through one of the points of intersection of two circles draw a 
straight line that shall be bisected in that point and terminated by the 
circumference. 

407. Ifa quad! be inscribed in a circle and the middle points of the 
ares subtended by its sides be joined to make another quadrilateral and 
so on 3 prove that these quadrilaterals tend to become squares. 
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408. Twocircles meet in P and Q. A straight line MPN is drawn 
terminated by the circles in M and N. At M and N tangents are 
drawn to the circle which intersect in T. Prove that M, N, Q, and 
T all lie on a circle. 

409. If the tangent PT at any point P ofa circle meets a diameter 
AB produced at T and if P be joined to B, the extremity of the dia- 
meter nearer to T, prove that the ATP is equal to the complement of 
twice the ZBPT. 

410. The sides AB, AC ofa A are bisected in E, F. EF cuts the 
circle on AB as diameter in H and K. Prove that BH and BK are 
the internal and external bisectors of the angle ABC. 

411. ABCD are four collinear points and EF is a common tangent 
to the circles described on the lines AB, CD as diameters; prove that 
the triangles AEB, CFD are equiangular. 

412, Three circles touch the sides of a A ABC in the points D, E, 
F, in which the in-circle touches the sides and touch one another in G, 
H, K. Prove that AG, BH, CK meet in a point. 

418. The difference in the squares on the direct and transverse com- 
mon tangents to two circles is equal to the product of their diameters. 

414, The centre A of a circle lies on another circle which cuts the 
former in B and C; AD is a chord of the latter circle cutting BC in 
E; from D are drawn tangents DF, DG to the former circle; prove 
that F, E, G are in one straight line. 

415. If the sides of a cyclic quadrilateral touch a circle the lines 
joining the opposite points of contact are at right angles. 

416. The circles which have for chords the sides of a cyclic quad- 
rilateral intersect again in four concyclic points. 

417. The sides AB, AC of a triangle are produced and the exterior 
angles are bisected by straight lines which meet in O; prove that the 
centre of the circumcircle of the triangle BOC lies on the circumcircle 
of ABC. 

418. A straight line AB is divided into three equal parts at C and 
D and CPD is an equilateral triangle. Prove that AP is a tangent to 
the circle BPC. 

419, AD bisects the angle A of a triangle and meets the base BC 
in D and a circle is described passing through A and touching BC at 
D. Prove that this circle will touch at A the circumcircle of ABC. 

420. ADC is an equilateral triangle and A’, B’, C’ points on its sides 
such that BA’, CB’, AC’ are equal; prove that the circles about ABC, 
A’B’C’ are concentric and that the circles about the triangles AB’C’, 
BC’A’, CA’B’ intersect in the common centre of the first two. 
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421, The straight line joining the orthocentre of a triangle to the 
middle point of the base meets the cireumcircle in K, and the per- 
pendicular from the vertex upon the base meets the circumcircle in 
G; prove that KG is parallel to the base. 

422. O being the orthocentre of a triangle ABC, prove that the cir- 
cumcircles of the triangles BOC, COA, AOB are equal to that of ABC. 

423. Three circles whose centres are A, B, and C touch one another 
externally at D, E, and F; prove that the in-circle of the triangle 
ABC is the circumcircle of the triangle DEF. 

424. ABC is an isosceles triangle and on the base BC, or BC pro- 
duced, a point D is taken; prove that the circumcircles of the triangles 
ABD, ACD are equal. 

425, A circle passing through B, C and the in-centre of the A ABC 
meets the sides AB, AC again in E and F; prove that EF touches the 
in-circle. 

426. The in-circle of a triangle ABC touches AC, AB in E and F. 
Prove that the circle on BC as diameter meets the bisectors of the 
48 B, C in points lying on the straight line EF. 

427. The point in which the external bisector of one angle of a 
triangle again cuts the circumcircle is equidistant from the other two 
angular points of the triangle and from the centres of two escribed 
circles. 

428. If the bisector of the vertical angle A of a triangle ABC meets 
the circumcircle of the triangle in D and DE, DF be drawn |" to the 
sides AB, AC, produced if necessary, prove that AE equals the semi- 
sum of the sides. 

429. Compare the areas of a square and an equilateral A inscribed 
in the same circle. 

430. Ina regular heptagon the ends, D and H, of a side are joined 
to the opposite vertex A; prove that in the A ADE each angle at the 
base is three times the vertical angle. 

431. If I be the in-centre of a A ABC and D, E, F the cireum- 
centres of the A* BIC, CIA, AIB respectively then the A DEF is 
equiangular to I,I,], and has the same circumcircle as ABC. 

432. ABCD is a quadrilateral inscribed in a circle and BD bisects 
AC; prove that the rectangles AD, AB and DC, CB are equal. 

483, AC and BD are the diagonals of a quadrilateral ABCD; prove 
that the sum of the perpendiculars from A and C on BD is to the sum 
of the perpendiculars from B and D on AC as AC to BD. 

434. AB is any fixed straight line and CD a chord of a circle 
parallel to AB; AC being joined cuts the circle in FE and BE meets it 
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in F, Prove that DF will cut AB in a point G which is the same for 
all chords. 

435. PHQ and POQ are two triangles on opposite sides of the same 
base PQ such that the angles QHP and HPQ are equal to the angles 
OQP and QPO respectively. Any parallel to OQ cuts PO and PQ in 
Land M. Prove that QL and HM meet on a fixed circle. 

436. If ABC be a triangle, right-angled at A, and AD be the {tT 

ey | 1 
AD? AB!" AG? 

437, Two points, P and Q, are taken on two given straight lines 
AB, AC such that the sum of AP, AQ is constant. Prove that the 
circle PAQ goes through a second fixed point. 

438. From the vertex of a right-angled triangle a perpendicular is 
drawn on the hypotenuse, and from the foot of this perpendicular 
another is drawn ou each side of the triangle; shew that the area of the 
triangle of which these two latter perpendiculars are two of the sides 
cannot be greater than one-fourth of the area of the original triangle. 

439. If the extremities of two intersecting straight lines be joined 
so as to form two vertically opposite triangles, the figure made by 
connecting the points of bisection of the given straight lines, will be a 
parallelogram equal in area to half the difference of the triangles. 

440. AB, AC are two tangents to a circle, touching it at B and 
C; Ris any point in the straight line which joins the middle points of 
AB and AC; shew that AR is equal to the tangent drawn from R to 
the circle. 

441, AB, AC are two tangents to a circle; PQ is a chord of the 
circle which, produced if necessary, meets the straight line joining the 
middle points of AB, AC at R; shew that the angles RAP, AQR are 
equal to one another, 

442. Shew that the four circles each of which passes through the 
middle points of the sides of one of the four triangles formed by two 
adjacent sides and a diagonal of any quadrilateral all intersect at a 
point. 

44%. Perpendiculars are drawn from any point on the three straight 
lines which bisect the angles of an equilateral triangle: shew that one 
of them is equal to the sum of the other two. 

444, Two circles intersect at A and B, and CBD is drawn through 
B perpendicular to AB to ineet the circles; through A a straight line 
is drawn bisecting either the interior or exterior angle between AC and 
AD, and meeting the circumferences at FE and F: shew that’ the tan- 
gents to the circumferences at E and F wil! intersect in AB produced. 


on BC, prove that 
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445. Divide a triangle by two straight lines into three parts, which, 
when properly arranged, shall form a parallelogram whose angles are 
of given magnitude. 

446. ABCD isa parallelogram, and P is any point: shew that the 
triangle PAC is equal to the difference of the triangles PAB and PAD, 
if P is within the angle BAD or that which is verticaily opposite to 
it; and that the triangle PAC is equal to the sum of the triangles 
PAB and PAD, if P has any other position. 

4497. Two circles cut each other, and a straight line ABCDE is 
drawn, which meets one circle at A and D, the other at B and H, 
and their common chord at C; shew that the square on BD is to the 
square on AE as the rectangle BC, CD is to the rectangle AC, CE. 

448s. AD, BE, CF are the perpendiculars of a triangle ABC. If 
from D, E, F are drawn perpendiculars to the adjacent sides the feet 
of these six perpendiculars all lie on a circle. 

[This circle is called TAYLoR’s CIRcLE. ] 

449. }) is a point on the side BC of a triangle ABC, and EDF is a 
transversal through it; prove that the locus of the second point of 
intersection of the circumcircles of the triangles BDE, FDC is a circle. 

450. If through any point on the radical axis of two circles a 
diameter be drawn to each circle, prove that the centre of the circle 
through the extremities of these diameters lies on a fixed line. 

451. Circles are drawn with centres on a fixed line to cut a given 
circle orthogonally ; prove that they all pass through two given points. 

452. Any point HI is taken outside a given circle and F is a point on 
its polar ; prove that the circles whose centres are EH, F and which cut 
the given circle orthogonally cut oue another orthogonally. 

453. If A’, B’, CO’ be the midpoints of the sides of a triangle ABC, 
prove that the in-centre of A’B’C’ is collinear with the in-centre and 
centroid of the triangle ABC. 

454. If from a point without a circle any straight lines APQ, ARS 
be drawn, making equal angles with the diameter through A and cutting 
the circle in P, Q, R, S respectively, prove that PS aud QR meet in 
a fixed point. 

455. If C be any point within a circle, centre O, and if CD, CE be 
drawn on the same side of OC, making equal angles with OC and 
cutting the circle in D and E, prove that the chord DE passes through 
a fixed point. 

456. If G be the centroid of a triangle ABC, then tangents from 
A, B, C respectively to the circumcircles of GBC, GCA, GAB are all 
equal. 
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457. The locus of a point such that the rectangle contained by its 
distances from an opposite pair of sides of a cyclic quadrilateral is 
equal to the rectangle contained by its distances from the other pair 
is the circumcircle of the quadrilateral. 

458. A and B are two fixed points on a fixed circle whose centre 
is C and QCR is any diameter ; the circles described round ACQ and 
BCR will intersect on a circle cutting the fixed circle at right angles in 
A and B. 

459. PAQ is a chord drawn through A, one of the points of inter- 
section of two given circles, to meet them in P, Q; the locus of the 
middle point of PQ is a circle. 

460. The locus of the foot of the perp" from a fixed point upon a 
chord of a circle which subtends a right Z at it is another circle. 

461. Straight lines are drawn through the middle points of the 
sides of a A perpendicular to the bisectors of the opposite angle. 
Prove that the triangle formed by these straight lines has the same 
nine-point circle as the original A. 

462. O is the orthocentre of a A ABC and O’ is its cireumcentre; 
A’, B’, C’ are the centres of the cireumcentres of the A’. BOC, COA, 
AOB respectively. Prove that O’ is the orthocentre of A’B’C’, O its 
circumcentre, A, B, C the centres of the circumcircles of B’O’C’, 
C’O’A’ and A’O’D’ respectively and that all the eight A* mentioned 
above have the same nine-point circle. 

463. AK, AD are the median line and perpendicular respectively 
from A to the base BC of a A ABC and P, H, K are the orthocentres 
of the A* ABC, AEC, ABE; prove that 

(1) PHDK is a harmonic range ; 

(2) the nine-point circle of ABC and the circle EHK cut orthogonally. 

464. Of the four triangles formed by the centres of the four circles 
touching the sides of any triangle, the centroid of any one is the ortho- 
centre of the centroids of the other three. 

465. P is a point on the circumcircle of the triangle ABC and PL, 
PM are the perpendiculars on the sides BC, CA and PY the perpen- 
dicular on the pedal line LM ; prove that PY .PC=PL. PM. 

466. The poles of the radical axis of two circles with respect to 
the circles are the harmonic conjugates with respect to the centres of 
similitude. 

467. Ina triangle if any two of the four points viz. the orthocentre, 
the centroid, the in-centre and the circumcentre coincide the triangle 
is equilateral. 


GLASGOW PRINTED AT THE UNIVERSITY PRESS BY ROBERT MACLEHOSE AND CO, 
mV 


| QA 451 163 1903 
UCLID | 
THE ELEMENTS OF EUCLID 
39554827 CURR HIST 


SS OMUMO MGs tsi wcll] Gia: 


| ‘ 


QA 451 T63 1903 
Euclide 
The elements of Euclid, 


| 39554827 CURR HIST 


- 


: 


is VE eS CEA a Mane gh he NE Nout 
aie: Gh i seeicias leis RASSRREC sh Se Tn CoE BOIS OE 
sw a Sha SBe OSG FA og A eke ie oe) x ms 


eA meee eee tes pitt RNR HOC Bn x QE Arete hr tag 
a ee o oS Bie Se Sek SSN st SSeS INS BPS ae a Masse au 


od NOISES SSN HST STORLOSA MRR 
qs nA oe Se Rn as a R) HUNG Ss SSCA SOAR th NIC 
ened X Se oe see THUMP RH PSD DLONIYY MRSS PDT De OD DDD: Pen 
See : RPT RO ERR R AP RW ds tyes Se ORAL ORRIN PARRA 
ih POS: or Ks Ae} ue RGM A 
eh ‘ B ase io} eee . 
¢ ie By o < oe 


4 ms NY sefetaited 
meet: i C: 
i 


WH hve tine 
M4” Hoe 

Rea TR ates 

RAMS IES, eee 


5s cf ae “ ‘ 
« oN tne fate Sis Aa, pai eg 
x SRA aad € thefe a Re 
Seu ae ai citi le Ae OS ot aban ne 
Negeieeeecedeiee stout Se aS Rye) oy ‘ ea 
ses ae ORNS aac Se Se BS hbs me ee 
ROR A edi 5 Heist oe NGA deli aieeag ye Mo gitay Gio enh ; 
a pees a ae ae sue eee 
4 ‘ ,. 
ert EGS Ree 
SEPA OEM Sit ecg hte 
Rdarabenetateteses eat EE DRRTSDRNIRN 
ee PRAT EI RS mi : sie a 
OA a Sa ae Mees sabes 
Morin y it SERNA Nanay eet { atte Gs it 


4 ¢ 

: 5) 3 Asie each Seen 

‘a Seen SSNs 1 

NES taie ah Ne SEU atti een ase 

ss ede eles OUR MAES « 

sees oute Sor) Doar eC Dbl BPDG 
Ss decTeleregeietatesehehe eter ah ak 

« cents ge ake Je 


Be saat Se 
Eas HSde EIQ Secds seas i Lehee Rar oy 
see SRB SESE HR a i se bua 


Sst ely 
a SEG aa sis Sida, = SeleSe PREG Nie 
ie: feat ae Hsia 342 ak ay a SSCA ‘- ‘ 
GION ae Rea Ey sea Re i 4.) th aa i 
iter ie Rea aa ae BS HCOL EEG TA 
ei “cies Cit, Rs eas ata ie esa erie 3. 
NTR autanacte dgstuacaes (AN, POL ced an 
Varn .) “ cf 5 an Cr tae i” ’ is 
Sy Unc LAPSRI STRATES SAM wiSSe) ORES Darn pA 


Pee 


es 


ae ee ae. 


a 4 


‘sta 
ha 


